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ABSTRACT

The S-asymptotic behaviour of solutions of non-
-homogeneous elliptic partial differential equations is
given on a ray {pw,p>0}, where wé€RN and |iwj=1.

INTRODUCTION.

The S-asymptotic is one of the notions related
to the asymptotical behaviour of distributions elaborated
in [3] . It can be profitable in many studies and appli-
cations (see [5]), especially in the quantum field theory.
In [1] one can find references to papers from the quantum
field theory which pushed forward the study of the S-asym—
ptotic behaviour of distributions.
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1. FUNDAMENTAL SOLUTIONS OF AN ELLIPTIC DIFFERENTIAL
EQUATION

A fundamental solution of a differential equation
E)
P(1 '5:;) u=0

in n-dimensions is a distribution Ge€D“(R") satisfying the
equation

P(1 72)G(x)=6(x).

a ]
.Let Po(i 5;) be the principal part of P(i 5;).
If Po(y)#o for any real y#0, then P(i 3%) is called an

elliptic operator. Assume that the ccefficients of P are
real numbers. If the elliptic operator is also homogeneocus
(1.e. if it coincides with its principal part), then fun-
damental solution G(x) has the form:

X
A(;) n

(1) G(x)= { , for n odd, or n even and m<n

-B(f)rm.n+c(x) 1n r, for n even and m>n 1.

where A(y) and B(y) are analytic functions on |yj=1 and C(x)
is a pelynomial in k of degree m-n ; m is the degree of the
principal polynomial Po(y) (m is then necessarily an even num
ber) [27; r2=lxk?= I xi .
i=1

2, S-ASYMPTOTIC OF FUNﬁAMENTAL SOLUTIONS OF ELLIPTIC DIFFEREN-

TIAL EQUATIONS )

We shall use the following definition of the S-asymptotic in
s°{3] :

Definition. Distribution Tes~“ has the S-asymptotic related

to c(h}>0 in a cone 1 with the limit U€S” if and only if there
exists the limit:

(2) lim . <T(x+h)/c(h),v(x)>=<U,e>
her, thl +
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for every we€S. If r={pw,p>0},Iwli=1,, we write in short:

P(x+pw) & c(p)U ., pe=,

Our aim it to f£ind S-asymptotic of the fundamental solution
G given by relation (1).

First we shall treat the function A(“;‘) o . m>n ; A(y)

is analytic on jy|=1. T will be the ray{pw,p >0} for a fixed
wer" , Aiwil=1l. In this case limit (2) is

J = lim <" TR W) Al x+ow 1) Xtowl TN p (X)>
p*e

= X X RN
p S o MG AT + WIS N e (x) ax .

Since
m-n o

2 (m-l'l)/Z:l

X X X
AUG +WAG + Wiy +

n ,
<M ) (|x,|+|w,}) . 021
izl l iI l 41

where M=sup A(y), Byl=1, we can yse the Labegue “s Lemma which
gives

J=Aalw/iwDiw ™ T f Lelx) dx = Aw) [  @(x) dx,
R

P
X, _m-n .
We proved that A(;) r , m>n , has the S-asymptotic rela-
ted to pm—n on the ray’ {pw,p>0},_ ITwi=1 and with the limit U=A(w).

The next step is ' to find the S-asymptotic of the function

X ~n :
A(;) P , but in case m<n , m>0.

Suppose that in relation (2) the function ¢ be-
longs to D and supp o<1?, I=(-a,a),aeR,. Then for

p>a/max|w, |, 1=1,...,n

1im e ™ [ A (x+pw) /i x+pwl )l x+owit ™ P (%) dx

R?
=a(w) J o(x) dx.
gD
Hence, A(i,‘) Sl , m<n, has the S-asymptotic in D” with the

limit A(w). Since D is dense in S, to prove that this func-
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tion has the same S-asymptotic in S“, it suffices to pro-

ve that ol (p) , p>0, is bounded (see the Banach-Stein-
chaus theorem) » where

IC)= J AGEEE Ixtewl " Re(x) dx , wes.
n
R

Therefore, we shall divide the integral J(p)
into three parts and use the following inequalities:

For Wxli<p/2 and IxI>3p/2 ,ix+ewl>|ixi-p|>0/2.
For geS and p/2%xl<3p/2, |o(x) | K (1+)x12) Kk (14 (o /2)2) 7K,
where k is any integer and K is a. constant,

Now, we have for ¥€S, m<n, m>0:

