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ABSTRACT

Several structural propertiesof adistribution f

which has the S-asymptotic behaviour are given.

1. It is said ([5)) that an £€0’(RR) has the S-asymp-
totic at «» with respect to a continuous and positive function
c(h), h€ (A,»), A>0, if for some g€ P’ (R)

h+e €

(1) Zim-f-ﬂ&‘%)—,ﬂxb-<q(x).§(x)>,hv¢ED.
In this case we write f(x+h) : g{x)c(h), how,
It.is shown in (Sf that g must be of the form
(2) glx) = Cexp (ax), CER, a€ R,
and if in (2) C#0 then c must be of the form
c(h) = exp(.ﬂh)L'(exph) ¢+ h>A,

where L is a slowly varying function ([7}). With no loss of
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generality, we shall always assume that L is continuous and
different from zero in (l,«). For the properties of the
S-asymptotic behaviour of distributions we refer the reader
to [2),(3),(41,(5]1 and [8]).

We shall give in this note several structural pro-
perties of an f which has the S-asymptotic.

1

2. THEOREM 1., Let fELloc'

f(x) ~exp(ax)L(expx ), x+o {(in the ordinary sense).

Then s

f(x+h) ~ explax)exp(ah)L(exph) as ha=,

PROOF. Since L{Ah)/L(h) converges uniformly to 1}
(h+o) on any interval {a,blc (0,«)([7]) we have (¢ €D, suppéc
c{a,bl)

‘}' f (x+h) ¢ (x) dx

—% exp(ah)L(exph)

- ? f (»+h) exp (ax) ¢ (x) L(exp x exp h) dx
a exp (a (x+h) ) L (exp{x+h)) L{exp h)
b

-+ [ exp(ex) ¢ (x)dx, h-ws,

1Y

" This proves the assertion.

s
THEOREK 2. Let f£(x+h) ~ 1*h“L(h), h-w, where v>-1.
Let g €0’ and for some mE MW, q(m)=f. Then

v+m

8
(3) g(x+h) ~ 1-<h L{h), hore ,

PROOF. By the 1l'Hospital rule, we obtain

<g (m-1) (x+h) ,¢ (x)>

ltm
hete

- <l,¢>, VOED,

ft¥L(t)dt
1

From [7,Ch.2]), it follows that
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h

[e'L(t)at ~ WLn), he a.

1
So, the proof of the theorem follows by repeating the 1’Hos-
pltal rule m-times.

Note that we can formulate and prove a similar as-
sertion as in Theorem 2, for v's-l, if we assume the supplement
" conditions which enable us the use of the 1’Hospital rule.

The generalized form of Theorem 2 is the following

one:

s
THEOREM 2°, Let f(x+h) ~ (exp ax)exp(ah)L{(exph),

h-+ «, gnd

x
fexp(ah)L(exph) dh+ =, g8 x» =. Let g€ D’ such that

[o]
g(m)=f for some m€ N . Then
. h h, :
glx+h) % (expax) [ (... ({ [explat)L(exptidtidh )...)-dh__ ., h+=,
o [o]

If we assume on I, instead of continuity that is measurable the
following theorem is of interest:

THEOREM 3. Let ¢_€C. such that [¢(t)dt=1. If
[ o (]

and
£ ey 1 |
l?\::<e)tp ah)L ' 1’o(")> = (a) “<exp(ax), % (x)> ,
i -0,1,...,m—1
and
f(m) (x+h) 'eamexp(ax) (exp(ah) )L(exph), h-e =,
then

8
f (x+h) ~ exp(ax) (exp(ah) )L(exph), h-+ «,
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PROOF. This asseartion was proved in [2] for m=1.
By repeating the same arguments, the proof for m>1 follows.
Here is the proof for m=1,

Any ¢ €D can he written in the form

¢ (x)=¢_(x) [¢(x)ax+$(d,where ¢ € D such that [¢(t)de=0.

-—

Obviously,

X x.
¢(x)=( f¢(t)dt)’where x— [¢(t)dt€D, xER.

-—C -~

So, for any ¢ € P we have

f (x+h)

rl:: <exp(ah)L(exph) K ${x)> =
= { f {x+h) o
ﬁ:: <exp(uh)L(exp[n: ¢°(x)>_£¢(x)dx +
+ lin <reRIEle ¢ f3erae) o>
hee €xPloh)L{exph)’ ‘' .

Now, assumptions of the theorcm imply the assertion.

