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ABSTRACT

In this paper a version of the results, from the
previous author”s paper 8] for the space XD(f1f2) of the

functions representable by the absolute and uniform conver-
gent generalized Dirichlet series on a polydisc D=D(R1,R2),

is obtained. A representation of the continuous Tinear fun-
ctional on XD(fj,fz) is constructed.

1. INTRODUCTION

ile have investicated in paper [8] the space
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X(f,,£,) of the absolute convergent ceneralized series

(in the whole Cz)
«©
(1.1) ) ay nf1 Pps1) £2 (1y85)
m,n=0
where f‘1 and f2 were entire functions of the given corres-

ponding orders p, and types o, and 02,A0=u0 =0. (lm)m>1’

("n)n>1 are two sequences of complex numbers such that
0<lA1|<|7\2|< A

and
0<luyl<luyi< v 0

and further

1n (m+n)

= D<o,
P. p
|2 1P|y, [P2

(1.2) m_'#l’zg sup

In this way we have generalized some results by S.Daoud
[1)-13).

In this pper we shall investigate the cenerali-
zed drichlet series (1.1) on a polydisc D(Rl,Rz)-—-

={s,: lsll<Rl}x{szz |s5 <Ry} with a more restrictive condi-
tion on the sequences (Am) and (un) than (1.2). Nemely,

we shall suppose that

1in (m+n)

51
gl =

1lim
mén-+o

5 = 0 holds.
2
+ lu |

E. Pep
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In this paper, for simplicity, we consider series and func-
tions of only two variables, but all the results can easily
be extended to any finite number of variables.

We shall construct a representation of the continuous li=
near functional on the space XD(fl'fZ) of functions which

have a representaticn with the generalized Dirichlet series.

2. Generalized Dirichlet series on a polydisc

The entire function
o
k

f(z) = ) a z

k=0ak

is of order p, O<p<= and type o#0,» 1if

sup| £(z) [exp (- (g+c) IzA|°’)<+°°
ze¢

for all e, 0O<e<l.
Let Ep o denote the set of all entire functions
r

of order p and type ¢ such that ak#O(k=0,l,2,...).

Let us consider the double generalized Dirichlet

series
(2.1) F(s,,s,) = ¥ a £ (X s )f, (u 8s,)
1772 m';n=0 m,n"1 ""m"1°"2*"n"2
of complex variables s, and Sy where fiefpf,ci(i=l’2)'

coefficients am,n are complex numbers, Xo=uo=0, (Am)

m>1’

(un)n>l are two sequences of complex numbers such that
. 0<|A <A, l€ von > @

and
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0<luy 1<lupl< vue v

and further

. 1n (m+n) = qQ
miﬁgm pllk lpl 02|u |92
a,Ry m 2 n

o
+9,R
where R1 and R, are positive real numbers.

Theorem 2.1. Let

1
nlaanl < -1,

P2

2. .
( 3) m-}:ﬁ.}:‘w sup pl Dl pz
1R l)‘ml 1a,R; l“nl

Then, the series (2.1) converges absolutely and uniformly
on the polydisc

D(Rl,R2)={(sl,s2)=]sll<Rl,|52|<R2}.
Proof. We take the real numbers ré P Ty r"

o]

and r, such that ré <r;< R and rg< r,< R,. By (2.3) there

1
exist N€IN, such that

lnlam'nl 1
p p p p
1 1 2 2
o r, Il THoor, lugl
for m+n=N. Hence,
P1,, A1 P2 P2
(2.4) lam'nl<exp {-a,r, |Am| -0,T, Iunj }

for m+n=N.
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Since fieej ‘o ! (i=1,2) , there €xist natural numbers
3 L
1

N1=N1(e) and N2=N2(€) for arbitrary €, 0<e<l, such that

oy P ‘
|£, (A s)) [ <k explA| lré Layve)l,  (lsql<xg, moN))

(2.5)

L P2_,P2 "
|f2(un52) |<k2 eXP{lunl r, (02+€) ’ (|52l<r0 ln>N2)
for some

k,>0,k,>0.

