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ABSTRACT

For the problem: -cy"+gq(x)y = f(x)}, O<x<1, y(0) = a,,

y(1) = a;, the exponentially fitted spline difference scheme
is derived. This scheme has the second order of uniform accu-
racy under some conditions on the functions q(x) and f{x).

1. INTRODUCTION

We shall consider the problem

Ly = -ey" + g(x)y f(x), 0<x<1,

(1) y(o) = ag: y(1)

31,

qlx) > g > 0, 0 <e < 1.

The cubic spline difference scheme for problem (1) is
derived in [3], [4]. In [3] we reguired that the spline
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v(x)€C2[O, 1) satisfies the differential equation
~o(x)v"(x) + g(x)v(x) = £(x),

i—f + h, i=1(1)n + 1, x, = 0, Xivq =

where o(x) is an exponential fitting factor. In this way the

at the points Xyr Xy = X 1,

difference scheme uniformly stable in & has obtained. That sche-
me has the form
= thi' i=1(1)n, vy = v(xi), f. = f(xi),

1

(2) ,thi

-r v,
i=-1

C +
th. +r v.-r v
i i

i+’

o - c +
thi =q fi-1+q fi+q fi+1’ where
2 2
- h"q, _ h"q
rTe 0 - g T 200 35 g
i-1 i
2
= (1 h%qy +1, .1 q - h o = 2h
= 14 - 4 -
6 941 h 6 941 3 oy
q" = E—éL__' Vo T %o Vet T g 94 T oolxy).
i+1

In this paper we shall determine 9 in such way that

scheme (2) becomes a uniformly convergent one in €.

2. DETERMINATION OF THE FITTING FACTOR

In order to get a suitable fitting factor o, we shall

use the following lemma.

Lemma 1, [1]. Let y(x)ec[0, 1]. Let q'(0) = g'(1) = oO.
Then the solution of problem (1) has the form

(3) - y(x) = u (x) + w (x) + g(x), where

u (x) = poexp(-x/§75773),
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wo(x) = p1exp(—(1-x)¢q(1)7e), Py and Py are bounded

functions of € independent of x and,

(4)

Rhuo(xi)

fine o,
i

(5)

1+1 4

e | <M+ P2 Y, is0na,

M i3 a constant independent of e.

If we suppose that g(x) g = const. and require that

i

= 0, we obtain that
hq 3 h
o= —¢ (1 + 5 ), p = 5vq7e.
2sh o]
For the same ¢ we have Rhwo(xi) = 0. Now, we shall de-

for the case g(x) # const., as

= 11+ 32 Yo b =%\/q.7e.
2sh Py

Throughout the paper M denotes different constants in-

dependent of ¢ and h. From (5) we see that 0 < oy 2 Mh2, for

e < h?.

(6)

Because of this, we have
loj=el < Mh2, for e< 2.

That the same holds if h2 < €, we can see from the fact

2 . =2 2
lpish “p; = 1| < Moj.

Thus,

fo.-e| < Mh2.
i =
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3. THE TRUNCATION ERROR

The truncation error for the arbitrary smooth function
r(x) is defined as

Ti(r) = R-hri - Qh(Lr(x))i'

Because of (3), we have

(7) rj(y) = rj(uo) + rj(wo) + Tj(g) = Rth - Qh(Ly)j =
= Rhyj - thj = haj, j=1(1)n,
24 = z(xj), z(x) = y(x) = v(x).

B& the procedure which is applied in [2] or [3], we
have

(8) Ti(y) = Rpzy,

T Y) = f0y g ¥) - ey L)) ey (9,

(1) vy h, "i-1., "4
® (y) ¥ h + 5 + =),
1,1 i 2 %i-1 o4
ng = Y;(ol-e),
4-k
1
“‘i(k) = ﬁ? YilE) . X< By <%, (k=0,1,2)
(2)
_, (0) 2, i1 g ¥y
®y 1Y) =¥, + by oi T E ol =) .

According to Lemma 1 and (7), we shall estimate separa-
tely the truncation error for uo(x), wo(x) and g(x). Starting
with uo(x), we consider first the case h2 < €.