3. For the main structural theorem we need the following
lemma which was proved in (2). For the sake of completeness,
we shall give here the complete proof of it,

LEMMA 4. Let c(h), h€ (0,»), be a real-valued posi-
tive locally integrable function such that for some f €D’ the
limit in (1) exiats with g¥0. Thare exist c€C different from
zero on IR ,0a € IR and A€ R, A0, such that

c(h) /¢ (x+h) + A Yexp(-ax), h- =,

in the sense of convergence in E.

PROOF. Let co(x)=c(x) for x> 1, co(x)=1 for x<1,
and wécz such that

1
supp w<l-1,11, w(x)>0 for x€ (-1,1), and [w(t)dt=l,
~1
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He put é(x)t(co(t) *wu(t)) (x), x€ R, Obviously &€ ¢”. since

for some € € (0,1),

1 [
fe(x-tlult)dt > [c _(x-tlw(t)dtzmin{wlt); ltigel-
-1 -¢

€
. Ico(x-t) dat>0,
~-€

we obtain that c(x)#0, X € R.
Let K be a compact set in IR. There exists a € R
such that for any x€K and t€ {-1,1]

co(x+h-t)/c(h) - expl(a(x-t)), h» =, ({5, Theorem 3a)]}).
Since the set Ko={x-t, X€K, t€[-1,1)} 1is a compact one, the
last convergence is uniform on Ko' Let us prove it.

Because in (1) g#0, we obtain that for some 4»€C:,

m=<g,$>#0. Let YEK, h>max{1,(1-min(t;t€l<o})}. We put

dh(y)=c°(h+y)/c(h): rh(y)=<f(x+h+y)/co(h+y) . P(X)>;

s, (y) = <f(x+h+y)/c(h), ¢(x)>.

We have

dh(y) -+ explay), h- o=;
rh(x) - m#0, h-» «, uniformly on l(o;

rh(y) dh (y)-sh(y)«g (x+y) ,9(x)> =mexp (ay), h~ o,

uniformly on Ko because the set (x-y); y K, is bounded in D
and the strone and wéak convergence are equivalent in »-.

Using the inequality
4, (y)r, (y)-mexp (ay)l> {r, (y) 114, (y)-exp(ay) |-

- exp(ay)lr, (y)-mi,

one can easily prove that if dh(y) does not converge uniformly
to exp(ay) on K . then sh(y) does not converge uniformly to
m exp (ay) on Ko as h+ =, This 1s a contradiction. Thus we have

proved that -
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co(x+h-t) /c{h) = expla(x-t)), h=+e,

uniformly in x€X, t€[-1,1]. This implies that for a non-ne-
gative integer B :

1 R
& ®) (x+h)/cn) = j(co(xm-t)/c(h))mm (£)dt

-1
A (8)
-+ [expa(x-t)uw (t)dt, h+=,
-1

uniformly on K, 1.e.
E(B) (x+h) /c(h) *A(a)aexp(ax)‘,
1
where A = [exp(-at)w(t)dt, h-w,

~1

uniformly in xEK._ By the same arguments, one can prove that

c(h) /¢ {x+h) *A-lexp(-ax) , heo,
uniformly on K.
Now, by induction, one can prove that for every non-negative

integer

(c(h)/E(x+h)) &, (A-lexp(-ax) ) (8) , hee,

uniformly on K.

THEOREM 5. Let f(x+h)s~(exp ax ) (expah )L{exph ),
h-e, where &« ia different from 0. There isg mOE:N such that
for every mm there are i 1EC(1,«=), 1=0,1,...,m such that

m
(1)
f(x) = X g
o m,1

1

x), x€ (1,=),

and
m
gm'i(x)~cix exp(ox)L(expx), x—+,
vhere Ci aré suitable constants.

(C(1,=) is the space of all the continuous functions on (1,=).)
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PROOF. The function c{h)=exp{ah)L(exph), h>A, sa-
tisfies the conditions of Lemma 4. Let E€C correspond to this
function.