2

Then, we obtain by (2.4) and (2.5)
. P1
(2.6) |am,n||fl(xmsl)||f2(uns2)|<k1k2 exp{- |\ | ~.

p p p p p
1 .1 2 2 . 2
Loz “-(oyredr] Tl-u | Tlopry® =(o,4e)xl 11
for m+n>No=max{N,Nl+N2}.

There exists such a positive number € that the number u de-
fined by

p p p p
1 1 2 2
0,7, = (0, +e)xr] 0,r, “=(oy+e)ry

: = min
u 1 { pl ’ pz
7R,

o,Ry

is positive. Now, we can choose a positive number t such

that t < u. By (2.2) there exists N“€N, such that

P p P P
l| | l+02R2 Zlu I 2)>1n (m+n)

t(olR n

1 Am

for m+n»N“, Hence, by (2.6)
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P

- - 31 Ry P2
|am,n|Ifl_(i\msl)]lfz(unsz)|<k1k2 exp{-u(o,R, Ixm| +0,R, [un[ ) }<

. Kk,
<k.k, exp{- + In{m+n)}=
172 t (m+n)u7t
for m+n>max{N_,N"}and |s,|<r] , |sp|<rg .

For special entire functions fi' we have the following

Theorem 2.2, Let

1/p

fi(z)=E (c1 iz), 0<p<®,g#0,=,i=1,2, where Ep is the

1
Mittag-Leffler function, i.e.

I -
E_(2) = ———,
e n=0 T (= +1)
)
The series in (2.1) converges absolutely and uniformly on

D(Rl,Rz),\iff (2.3) holds.

Proof. By Theorem 2.1. we have to prove only that

if the series in (2.1) converges, then (2.3) holds. We suppose
the contrary, i.e. that for some series

@ 1/0,. /e,
o am,nEpl(cl sl)E (02 52)

m,n= P2

the relation (2.3) does . not hold, although the series is an
absolute convergent for arbitrary (sl,sz)eD(Rl,Rz).

Let ri(i=1,2) be such numbers that ri<Ri holds. Since (2.3)
does not hold for ri ' 0<r£<ri , there exist two subsequen-

ces {mk} and {nk}, such that
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inla N

6Tk > -1 (k@IN)
P 3 P P
o 2 A [P1 o 2la |72
1Ty M 2t2 7 Pk
Hence,

Py . Py P
(2.7) lamk,nkl<exP{'°1f1 -0,%, lunk| 2} .

wWe shall need the following asymptotic behaviour of the func-
tion Ep (see p. 134 in ([4])

1/p P
(2.8) Ep{oi isi)=pie°isi tr0(1/8)), (1=1,2)

in a small angle |arg ai|<wi. There exist subsequences {s,}

of {mk} and {uk} of {nk}, such that arg A§+¢ and

1

0_. o-i¢
arg u, >9; as kve. By (2.8), for si=ryeT 0, 5

for some small £>0 and k>k0

51

1/p P
[E_. (o 1, 0)|>exp{(o]:-e)rI llxsl }

py 1 sksz
(2.9)

e, o P2
(0, “uy 8) I>exp{(o,~e)ry “|u

Yy

So for k»k, (2.7) and (2.9) imply
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es )

-lu | “lo o2 (o +e)zs 21)
Hn 2%2 2 2 .
We can choose a positive real number e small enough so that

the numbers

1 + 1 do 02- o,+€) P2
o,r, -(0l E)r1 an 2Ty = (9, r; are
positive,
Hence,
ey ¢ /o2
|ask,uk||Epl(°1 Xsksl)llEpz(o2 uuksz)|>1

and the series in (2.1) does not converge for the point

(s?,sg)GD(Rl,Rz). This contradiction implies that condition
(2.3) must hold.
Using the idea of the preceding proof, we can prove

the following theorem.