Let ;i(uo) be the truncation error when g(x)=g=const.
Then, Ryu_(x,)=0, Lu, = 0 and ?i(uo) = 0. Thus, from (8) we have
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(9)

where ©

2,i
qa(x) = ql(0) = g

Ti(uo)

eyla) =T (00) = 10, 11 (a0) 8, 4, (u)

-0y, ; (u )+w2 (u ) w1 i(u e w1 1(u ),

and w1,i are functions w2,i and w1’i

- _eh _.-1
©1,1701,5 = F uglxy ) togl-oTl
ceh -1 -1
* 3 uy(x5) (o e )

Since, oy = €+ O(h ), i= 0(1)n, and lql—q

after some Taylor developments, we have la - °

and

where §
we have

we have

(10)

(11)

(12)

X.
- i-1 —
loy,170q, 4 |M(—=7F— exp(-x,;_,/q e} +

2h3

€

in the case

o l

il

iMhZE

< M x?
- i

-2

2

X,
1

exp(-xi/q°7eniMh3s_1exp(-xi6¢q°7ei,

is a constant independent of ¢ and h. In the same way,
- 4 -1
that lwz;i-wz’il <Mh'e exp(—xi6/q°7e), and from (9)

|tiu )| <M h3e-1exp(-x15/qlﬁi7e).
Analogously, we have

lTi(wo)I <M h39-1exp(-(1-xi)6/q(1)7e).

Further,
[t4(g9)] < M h3s_1, because of

" 2 k -1, 4-k
lni| = gi(oi-c)‘ < M h°%, lwi )l <Me 'h .

Finally, from (10), (11), (12) and (7), we have

’
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—
(13) v, 0| <mh® when n? <.
2 2
Let € < h". Then o, = 0(h") and
-1_ =1 3 _ 3 _
log -0y | < Mlag=a, + 3laj-a )e; + 5 9 lws-ug) |y
her = sh?
where w; = sh%,.
1
-1_ -1 -2,.2. .2 "2 -3
|o° —oy | <M h “(x{+xihe sh ~(§)ch(&)),
¢ is a point between p  and p,. Since x;_, = 0 for i=1, from (8)
we have
lw1'i(uo)-w1’i(uo)| < Mh exp(-x;_,8/q 7¢), i=1(1)n,
and
(14) lTi(uo)l < Mh exP(—xi_16/q(5§7e)
Similarly,
(15) ftyw) | < Mh exP(-(1—xi+1)6/q11$7e)

1, -2 +, 2
1409) = T 9;+T,g! - 2(r"h%g" (b)) +r*n%g" (b)) -
1, - 2 + 2 . - u
- zla a3 P79t By raigy bt (By)) melq gy
+ C n
* 9 97,q*a 95y Xy _q<by<xi<bocx, -

Since, {g"(x)|<M and (r-liMh-1, |r+[iMh_1, |q_|§Mh-1,

|q+|5Mh_1, T,=T,=0, we have lTi(9)|iMhl and finally ((15), (14)),

1
(16) lTi(Y)I < Mh when ¢ < h2.

Proof of the uniform convergence. Denote by A the matrix
of system (2). Then, from (8), we obtain



A uniformly convergent spline difference scheme ... 37

(7 dyg=vgl < 187 max| o ) |
Since |!A-1l| < m<?x|-r_+r°:—r+l_1 <M mgk o.h”T <
i : i
Meh™!, h? < ¢,
= { Mh, € < h2,

from (16, (13) and (17), we have

2
[yi—Vil < Mh™,

Thus, the following theorem holds.

Theorem 1. Assume q(x) > g > 0, q' (0} = q' (1) = 0 and
£(x), q(x)€c?[0, 11 én (1). Let v, i = 0(1)n + 1, be the ap-
proximation to the solution y(x) of (1) obtained using (2).

Then, there is a constant M independent of e and h, such that

lytx)-v,| < MhZ, 1= 0(1)n + 1.

4. A NUMERICAL EXPERIMENT

Our test for the order of uniform convergence, notation
and example are taken from [1].

—ey" + (1+x%) 2% y = 4(3x%-3x+1) (14x) 2

y(0) = -1, y(1) =0
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1/2 2.00 2.00 2.00 2.00 2.00 2.00
1/4 2.00 2.00 2.00 2.00 2.00 2.00
1/8 2.03 2.00 2.00 2.00 2.00 2.00
1/16 2.00 2.02 2,00 2,00 2.00 2.00
1/32 2.08  2.03 2,00 2.00 2.00 2.02
1/64 1.86 2.06 2,01 2,00 2.00 2.01
1/128 1.24 2,08 1.99 2,00 2.00 1.86
1/256 0.85 1.69 2.06 2.02 2.00 1.72
1/512 1.36 0.97 2.08 1.99 2.01 1.68

The computed order of uniform convergence is 1.68 and
the clasical one is 2.00, gq'(0)*q’'(1).
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-REZIME
UNIFORMNO KONVERGENTNA SPLAJN DIFERENCNA 3EMA ZA

SAMO-ADJUNGOVANI SINGULARNO PERTURBACIONI PROBLEM

Za problem: -ey"+q(x) y=f(x), 0<x<1, y(0)=a0, y(1)=a1, izvedena je exponen-
cijalno "fitovana” splajn diferencna Sema. Sema ima drugi red uniformne tag-
nosti pod odredjenim uslovima na funkcije q(x),’f(x).
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