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ABSTRACT.

The problem of representation of an algebraic lat-
tice L by the lattice Cw(A) of weak congruences of an al-

gebra A (i.e. of all congruences on all the subalgebras of
A) is close]y related to the localization of a d1agona1
relation A& in C (A) A is a co-distributive element in C (A)

([61), and it can also be neutra] ([6)) and except1ona1
(as shown here).
Here we shall discuss the following question:

If a is a co-distributive (neutral, exceptional)
element of an algebraic lattice L, is there an algebra A,
such that C (A)uL, and that f(a)=A under that 1somorph1sm?
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Every positive answer to this question gives a
representation of L by Cw(A).

We shall show that the answer is positive if
a is a minimal element of L. Thus, every algebraic lattice
has at least one respresentation by weak congruences. This
representation turns out to be the only one for lattices
having no co-distributive elements different from 1 and 0.

However, the general answer to the above mentio-
ned question is negative, because of some algebraic prope-
rties of Cw(A) that we prove here. In order to give a lat-

tice-theore tic interpretation of these algebraic results,
we define A-suitable element of an algebraic lattice as

the one that satisfies all the mentioned necessary conditi-
ons under which an element corresponds to A.

1. INTRODUCTION.

A weak congruence p on an algebra A=(A,F) is a
symmetric, transitive and compatible relation on A, which
is also weakly reflexive: if ¢ is a constant on A, then
cee ([41). We denote by Cw(A), C(A) and S(A) the algebraic

lattices of weak congruences, of {(ordinary) congruences,
and of subalgebras of A, respectively.
Cw(A) coincides with the lattice of all the con-

gruences on all the subalgebras of A(under set inclusion).
Moreover, C(A) is its sublattice (as a filter generated by

&={(x,x) |xea}), and S(A) is a retract of C,(A) (ideal gene-
rated by 4)([4]). Subalgebras are represented in CW(A) by
diagonal relations (8es(A) which correspond to

d ,={(x,x) |xeB}).

B
We shall use the following special elements of

a bounded lattice L: if a€L then

(I) a is co-distributive, if for all x,y€L
aA(xvy)=(aax)v(aay),

or, equivalently, if m, :X+XAa is a homomorphism ([1]);
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thus, a co-distributive element uniquely determines the fol-

lowing sublattices of L;(al,la) (ideal and filter generated

by a), and for every x€L [x]é ,where,@a is a congruence on
a

L induced by m,

(II) a is nsutral, if m, :X>XA2, and n,:x+xva are homomor-
phisms, and fa:x+(an,xva) is an embedding of L into (alxla)

([1);

(I11) a is exceptional, 1f it is neutral and the classes
of the congruence induced by m, have maximum elements which
fom a sublattice M, of L (I3N).

For x€L, let X be the maximum of the class to
which x belongs; thus ma(x)=ma(§).

Considering the algebraic lattice Cw(A) of an al-

gebra A, we get the following statements, the proofs of
which are straightforward.

1., A is a co-distributive element of CW(A).

2. The mapping mA:p+pAA(peCw(A)) is a lattice homomorphisam

(the homomorphic image is S(A), as already pointed out).

3. The mapping nA:p+va(p€Cw(A)) is a lattice homomorphism

if and only if A satisfies the Congruence Intersection Pro-

perty (CIP) ([4]1). In that case, A is a distributive ele-
ments of CW(A).

4. A is neutral in CW(AL if and only if A satisfies both

CIP and CEP (the Congruence Extension Property) ([61).
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5. The classes of the congruence induced by m, have maximum
elements forming a set MA={B2[B€S(A)} (M, is not necessarily
a sublattice of C_(A)).

[ & 8
Now, let L be an arbitrary algebraic lattice. In

drder to give an answer to the question at the beginning

of the article, we shall start with the fact that the mini-
mal element, 0, is co-distributive in L. Thus, we have the
following Represetation Theorem.

Theorem 1. Let L be an algebraic lattice. Then

there 18 an algebra A such that ite lattice of weak cong-

ruence CW(A) ig isomorphic to L.

