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Abstract

On a differentiable manifold M and on the total space E of a vector
bundle there are defined p(3,-1), P(3,-1} - Finsler structures
respectively and the Finsler connections which are compatible with these
structures are determined. Furthermore the Ilnvariants of the Finsler
connection transformations group are established, the integrability

conditions are determined and some special cases are gilven. .

0. Introduction

The main purpose of the present paper 1s to introduce the notion of
p(3,-1}-Finsler structure on an n-dimensional ¢™- manifold and the notion
of P(3,-1)-structure on the total space E of a vector bundle § = (E,un, M)}
and to study these structures by the method used by R. Miron [14] and by
the first author in [1}.

A P(3,-1)-structure on E we simply call a Walker structure. It is
similar to the Kentaro Yano structure on E, [1].

In §1 we recall the notion of a Finsler connection on M [11], [12]
and the notion of a distingulshed connection on E {15}, [18], [17). Ve
introduce, in §2, the notion of p(3,-1)-Finsler structure on M and all
p(3,-1)-Finsler connections are determined in §3, using Obata's operators
(2.5). 1In §4, we consider the group Gp of transformations of

p(3,-1)-Finsler connections and prove that it has twenty invariants, which
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are Finsler tensor fields. By the lift in Miron's sense [14}, on TM of
one p(3,-1)-Finsler structure from M, in §5, we obtain three structures
on TH, that each of them, taken adequately on the horizontal distribution
HTM and on tﬂe vertical distribution VTHM of T(TM), are p(3,-1)-Finsler
structures. By means of the Invariants of §3, in §6, we give
characterizations of the ‘1ntegrabllity of type I, II or III for the
p(3,-1)-Finsler structures based only on Finsler geometry. Finally, in
§6, we define and treat the (h,v) P(3,-1)-structure on the total space E
of a vector bundle £, which we shall call a (h,v)-walker.structure on E.

In particular, we have on M an almost product Finsler structure [3},
8], [9]1, [10], or a (p,€,n)-Finsler structure [B].

The terminology and notations are all according to M. Matsumoto (11]

and R: Miron (12,13, 14,185,16,17].

1. Preliminaries

Let M be a di;ferentiable c® - manifold, paracompact, of dimension n,
let T(M) = (TM,n,H) be its tangent bundle and let N be a non-linear
connectlion on TH: TH = N + (TH)". We denote by (x',y')(1,j k. I=T.2,....n)
the canonical coordinates on TM. Then 6l= 61— Nték (6[= 6/6xl, él= 6/6yl,
6‘= 3/6x') 1s a local basis of the horlzontal distribution N, and él is a
local basis of the vertlcal dlstribution (TM)Y. The dual basis 1is
(dx‘,&yl), where 6yl= dyl+ N;dxk. We have:

1

. ] . . AN S oa s
(1.1) [5J.5k] = Rjkal' [BJ.akl [5k.3J] t)kdl' [tJ,Bkl o
We denote by
(1.2) R =an8 -an, ' =58 -3¢
Ik K J J ok Jk Kk ) x

the curvature and torsion tensor fields of N

A Finsler connection on M is a triad.FT' = (N,F,C)(=V), where N is a
non-linear connection on TM, and F, respectively, C are the h-and

v-connection coefficients glven by:

(1.3) V.5 =F 5,9 .8 =F &,v.8 =¢8,Vv.8 =¢34
6k J jk 1 Gk J Jk 1t ax | Jk 1 a7 k1

With [ and I we denote the h-and v-covariant derlivatives with respect

to FT. For example, for a Finsler tensor field of the type (1,1) with the
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components K;(x.y) we have

1 _ i 1 8 _ 8 1 - : 1 _ ] _ 1
(1.4) K,|- = 8K +F K FJkKj. Kl = 0.k + C“K: c:kxs

The torsion Finsler tensor flled of FT will be denoted by: T:k, R;k.
! ! Sl and the curvature Finsler tensor flelds of FI' wlll be

CJk' LS| . .
.denoted by: RJ e’ B en SJ ' [111, (12].

If FT = (N,F,C) and FT = (N,F,C) are two Finsler connections on M,
then a unique triad of Finsler tensor fileds (A,B,D) 1s determined such
that:

(1.5) F=n-a PP =F st -p, & = -0
J )] J Ik Ik Js k Jk Jk Jk Jk

Conversely: glven the Finsler connection FI = (N,F,C) and the triad
(4,8,D) of Finsler tensor ficlds, the connection FT = (N,F,C) given by
(1.S) ls a Finsler conneclion. The map FT' 5> FT dellined by [1.5) is called

a transformalion of Flinsler connections.