Py I + A(E%r)ﬂx+pwﬂm_ncp(x) dx| <
llxﬂ< 2- lel|> T

<22"" M [ |ox)]ax,

Rn
where M=sup [A(w) [l wl=1, and
'l < 2_"
| J AGERY ) iow ™ P (x) dx| <

x+p

x> %
nxi <32

< R—(‘lﬁTk' f I x+pwh ™0 dx+0,p+>,
KR E e
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Assume, now, that C(x) = ) aixi

g i 35 jemn
i=@pee-adp) 3 xT=xgLL .xnn : |1'|=11+...1n. Then,

men, where aieR 3

1im o™ ™(1np) L<c(xrow) lnbxawl @ (x)>=

p-)-@
= lim pn-m(lnp)'_1 J I oy @ﬁpw)j.'_(hlp- -+
pre B
|1 |<m-n
+ 1alE + il )o(x)y ax.= . o W I. Px) dx
L ' ier-'m—n 1 -

by the same reason as in the first case.

The results of this paragraph can be expressed

in the following

Proposition 1. If G is a fundamental solution

of the eliptic homogeneous operator P of degree m in n—
-dimension, then on the ray {pw,p>0},lwl=1, G has an
S—-asymptotic:

G(x+ow) 2p™ P.g(w), p>= for n odd, or n even
and m<n ;

(3) Gix+pw) Sp™ PinpD(w) . p*, for n even and mn,

where D(w)= lim G(pw)/(pm-nlnp) .
pweo

2. S-ASYMPTOTIC OF SOLUTIONS OF A CLASS OF PARTIAL CIFFEREN-
TIAL EQUATIONS

Now, we can give the S-asymptotic behaviour of
solutions of the partial differential equation:

(4) P( i) u(x=£(x), £feQ;
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where P is an elliptic homogeneous operator of degree m
in n-dimensions.We know that a solution of equation (4)
is of the form u=G=xf (G being the fundamental solution of
the operator P) and belongs to S”. Namely, since G be-

longs to S and f to Oé , then G*f exists and belongs to

S° [4]. Moreover the mapping: (G,f) Gxf is separately
continuous.

Proposition 2. Equation (4) has a solution

u=G*f belonging to S“. u has an S-asymptotic on the ray

{pow, >0}, kwll=1,p+oo;

u (x+pw) §p"P“-(G(w)tf), for n odd, or n even
and m<n
(5) u(x+pw) 2p™ PInp- (D(w)+f), for n even and m>n,

where G is the fundamental solution of the elliptic differen-

tial equation P( 1 ;%)G(x)=6(x) and D(w)= %1m Glyw)/
00

(Onrnlnp). P is a homogeneous operator of deg;ee nm in n-

dimensions

Proof., Suppose that G is a fundamental solution
of the equation P( ilgg)u(x)=6(x) , then G has the form

given in (1) and has the S-asymptotic given by relation
(3). A solution of equation (4) is u=Gaxf. Since this con-
volution is separately continuous, from (3) follows (5).

REMARK., It is well known that if v is a solution

of equation (4) and u-v has the convolution with G, then
v=u, This fact says 2hout the class of distributions in
which our solution u=G*f is unique.
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If P is elliptic but not at any rate homogeneous,
then the fundamental solution G(x) of (4) has the from

A(%‘,r)rm_n R for n odd

B(%,r)rm_nw (%,r)rm_nlnr, for n even,

where A(w,r),B(w,r),C(w,r) are analytic functions in (w,r)
in a neighbourhood of llwl=1, r=0, and C(%,r)rnrn is a

function C(x) which is analytic in x at x=0 (see [2]),

Acknowledgement. Dr N. Ortner, University Innsbruck, poin-
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elliptic differential equation which facilitated the proof ™.
of Proposition 2.
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REZIME

S-ASIMPTOTIKA RESENJA PARCIJALNE DIFERENCIJALNE
JEDNAZINE ELIPTIZKOG TIPA

U radu je dokazano sledece tvrdjenje:

Jedna&ina (4) ima re3enje u=Gxf koja pripada
skupu S°. To reSenje u ima nad zrakom {pw,p>0},lwl =1

S-asimptotiku kada p*=:

u(x+ow) 20™N.(G(w)*f), za n neparno, ili n

parno 1 m<n
u(x+ow) 0™ Mnp-(D(w)*f), za n parno i mwn

gde je G fundamentalno redenje jednacine (4), a D(w)=

Tim G(Pw)/ (™ Mnp).

pre ' ’

Jedinstvenost re3enja u je u klasi distribuci-
Ja ¥ koje imaju osobinu da u-v ima konvoluciju sa G.
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