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ABSTRACT

In this paper the author give a complete proof of a

statement from the paper L[11]

1. INTRODUCTION

In [1] we were concerned with the properties of
slowly varying functions in Karamatds sense i.e, of real
functions L defined and positive for x>0, such that

<410 LLli =1 for any .A€(0,+=).

In paper [3] J. Karamata defined this class of
functions, and established also, using a particular exam-
ple (p. 46-47), that a slowly varying function need not
have the asymptotic behaviour of a monotonic function as
x++2. In [ 1] we made this fact more precise by assertion
4% of Theorem II, by which: a slowly varying function may,
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as x++=, oscillate, with a finite or infinite interval of
oscillation ([1], p. 133). However, proving this statement,
we only constructed (1], p. 134-135) a definite slowly
varying function which oscillates between finite (and po-
sitive) limits as x++e, and noted finally that "orecan,
by suitable modifications of this example, construet a slow-
ly varying function with an infinite interval of oscilla-
tion". )

Here we shall give a complete proof of the second part
of the cited statement, which has not been made in [1],
and we shall also give a more precise form of this state-
ment. Namely, we shall replace it by the following:

Proposition. For any two elements a and b of the
interval [0,+%] such that a<b, there exists a slaowly var-
ying function L continuous on [0,+«) and such that

1im L(x)=a, Tip _L(x)=b.

X+ +wo
X oo

Proof. 1In all cases considered, the slowly vary-

inofunction L(x) which we shall construct for x>1 will be
given by an equality of the form

O
cel
L(X)—-e ’

where
(1) el)=— (e1)

and the function n(x) is continuous and bounded for x>1;
for x€{0,1] it is sufficient to define L(x) as a function
continuous and positive on that interval. According to the
known result about the representation of a slowly varying
function (see, for example, (1], p.124, 0.2), the function
L(x) defined in this way is certainly slowly varying and
continuous on [0,+=).
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We shall first consider the case

0<a<b<tew,
Let us put
eP-1 = 2 (>0
(2) o= tnb - 1na (>0), w=e -1(>0), &=3 (>0)
and .
: - e -1 o)
(3)  xq=14285 % =80 . (sux )€ (nEN).
Then,

)
P [ §+X e ) §+X o_
.__’fﬂf_"_.>ee '1-_(_6__22_ >e® -1 n_,e® 1‘=w+1($1)(ne N)
Xn *n Xn

and hence,

(4) X

- 1)> x1m>w=36 (nEN).
Let us further pose(see the figure)

X=X g 1 (Xppo 18X <Xgp 1 +6)

(5) n{x) - 1 (x2k_1+5sx<x2k-d) (kEN).
~—x+x2k(x2k—6<x<x2k+5)

-1(X2k+6<X$X2k+1'6) .

4;///

! ) _

X i d [ XS Xpoi -
e TR Tl XS Xa\| Koot Xawet

According to (2), (3) and (4), this definition of n(x) is
consistent and obviously n(x) is defined by it for x>x1-6

(>1) as a function continuous and bounded on [0,+=). For

1<x<x1—6, we define n(x) as a function continuous on

[1,x1—6]and such that
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_5 x1

I +gnt dt=1na-a- < _G—H_T_——y dt,

where the number o will be determined later; evidently,
this can be done.

By (3), we have

X -8 _ _
k+1 X+ 61n 1+1n(x,  4-8)

=1n(1+Int)| =
_TT_T__T—__
X +6 +int X+ S 1+1n(xk+5)

p_ p
1+1nre® ~T(s4x, )% 1+eP-1+ePIn(s+x, )
= IR, ) = I T ) =p.
Hence,
X -8 )
n+ 1 t-x n “k+1
1 t
Pelfae - f e o —('mmdt*kih{ elflat
=Ixy
X
k+1
- k 1 n(t
= lna- a+kz (- [ ey dt
xk+1 -6 Xk Xeet n(t)|

n
1na -G+kz$‘1)k I —(-1—2—{-)_ + ( I + J _G)W dt
: *k  Xk+17%

: n k-1
=Ina-a+ § (-1) (p+a ),
k=1

def n n+1 nit
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and consequently

k

(_1)k-1ak

fire1 8

1

is a finite number. Hence,

X
2n+1 2n -

(6) Ei%l dt=1na-a+ 21(-1)k 1ak+1na-a+a=1na(n+«»),
1 k=

*2n+2 t 2n+1 k=1
(7) { Ei¥l dt = Tna-a+p+ § (-1)" dy>1na-atpta=lnb(n+e).