Proof. If L is algebraic, then there is an al-
gebra A,=(A,F;) such that its lattice of (ordinary) con-
gruences C(Al) is isomorphic to L (G.Grdtzer, E.T.Schmidt,
[2]. Now,'let A=(A,F) be the algebra constructed on the
same set A as Al’ and with the same set of non-nullary ope-

rations, but in which the set of constants K is the whole
set A (K=A), i.e. such that F=AUF,. Then, obviously,

Cw(A)=C(A)=C(A1), and we are done. o

If L has no co-distributive element other than 0
and 1, then the oniy way to resperesent it by weak congru-
ences is the one given in Theorem 1.

EXAMPLE 1. The lattice M3(Fig.1) can be represen-

ted by the latice of weak congruences only by adding to the
set of operations all the elements of a suitable algebra
(Klein“s group, for example) as constants.



The diagonal relation in the lattice of weak congruences . . .

171

a2 A=({e,a,b,ab},+,”!,e,a,b,ab)
e a b ab
eje a b ab
ajlae ab b
bib ab e a
abjab b a e
A
cw(A)=c(A) Fig. 1

in the following two examples A is a neutral and
exceptional element (respectively) in the lattice of weak
congruences of the corresponding algebra. An example in
which A is co-distributive (but not neutral) is Cw(S3),

where Sy is a symmetric group on a three-element set (see
[51).

A-neutral, A=(Arf1:f2) A={a,b,c,d}

but nect
A'abcd A'abecad
f,laadec f2 b adec

exceptional

G = any cyclic group of order
P-q p,q-prim, p#q.

A- exceptional
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However, the localization of an arbitrary co-dis--
tributive (neutral, exceptional) element a in an algebra-
ic lattice L is not sufficient for the existence of an iso-
morphism £ between L and the lattice of weak congruences
of an algebra (with f(a)=A)., In order to prove that there
are co~distributive elements which could not correspond to
A, we advance the following propositions.

LEMMA 2. Let p1'pzecw(k)'pl#¢¥) for an arbitrary

algebra A, and let EA be the congruence on Cw(A) induced

by my (see 2.). Then,[plleAﬁ[pzjﬂA implies that l[DZ]eAl#l.

(In other words, there are no pairs of one-element compara-
ble classes modulo BA’ unless the first contains the empty
relation.)

Proof. obvious, Ssince a one-element class consi-
sts of a diagonal relation of a one-element (or empty) su-
balgebra. o

An immediate consequence of this lemma is that
in a bounded chain the only element other than 0 which co-
uld correspond to A is the atom (if there is one). All the
other elements in a chain are co-distributive, but the cor-

respoding classes of weak congruences are one-element and

[}
L]

—

| | )

Fig. 4 Fig. 5

1) It is possible that the weak congruence is an empty re-
lation (seel4l).
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comparable (see Fig. 4 and 5 for the lattices in which co-
-distributive elements violate Lemma 2),

LEMMA 3. If B,Ce€S(A) for an algebra A, then

BAC# @ implies B2vC2=(BvC)2 in Cw(A) .

Proof. Let BaC=D# 8. Then

B2VC2, (BvC)zeC(BvC) (the lattice of ordinary cong-
ruences on BvC). Now, from

[D2] 5 ,€8(BVC)
B vC

([D2] 2 o is a class ,in the congruence Bzvcz to which D2

B vC

belongs), it follows that

(0?1, ,2<s%vwc? . (1)
BT vC
Clearly,
<p2
B,c<[D”] , , . (2)
B®vC
From (1) and (2) we get
(Bvc)2<([02] 2 2)2<132vc2 ,
B vC
i.e. (BvC)2<}32vC2 .

Since obviously

B2vC2<(BvC) 2 ’

finally we have

B2vC2= (BvC) 2 . a

COROLLARY 4. If n(B|BeS(A))#8, then M

A te a sublattice of

Cw(A) . o
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REMARK. The converse of Corallary 4 is not valid: see the

groupoid on Fig. 6, M, is there a sublattice of Cw(G),but
the minimal element of this lattice is the empty set,

2

G

(G,*) G={a,b,cl

{<}

CW(G) ¢ Fig., 6

COROLLARY 5. If A is neutral clement in Cw(A), and the mi-

nimal subalgebra of A is not empty, then A is exceptional
in C_(A).

Proof. By Corollary 4 and by (III). ©
) o\a=Xvy

Lemma 3, and Corollaries 4 and 5 exclude a
wide class of co-distributive elements as possible diago-
nal relations in the representation of lattices by weak
congruences. A co-distributive element a in the lattice

in Fig. 7 violates Corollary 5, since it is neutral, the
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minimal class of the congruence induced by m, has two ele-

ments (the corresponding minimal subalgebra could not be
void), but a is not exceptional.