From [6, T.I., p.72, Théoréme X] we obtain

, ¥x) > = lim< fé’:;;" , S 4=

¢{x+h)

1im < £ (x:h)
h-ses x h-+o

m<1,d(x)>, VOED,
Let © ec", 8({x)=0 for x<0 and 0 (x)=1 for x>1. We
have

0(-+h)f(-+h)
&(-+h)

<1 in P’ ag h=es,

Thus, {MM, h>0} is a bounded subset of D’. This im~
¢ (++h)
plies that this set is bounded in S’. By the Banach-Steinhaus

Theorem we obtain

M—ol in S’ as h-+=, 1.e.
& (++h)

1im < {LELEVON) | 4 10)5 = <105, Vo €S,

h~eo

where d(h)=1,h>A. Since the S-asymptotic in S with v>-1 (in
our case d(h)=hv,h>A, v=0) implies the quasiasymptotic of
0f/¢&, the structural theorem {1, Theorem 1] implies that there
is m, such that for every m>m there is Fme C(~=,=) such that

(0£/3) (x) = P™ (x), x€ R, and

Fm(x) ~x" ag x>,

Thus, we obtain
f(x) = E(x)Fn(‘m) (x), x€ (1,o) .

The Leibniz formula impliecs
" om 1,.(1) {m-1)

fix) = Z (1) (-1) " (c (x)Fm(x)) s X€ (1,°),

i=o
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Since

. (1)
< c‘(;‘*h’»mu)‘e X h-e (X€ER),

we obtain

(1)

Wy ~at@ Pem), how.

This implies the proof.

Now, observe the case a=0.

8

THEORENM 6. Let f£(x+h) ~ 1-hVL(h) with v>-1. Then

there ts8 mOEJN .8uch that for every mom there s Fmec(l,m)
such that

£ =rl™
m
and

Fmtx)mx“""x,(x) , X-eo.

PROOF. For v>-1 the S-asymptotic of 6f (6 is de-
fined in the preceding proof) implies the quasiasymptotic of
this distribution with respect to th(h). Now, (1, Theorem T}
implies the assertion.

THEOREM 7. Let f£(x+h) ~1 hVL(h), where v<-1. Then
there s mO(EINo such that for every m>m there are fm iEC(l,m)

and Am'i#O, i=0,...,m, 8uch that

’

n+v-1i _
fm'i(x)~Am’ix L(x), i=0,1,...,m
and o (m-1)
f(x) = X £ i (x), x€ (1,0).
i=o M

PROOF. Take k>0 such that k+v>~1, With 6 as in the
preceding proof, we have

k+v

8
2)k/26 (x+h) £ (x+h) ~ 1 hX*VL(h), how.

(2+ (x+h)
By the same arguments as in the preceding proof, we have that
there is m such that for every m>m there is an Fe€ C(~»,=)},
suppF < [0,x)
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Fm(x) ~ xv+k+mL(x), X - o

and
s * % e00 = B™ 0, xer.

>

Thus, for x € (1,=) we have

(1) ) (m-1)

f(x) = .‘Z ( )( 1) ((———m) Fm(X)

i= (1+x )

The proof follows from the fact that

-k-1
2 74 A e R

1+x7)

where C1#0 are suitable constants, i=0,...,m.

The more difficult problem is the following one.

Let £ (x+h) f- g(x)c(h), h-+=, g#0. There is a quest-
ion whether £’(x) hags the S-asymptotic with the limit gl#O
with respect to some < (h). In many special cases, the answer
can be given easily, but for example, if c(h)= hv, we do not
know any satisfactory answer.

The same problem in “classical® analysis is even
more difficult., Namely, for an fECl, it can happen that f°
has tha S-asymptotic behaviour with respect to some c(h) but
f’ does not have the ordinary asymptotic bahaviour with re-
spect to c(h). This is shown by the following example.

Suppose that F ELI, F>0 and that for some sequence
(e:i), ei>0 and (xi), X441 1>1, F(x)eexp(expx ),
x€ (x;-e;,x.+¢,), 1€IN. Let G(x) = IF(t)dt He have

——ry

>X

8
(exp tG (t)) (x+h) ~ A expxexph as h-e,

where -
A = [F(t)dt.

-l

This implies that
s
(exp tG (t)) "(xth) ~ A eXxpxexph as h-e,
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Obviously, {expx (G{x))’ does not have the ordinary asymptotic

behaviour  as the function expx when x -,

Let us note that the distribution

fix) = x2 + xsinx, X€R,

satisfies the relation

S 2
f(x+h) ~1 h" as h-e,

but its derivative does not have the S-asymptotic behaviour
with the limit distribution different from 0.
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REZIME

0 S-ASIMPTOTIC) TEMPERIRANIH | K"-DISTRIBUCIJA.
DEO 111, STRUKTURNE TEOREME

Dato je nekoliko strukturnih osobina distribucije
f koja ima S-asimptotsko ponaZanje.
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