If = (ﬁ,ﬁ',&) is a connectlon fixed on M, then the h - and
v — covarlant derivatives with respect to FTI* will be dgnoted, resceptlively,
by 1 and T . ’

Because a linear connection D = (l‘;k) on TM, expressed in the adapted
basis (al,al) of a non-llnecar connection N and the vertical distrlbutlon
(TH]V has eight coefficients, in {15], [16] was introduced Lhe notion of a
d-connection on the total space E of a vector bundle £ = (E,n, M) (in
particularly on E = TH), that is, fundametali in the geometry of E. We
shall recall in short this important notion.

Let € = (E,n,M) be a vector bundle of the class <. we suppose that
the total space £ has ntm dimenslons, the base M has n dlmenslons and the
local fibre Ex= n_I(x), x € M, Is a real vector space of dimensions m.
X(E), ZI.(E), of;(E] are. well-known sections.

We denote by N a non-linear connectlion (horlzontal dlstributlion) on E

and by V the vertical ‘distributlon complemenltary with N:

.t
!

TE=HE+VE VYueeE.
u u u
A llnear connection D on E 1is called a distinguished connegtion (for

short a d-connection) 1f: sz € HE, DZY e VE, for VX € HE, VY e€ VE,
¥Z € A(E).
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It follows that for a d-connection on E we have a unlque decom-
position: D=D"+ Dv. DH is the h-covariant derivatives aqd Dv is
v-covariant derlivative of D. )

In the canonical coordlinates (xl.ya) of the point u = (%) e E, 1=1,n,
a=l,m, a=1,n+m, we have (al,é.). (dx',3y") the dual frames adapted to
N ( s

(x,y)).

1 a 1
The local components (L”(x.y). Ly, (x,y), CJc(x.y). C:e(x.y)) of a
d-connection on E are glven by:
(1.8) D661=L‘6 D& =18, Dy8 =C' 3, D5 =C 8

Jk 1’ 3 b bk a a ) je 1’ 38 b bc a
k k c ©

We denote by X"(Xv) and w“(wv). the horizontal (vertical) components
of X € X(E) and respectively w € TI.(E).
4

A tensor fleld t on E is called a dilstinguished tensor flield

pr.
(d-tensor filed) of the type [qs] if it has the property:

(1.7) t[w,...,w; X....,X;w....,w;X,...,X]=
1 P 1 q p+1 p*r q+1 q+s

= t[w"....,w"; X",...,X"; wv,..., wv; Xv...., Xv] ,
s

1 p 1 q p+l p+r qti q+

VX € UUE), Yuw € T (E).
@ o
Proposition 1.1. If t is a tensor field on E of the type (p,q), then it

p-rr (r=0,1,...,p;

determines 2P*% d-tensor flleds on E of the type g-s s

s=0,1,...q).

; It follows that the torsion tensor field T of the d-connection DI,
(1.8), 1is characterized by five d-tensor fields of components:

', R, ¢, P, S (TIXY) = -T(Y,X)), where:

Ik’ Ik’ Je Je be
1 ] 1
T =L -L, R =N -3N, C ,
(1.8) Ik 1k k) I k) 1k e )
PP=aN-L", ss=¢ - .
Je c ) c) bc bec cb

Also, the curvature tensor filed R of the d-connection DI, (1.6). is

characterized by six d-tensor fields of components: RJ‘“, Rba“, lekl ,
.5t st (RNZYY . = 0, (R(X,NZIM = 0), where:
J cd b cd
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.
1 1 i hot h o R
RJ kt 61L)k Ly * Lk L)thx YO RG
(1.9)1 4 . . v
a a a a a c
LRbkl~6J$k S.Luy * Iy ley T Lylp t GLR,
p' =ar' -c  «c
) kd 4 )k Ja )t kd
(1.9)2 4 .
p" =alLl’ - + P,
L b kd 4 bk bd [k br' kd
s' =3¢ -5c P -,
) cd 4 )e c 14 je hd Jd ‘he
(1.9)3 1 ) )
S® =3¢ -4 +cf P -
L b cd d be c bd bec fd bd fc

If £E=TM, we have n=m and we can remain in the present notatlions on
E, with the convention Lo assimllate x® with Brxl

]
Then, on TM have in general:

(1.10) o282, & 25 . ;
Jk a }J bk Je a J be
A d-connection DI on TH for which (1.10) 1is tranformed into
equalities is called a d-connection of the Finsler type on TM (in [23]

such a d-connection is called a d-normal conpnection).