By (1) and (5), we have, for each néEN,
X2n-1

I e £ dk! =LEl dt (xpp.1<x<xpy)
2n+1 elt
—(T)' dt<j —-(-{-)- dt<j —(-t-l dt  (Xpp<X€Xppn.1)s

wherefrom we obtain
yxet xet ert
[ ) geaf 208 de<f E(H) gt (xox,),
1 1 1

where x€(xpxp 41, {¥,2 Y={xpaxp 4}, ¥, €0x, 0 4:vEN],

z,€{x, :VvEN}. This implies, according to (6) and (7),

Tna< 1im I Eiil dt< Tim Ei%l dt<lnb,

e ST X+ 4o

and this togetherrwith {6) and (7) implies
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X X
lim [ &) g4t = 1na, | T7@ ! e(t) 4t = 1nb.

Therefore,

Tim L(x)=a, 1im L(x)=b.
X+ X-++0

In the case

O<a<b=+m,
let us pose

n n n n

- -1
xg=3ix,n=e® Tk, 1 +1)% +1(nEN)x, q=e® TN (x, +1) H1(neN).
Then, we have

1

e_
x2n>1+e x2n_1>1+2x2n_1(>x2n_1) (neN){

x2n+1>1+2xxn(>x2n) (n€N),

that is, xn+1>1+2xn(>xn) (n€EN), and so x -xn>1+xn>1+3>3.

n+1
Therefore, in this case we shall also define n{x) for x>2

by (5) with 8=1, and for x€[1,2] as a continuous function

such that
I n+tn dt=§ Ei%l dt = 1na-a,
1 1
where «
e g 1 ("1)k-1°-k ’
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with

Xk+1 Xk +1 t

a=( [ + [ ) fPsteey 9t (KEN),
X X -1
k k+1

is a finite number. Similarly as in the first case, one

can establish that now

X2n+1 2n
J Ei%l dt = 1na-a+ } (-1)k'1ak+lna-a+a=1na (n+w),
1 k=1

X )
Z 2n+1
J' £ t k"1a

dt=1na-qg+n+18y (-1) (Tt w(nm),
k=1

wherefrom one concludes that

x — x
1im | e{t) 4¢ - 1na, Tim | Ei%l dt=+=,
X 1 x+4e

L(x)=a, Tim L{x)=+w,
X++o X+

-

(1]
—
-
2

In the case

a=0<b<+»,

it is sufficient to observe that the function L(x)=1/L,(x),

where Lo is a slowly varying function continuous on [0,+)

and such:that lim Lo(x)=1/b. Tim Lo(x)=+m (preceding case)

X++0 X+
- is continyous on [0,+x) and has the properties 1jm L(x)=0,
X+40
[im L(x)=b.
X++

Let us finally consider the case

a=0, b=+w,
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Putting
n

N _ e n
X173 Xpyp=T4eT T e)® (nen),

and defining n(x) on [2,+=) by (5) with é=1, and on [1,2] as

a cortinuous function on that interval, we get in this
case

ety e 0 k-1, ¢ k-1
! <) gt - ! £CE) gt » 21(-1) k+ 3 (-1)

where o has the same meaning as in the proceding case,

and consequently

X3n+

X
1
{ éi%l dt= { Ei%l dt - n +k21( 1)k= (oo (),

Xon+2
f —L—l dt- —ifl dt+n+1+

X
t e(t
im £ dt=-o f dt =+«
x5Fo 1 -ifl x+18
that is,
1im L(x)=0, Tim L(x)=+»,
X+ X®o+o0

Remark. A particular example of a slowly varying

function L(x) with properties 1im L(x)=0 and 1im L(x)=+=
X>+eo ’ X+

is given in [2] (p.58,ex.3), without detailed proof. Our
result is evidently more general.
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REZIME

JEDNA PRIMEDBA KOJAR SE OQDNOSI NA SPORO PROMENLJIVE
U SMISLU KARAMATE ’

Dat je kompletan dokaz jednog rezultata iz rada[1].
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