Theorem 2.3. Let

1/p,
fi(z)=Ep. (oj_ lz)' O0<p<ew , 0<p<°°, U#G,Q,if—‘l,z.
i
If condition
In|a |
m,n _

(2.10) ﬁm sup
mk o RpllA |pl+o szlunlp2
171 m 272

holds for some positive real numbers R, and R then for

1

2'
any pair (Kl'Kz) of real numbers such that Ki>Ri(i=1,2),

there exists a point s°=(s?,sg)€C2 such that

o .
< —_
Ri |si|<Ki(1—l,2) and the series



The space of the gemeralized Direchlet series of several complex, . . . 151

(2 ) § ( /e ( /e
.11 E (a s JE g s,)
m, i<0 am,n 'py 1 17%p, %2 2

does not converge.

Proof., Let Ki (1=1,2) be positive real numbers
such that Ri<Ki(i=l,2) holds. We shall find a point
s°=(sg,sg) such that the series (2.11) does not converge.

Let ri(i=1,2) be real numbers such that R1<ri<Ki (i=1,2).

By (2.10) there exist two subsequences’{mk} and {ng} such

that
1n| |
a’“‘k“k
>~1
N o7 s 5y (ke€rN) .
a,r, [A | +a,r, ]unk|
Hence,
P p P P

. 1 1

(2.12) |amk'nk|<exp{-olr1 llmkl _Uzrzzlunkl 2y

There exist subsequences{sEiof {mk} and {uk} of {nk} such

that arg Ask+¢1 and arg u +¢2 as k+~. By the asymptotic

u
k 1/p
behaviour (2.8) of the Mittag-Leffler function Ep (0i lsi),
i T
ié

we have for sg=Kie i(i=l,2) for some small €>0 and k>k°

1/p P P
1 0 1 1
IEpl(o1 Asksl)|>exp{(al—e)K1 ]Akl
1/p, Py

P
lE, (o, “u sg)|>exp{(02-s)K22lu | “1.
Uk Uk

Pa
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Hence, by (2.12),

.l/pl
(cl

| O (1/ )
A s E (o B s
U8y 1 oy 2

a | |E
A

P1

5] 1
>exp{llsk| [0,k "= (0,+e)r; 7]

o o . o
-qui 2[02K2 2—(02+e)r2 2]}.

We can choose a positive real number € small enough so that
the numbers

Py Y Py Py
0,K; 7 = (o %e)ry and , 0,K, “-(0,%e)r, are positive.

positive.

Hence,

/ey Y/e,

0 0
|a [IE_ (o A sD]IE. (0, “u. s5)|>1
1 8y 1 Py 2 u 2

SprY Py

and the series (2. 11), does not converge.

3. Linear continuous functionals

Let xD(fl'f2);1eEgPﬂi(i=l'2)'denOte the set of all

the finctions defined by the absolute and uniform convergent
series from (2.1) on the polydisc D(R,,R,), where the sequen-
ces {Am} and {u,} satisfy condition (2.2) aqd {am,n} satisfies
the condition (2.3).
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We can introduce a pafanorm (see 19]) on XD (f_l,fz)

in the following way

Py P1. P2 L J |
(04Ry™ A, 473/2122 [u,l %)

Il Flil = sup{laolol',lam'nlcr' r+n#0, m,n>0}

(FGXD(fl,fz)).

We can prove, in an analogous way as in [2], the

following

Theorem 3.1. The set Xn(fl’fz) endowed with the

metric

d(r,c)=lF - al (F,GGXD(fl,fz)).

is a linear metric space.

We shall need the following version of lLemma 2
from [8]

Lemma 3.2. The followino conditions are eguivalent:

a)

lim . ln(m#‘-)n) 5 5 =0;
mineo 1 1 2 2

1Ry l)‘m[ +0aRy I“n'

b)

lim -2l = o ,

mre IA rl

m
1im —__l.n_n_ = ;

e |y Ipz
n
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c) for any q,0<a<», the series

s ; pl pl .pz p2
I expl —alog®y “|Agl TRy Tl | )
m,n=0

converges.
Proof. The proof is analogous to the proof of

Iermma 1 from [1] with some obvious modifications.