Remark 1.1. A d-tensor filed on the manifold base M is also called a
Finsler tensor filed on M {11}, [12].
2. p(3,-1)-Finsler structures

Let M be an n-dimensional differentiable manifold of, class ¢® and

x=(x') and y=(yl) denote a point of M and a supporting element,respectively.

Definition 2.1. A Finsler tensor field p(x,y) # 0 of type (1,1) and of
class ¢ is called a p(3,-1)-Finsler structures of index k, it is

satisfies

(2.1) P’ - p=0, rank | poy} =n -k, Vix,y) eTH
where k is integer and 0 = k < n.
We denote by ¥ and V complementary distributions of tangent bundle

T(M), corresponding to the projectlion operators hix,y) and w{x,y) given by
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(2.2) h=p°, v=-p° +1] (I - the ldentity operator).

We have dim X =n-~k, dimV = Kk and
(x,y) (x,y)
ph = hp =p pv = Vp = 0
+ (2.3)
ph=nh pv=o0

that is, p acts on # as an almost product operator and on V as a null

operator.

Remark 2.1. If the rank of p{x,y) is n, then h =1 and v = 0 and plx,y)
satisfles: p2= I. Consequently the p(3,-1)-Finsler structure of minimum
index Is an almost product Finsler structure [3), [8], [9]; the dimension

n not must be even.

Remark 2.2. If the p(3,-1)-Finsler structure is of index 1, then X is
{(n-1)-dimensional and V is one-dimensional. Consequently 1f we denote by
P;(x.y), h;(x,y) and v;(x,y) (i,j,...,= 1,2,...,n) the local components of
p(x,y), h(x,y) and v(x,y) respecitvely, then v;(x.y) should have the form
v;= njEl. where wn(x,y) and E(x,y) are covariant contravariant Finsler
vector fields respectively. Taking into account the relations (2.2) and

(2.3) we have
1 r J i
(2.4) per=6-n£, pt =0, =mp =0, nE =1

Thus a p(3,-1)~Finsler structure of index 1 is equivalent to a

(p,€,m)-Finsler structure {see 16}, p.26, Deflnition 3.2 and Remark 3.2).

Definition 2.2. We shall cail Obata's operators of the p(3,-1)-Finsier

structure, (2.1), the Finsler tensor fields 0"® anad 0°°

glven by
Ny o)

rs

1)

N —

(2.9)

rs

1)

[\S IR
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These operators have the symmetry O:: = 0%

. {(a=1,2) and act on a
« (IJ .

Finsler tensor field K of type (1,2} as (OK)‘ll Or: K:k. The product 0 0
o} o afp
ri ts

0 (e, 8 = 1,2).

rm

is defined by (0 0)"l =0
a8 in o)® B

Proposition 2.1. 0,0 are the supplementary projecltors cn the module T; of
12
the tensor fields of type (1,2):

(2.5) 0+0=1, 0°=0, 00=00=o0 (a=1,2),
1 2 [+ 3 [+ 3 1 2 21

where I 1s the identity given by 5: a:: 1K = K.

Proposition 2.2. 0X = o (resp. OX = o) has solutions, and 1Its general
2 1

solutions are given by X = 0Y (resp. X = 0Y), where Y € T; Is arbitrary.
1 2

3. p(3,-1)-Finsler connections

An important problem concerning a p(3,1)-Finsler connections on M is to
determine the existence and arbitrariness of Finsler conneclions with

respect to wich p;(x.y) is covariantly constant.