For an arbitrary algebra A, and BeS (A), eeC(g),
1)
let

Bl 1985 aen| (abEB) A9 D) .

LEMMA 6. a) B<B[0]<A;

b) <f {0;,1€Il<C( N, and B{8,1=E'for

every i, then B [y ei]=B.
iex

- Proof.
a) Obvious.

b) If aeB[vei], then there are a=a1,...,an,1€A,

a =beB, and eil,..,ein-le{ei,ier}. such that ajeijaj+1'

If a@B, then aj¢B for some je{l,...,n+1}. But this contra-

dicts the assumption B[ei 1=B,since ajﬁi
J' A

For BEC(A), let

j‘j+1' a

B, % v(eec(4) |BLo1=B) .
Obviously, 6,€C(A), and for every 6€C(Aj,

a) Ble ]=B~6<BB.

Moreover,
b) B[ aB] =B,

1) The consideration that follows, concluding with Theorem
9, was suggested by E. Kiss.
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(85 is thus the greatest congruence on A in which the subal-

gebra B is a union of some classes.)

LEMMA 7. Por every Bes(A) ,8€C(A)

B%ve=B[01%ve, in C (A)
Proof. By the definition of Eleg],
Bl6]%<n (p€ C(A)|32v6<p)=B2v6.

Thereby, B[o]2ve<B2vo.

The opposite lnequality is trivial. o
_ 2 2
COROLLARY 8. If B[O]=A , then B vo=A"., m

THEOREM 9. For an algebra A, let BES|(A), and

A>B(B 78 a coatom in S (A) Then,

2

vioe c(A)|ovBZa?)#a?,

Proof. For BE 8(A),A}B, and ee'C(A)ey32<A2 im—

plies B[8]l# A (by Corollary 8). Hence} B[6]=B (since, by
assumption, there is no subalgebra between A and 8 ). Thus,

2

6g>6, and A2>eB>v.(B€‘C(Aj.|6vB a%). &

So far there is no name for an element which
satisfies all the listed necessary conditions under which
it corresponds to a diagonal relation in a representation
of a lattice by weak congruences. Therefore, we shall give
the following definition (for the notation, see the introdu-
ction).

DEFINITION 1. An element a of an algebraic lat-

tice L is A-suitable if 1t is co-distributive and satisfies
the following conditions:
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1) xsay#0 implies §v§=§7§, for all x,yeL ;
ii) if x0 and <y, then ym#yAa, for all x,y€L;
iii) if x#0 and x=a(y|ye€L~{0}), then x¥X, for
every x€L ;
iv) if x€L and XQG (¥ is covered by 1), thén

v (yeL|y>a,yvx<1)#1.

It is clear that a A-suitable element must be
co~distributive. Condition i) is required by Lemma 3, and
ii) as well as ii}) by Lemma 2; iv) follows by Theorem 2.

Obviously, a A-suitable element which is neu-
tral, must be exceptional, if 0#7.

N

As a final example, we note that in a free di-
stributive lattice with three generators (FD(3), see Fig.8),
these generators are the only
A-suitable elements.

Since a A-suitable element sa-
tisfies only some necessary
conditions under which it cor-
responds to a diagonal rela-
tion, it is still an open pro-
blem whether these conditions
are sufficient,as well. To be
precise:

Fig. 8

PROBLEM. If a is a A-suitable element of an algebraic lattice
L, is there an algebra A, such that Cw(A)uL, and that f(a)=A
under that isomorphism?
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REZIME

DIJAGONALNA RELACIJA U MREZI SLABIH
"KONGRUENCIJA I REPREZENTACIJA MREZA

U radu je dokazana teorema reprezentacije proiz-
voljne algebarske mreie uz pomo¢ mreie slabih kongruencija
algebre, S obzirom da to predstavljanje zavisi od lokalizo-
vanja elementa  mreie kqji se u reprezentaciji preslikava u
dijagonalnu relaciju, daju se neki potfebni uslovi pod koji-
ma proizvoigjan kodistributivan element algebarske mreie
odgovara dijagona1i; Definide se aodgavaraji¢i A-podoban ele-
menat proizvoljne algebarske mreie,
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