Theorem 3.3. Every continuous linear functional ¢

on xD(fl’fZ) is of the forn

(3.1) oF) = } 2y nSm,n
m,n=0

F(Sllsz) = E am'nfl(x::sl)fz(pnsz) ’

m,n=0
where
1n|c°’°|<n<1 and
Py Py P2 P2.-1
(o3Ry 1Al T#osRy “lugl )
(3.2) lnlcm'nl < M<1

(m+n»0, m+n ¥0).
Conversely, for each infinite matrix Icm n] with
’

property (3.2), (3.1) represents a continuous linear funci-

tional on xD(fl,f2L
Proof. Let ¢ be a continuous linear functional on

XD(fl,fz). We can take
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Q(flﬁlmsl)fz(unsz))=cm,n (p,n€B {0}),

Using the fact that the series representing the function F
is uncoditionally convergent, we have

m,n
o (F) = }im, o( N 2_ 33551 QpS12 2 (Mpsp) =
3=
m,n o
= mlﬁmw 1§j=gi,jci,j m,;n=0 am,ncm,n ‘

By Lemma 3.2 and (2.3) we have that for the matrix [cm nl
r’

(3.2) holds.

Assume now that for the matrix [cm 1, (3.2)

S
First we have to prove that the series
-
a -c converges.
m,n=0 m,n"m,n
By (3.2) we have

° P2 |°2

p
1
(3.3) |c°’°|<exp M, |cm'n|<exp (03B " {ALl “+o,R, bu,

).

By (2.3) there exists a natural number N such that

P o Y o
1 1 2
Iam'n|<exp{ —oqR T A | -02R2|un| }
for m+n»N. Hence, by (3.3},
p p p p
1 1 2 2
|am'ncm'n|<exp{ = (1-M) (o,R) " [2_ | +o,Ry“fu | %) 1.

Since, by Lemma 3.2, the series
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. Py Py Py, Py
. rZr'O exp{-(3-M) (0, R, " |A_ | "+@R; “Jup | %)
A=

converges, we obtain that the series

o
a_ _c

m,n=0 M/0MD
converges absolutely.

It is obvious that the functional ¢ is linear.
We have to’ prove that it is continuous. Let’ {Fk} be a seguen-

ce from XD(fl'fz) which tends to zero with respect to the

convergence in xD(fl'fZ)‘ We have to prove that kig¢(Fk)=0.

(81 ¢85) = mz ags £1008)) £, (ys,) (kem) .

. XD(,f 1 £,)
The condition Fy £5 0, ag k+= implies that there

exists a natural number ko such that

k Py 4 P
|a ( )|<exp{ k},la(k;]< exp{-k (olR1 |Am| 1+02R22|pn| 2)

for each k such that k>k°. Hence, by (3.2),

fer) <] a “‘)|| nl<expiR-kl+
m,n=0
® B P P ' P
+ 3 exp{(M—k)(olRIIJAml 1+02R22|un| 2y}

m,n>0

for each k such that k>k6. Letting k+=, we obtain by Lemma

3.2 (since M<1l) that ¢(F,)>0. This completes the proof of

the theorem.
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REZIME

PROSTOR UOFSTENIH DIRICHLETOVIH REDOVA 0D
VISE KOMPLEKSNIH PROMENLJIVIH NA POLI-DISKU

U radu se daje karakterizacija koeficijenata uop-'
$tenog Dirich]etévog reda od vi§e kompleksnih promenljivih,
a koji konvergira apsolutno i uniformno nad poli-diskom
D(R1,R2). Daje se reprezentacija neprekidne linearne funk-
cionele nad prostorom XD(f1,f2), funkcija razvijenih u

uop3teni Dirichlet red nad poli-diskom D=D(R1,R2).
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