Definition 3.1. Let p;(x,y) be a p(3,1)-Finsler structure of index k. A
Finsler connection FI' = (N,F,C) ls called a p(3,1)-Finsler connection or

compatible with p;(z.l), ifr p; 1s covariantly constant:

{3.1) ! =0 'l =0
pllk p

Proposition 3.1. With respect to a Finsler connectlon FI" compatible with a
p(3,1)-Finsler structure p;(x,y), (2.1), the tensor fields h;(x.y) and

v3(x.y) are covariantly cosntant:

(3.2) h;lk =o, K| =0, V', =0, V| =0

Theorem 3.1. (a) Obata tensor fields (13 and 9 are covariantly constant with
respect to any p(3,1)-Finsler connections FI'; (b) The Finsler tensor
fields 0'"R °®

sl r

, o'"p* , 0“5 s and h-and v-covariant derivatlves of
k1 25] r ki1 25] r kil

every order vanish for every FT with the property (3.1}.
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Proof. The property (a) results immediately from (2.5), (3.1} ard
(3a2). By the Rliccli identities applying to p; and taking Iinto account
(a) we get the statement (b).

Theorem 3.2. Let FI' = (ﬁ.f,&) be a fixed Finsler connection on M. Then
there exist p(3,1)-Finsler connectlons with respect to the p(3,-1)-Finsler

structures (2.1); one of these is:

(9.9
- B
=

]
-
x
[y
—
"!v—
\_u'!
——
=

1

<
—

-

&

<
- -

<
-
——
—

Proof. By straightforward calculus, (3.3) satisfles (3.1).
Now, we determine all the p(3,-1)-Finsler connectlons based on
L]
Proposition 2.2. Let Ff be a fixed Finsler connection. Then any Finsler
connection FT' on M can be expressed in the form
L1 1 A " \ b}

3.4) KN=M-4A F =F +8a-8, & = -,
y - T e e U T B e Ok Py

where A, B, D are arbilrary Finsler tensor flelds [i12], [13].

We put Ff = F¥ in (3.4), where A = (ﬁ,¥,¥) is given by (3.3).

In order that fT is a p(3,-1)-Finsler connection, that is, the
equation (3.1) hold for FT given by (3.4), it is necessary and sufficient
that A, B, D satisfy

1 1
BJk (psp

h
H

which, after one long calculus (analogous to [6], p.23-24), is equivalent
to

+ vlvh)Bs =0, p - (plph + vlvh)Ds =0,
s §  hk ik s ] J 1 hk

OB=o OD=o0 .
2 2

From Proposition 2.2, however, the last system has solutions in B;k,

D;k for any Finsler tensor field A; = X;. Thus, we have

Theorem 3.3. Let Ff' be a fixed Finsler connection. The set of all
p(3,-1)-Finsler connection FT wilh respect te the p(3,-1)-Finsler

structure (2.1) is given by
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(3.8)
3v[v’ +vl}(”]}+" .
s ka a k a) sk
{3 | 1 1 g 1 1 8 ia
ch a &jk tz {pspJTk * v]]k * 3vsVJTk} * ?nj Z:k !
L
where X:, Y;k, Z;k are arbitrary Finsler tensor fields. )

Remark 3.1. The p(3,-1)-Finsler connection F¥ = (M.¥,¥) given by (3.3) is

obtained from (3.5) for x;= 0, =0 2 =o0.

Ik I’
Corrolary 3.1. If F* is a fixed p(3,-1)-Finsler connection, then the set
of ali p(3,-1)-Finsler connections FT is given by:
(3.8) W' =&I_xl' FooBF 28 ¥ 0y , ¢ =& +or ’
J J Ik Jk Jr k ls] rk Ik Ik lsj rk

1 Z\

where X‘, Y ,
J Jk Jk

are arbitrary Finsier tensor flelds.

We denote by FT'(K) the Finsler connections having the same non-linear

connection N,

Theorem 3.4. The set of all p(3,-1)-Finsler connections ek is given by

1 \ 1 1 s 1 I 8 Is
= = - +
ij F-Jk * 2 {ps p_]Tk VJTI: * 3VsVJTk} ?Jr Y:k '
(3.7)
1 At 1)1 s¢ _ .1 1 = is .
, Cjk - Cjk 3 {Ps PJTK lek * avsvjik} * ?jr z:k '
where FI' is a fixed Finsler connection and Y;k , Z;k are arblitrary

Finsler tensor fields.

4. The group of transformations of p(3,-1)-Finsler connections
V

Let us consider the transformatlons FT(N) » FT(¥), [13], of p(3,-1)-
Finsler connectlons, which preserve the non-linear connectlon N, Owing to
Theorem 3.4. they are given by

Nl = Nl, Fl = Fl + Olr YB , EI = CI + ir
ik ik 15] rk
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A

Theorem 4.1. The set of ail transformations (4.1), with the mapping
product as a law of composition, form an Abellan group Gp. ..whlch is

Isomorphic with the additive group of pair of Finsler tensor fieids
[Olr Ys , Olr Zs ]
‘sj rk 13] rk
By a stralghtforward calculus we can prove
Theorem 4.2. The folilowing Finsler tensor fields are Invarianls by the

action of the group G :
B P

1 1

(4.2) R , '
Jk Jk
1 2
(.3) N =0"'0""1° , & =00 , B =0"'0""P , N =0"'0"%s"
Ik zpquk rs Jk zpquk rs Ik zpquk re Ik zpquk‘ rs
;l < hl T ¥ r Tl _ r Tn . T. 1
Ik m Jk PJ L pJ rk Py Is Py
1
1 _ m r ] ] _ Ld " L] = 1
RJk“"- Rjk+pj P, R, [pj ek P Rja] P,
1
] _ 1 r ] ] _ r o 1
(4.4) 1 Cjk - hm C:k * pj pk c}s [pJ C:k * pk C:s] pm !
1
1 U | m ] _ r m L 1
ij—hn ij+p Py Fra [PJ Prk+pk P.;u] P, »
;I = hl Sn + r Sl _ r - . ] S. 1
Ik m Jk pJ Py "rs pJ rk P, is Py
-
2l 1 m r 1 r m a Rp 1
R =h
Ik mRJk+p Py Rrs+[pj rk+pk js] P
2
1 1 r 8 1 r L] 1
-(4.5 =h C ~ - - z
'( ) ) CJk ]m CTK pJ pk Crs [p) C:k pk CTS] pm *
:l = hl Pm _ T -] Pl . r ] _ .8 Fp 1
L m ok Py Py g pj rk Py Js Ao
% 1 i .
= m S m .
Tjk hm Tjk * [p Pkr M P, Pjs] LA
7?1 =hn R + s +[pf ™ +p " !
Jk m ]k p) pk rs Pj kr pk Js pm '
(4.6) + ZI = hl Cm _ T 3 Cl _ r Sm . s Rn 1
Ik m )k p) Py sr pj rk P, )8 Pm"
;’.’i = n Pm _.r Js Pl _ Tm 1
jk m Jk p) Py e P, Js P, -
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3

) 1 r g \ ro.m 8 @ 1
S)k - hn S:k * pj pk Rrs [p] Srk + pk st] P- *

(4.8)

1 r s 1 r » s . 1

T]k =Py P, LI [p] Poe * Py st] Py
1 2 1 1
1 ] ]

S
ix k" Tk
anly if there exists on M an h -~ and v - semi-symmelric p(3,-1)-Finsler

Theorem 4.3. The Finsler tensor fields N;k, N vanish if and

connection IT (N).

5. P(3,-1)-structures on the tangent bundle T(M)

The lift of one p(3,-1)-Finsler structure. lLet M be a differentlable
manifold of the class Cw, with n dimensions, T(M) = (TH,n,M) ils tangent
bundle and N a fixed non-linear connectlon on TM.

A ?(3.—1)—stl:uctm‘e of index k' on TH 1s given by a tensor fleld
Pe t:(TH) with th'e property:

~3

(5.1) FP' - P=0, rank |P(x,y)] =2n-K; 0=k'<2n VY(qyy) e€TH
In the adapted basis XA= {él.él Loa=T02n, i-= {1,n), P can be
represented by:
L, 2 3, . .
(5.2) P=pP 3 @ dx) e Pl 8 @ syl + Pl e daxd + Pl e sy?,

@
where P; (a = 1,2_,3,4) are Finsler tensor lields on M.
Hence, we have
~ 1 5. : 2 .
(5.3) P(8)=pP &6 +P 8, P )=P & +P 4
§ )1 ¥y o1 ) ) )

and the condition (5.1) is equlvalent with

o
oy

-

[}

-
t
e
i
o

~ =
E R
-«;,_u
-
+

P+
s

-2

=

a
—

.

e
+

;

@

E
=
n
;o
=2
@

(5.4) 4

a
=
[}

'a_b ~ o
- -

+

o -

o @

=2
=
@

.
L&)
L S— ‘.__-J [ S—
-
]
R R M I
- v
’ Y
"] .Uz @ a
ES
o -
\—4\——-J L S— | S—
w
F:d
4]



12 Atanasiu Gheorghe and Klepp €. Francisc

Also, we suppose that the components of P fulfill conditlons such as

(5.5) =7, vV=-PF +1

in order Lo be orthogonal projectors and supplementary.

I p;(x,y) 1s a p(3,-1)-Finsler structure of index k on M, then on

TH, in the presence of a non-linear connectlon, N, we have some special

cases:
H 1 J LI J
P = pJ SI ® dx’ + pJ 8] e &y ,
2 1 1z ]
(5.6) P=p s e ax} - p,d, esy ,
3
P =

1 i) | B J
pJ al ® dy’ + pJ al ® dx
« -
The tensor fields P (a = 1,2,3) given by (5.6) are P(3,-1)-structures

of a speclial type on TM. Indeed, the conditions (2.2) and (2.3) belng
fulflled for p;(x,y), we obtaln

[ o « a

P’ - P =0, rank 1P, y) g, = rank JPOLY)] = n -k
%2 1 1
(5.7) | H=F =n s o dx’ + h b oes ¥,

Vv=-PF +1-= v; 5 e dx! + v: él esy, Va=1,23,

.
1 1 h 1 1 n 1

where h = , v. . =- + 3
€ Ny TR Py ) P, P, )

Then (5.6) determines P(3,-1)-structures on TN by the lifting of one
pP(3,-1)-Finsler sturctures from M to the space total TM of a tangent budle
T(M).

We remark thdt the Nl jenhuls tensor of P e t:(TH) is given by
(5.8) N(X,Y) = [PX,PBr] - PIPX, Y] - PIX,PY]l + HIX,Y] ,
and the integrability condltion of a P(3,-1)-structures is N(X,Y) = o,

V X,Y € (TM). It 1is sufficient to calculate W(GJ.Gk). N(aj.ék) and
N(éj.ék) and we can determine N(X,Y).
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6. The integrability of the p(3,-1)-Finsler structures

Let N be a non-linear connection of T(M). Then the p(3,-1)-Finsler
structure on the base manifold M is lifted to a P(3,-1)-structure on T{M)
in three manner (5.6). The values of the Finsler components of P from

(5.2) are glven In the following table:

-
~
W
-

We remark the following relations:

X&)

o
otN

1 i L I
5)=7p" 5, s)=p"35, P(s)=p 3 ,
( J) P ( J) P, 8 ( J) pJ

2

1. i s 2 L 3 . .

P(3) = , P == , P(3) = 3
(3 ) P, 8 (61) pJ 31 a) P,

Definition 6.1. 4 p(3,-1) structure of index k on a differentiable
manifold M is called an integrable of type I, II or III with respect to

1 2
the non-linear connection N, if the corresponding lifted P(3,-1), P(3,-1),

3
or P(3,-1)-structure are integrable.

We characterize these cases of integrability, wusing only the

invariants of the group G .
P

Theorem B.1. The p(3,-1)-Finsler structure p;(x,y), (2.1) is an Integrable

of type I, if and ohly 1f the following invariant Finsler tensor fields
vanish:
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1 1 1 1
(6.2) T =0, R =0, ¢t =0 , PP=o0 (5 =o0).
. 1k Ik Ik

Proof. The p(3,-1)-Finsler structure 1s an Integrable of type I 1f and

1
- only if N(X,Y) = 0 for P. But N(X,Y) = 0 V X,Y € X(TH) is equivalent to

N(Gj,ak) =0, N(&J,ak) =0 , N(BJ,BR) =o0
i i

which are equivalent to (6.2). In this case, because C;k=o we have S;k=o.

In the same way we can prove

Theorem 6.2. The p(3,-1)-Finsler structure p;(x,y). (2.1), is an
integrable of type 11, if and only 1If the following ivariant Finsler
tensor fields vanish:

1 1
(6.3) r;k=o. =0, ¢d=0, P =0, s =0.

Theorem 6.3. The p(3,-1)-Flnsler structure p;(x,y), (2.1) Is an integrable
of type 11I, if and only if the following invariant Finsler tensor fields

vanish:

3 2 3, 1 =1 H
(6.4) T =0, R =0, ¢ =0, P =0,T =0, S =0.
Ik Ik

Concluding by Theorems 6.1, 6.2 and 6.3 we obtain:

Theorem 6.4. The p(3,-1)-Finsler structure p;(x,y), (2.1), 1is an
Integrable of type 1,11 or III if and only if the invariants of the group

Gp have the values given in the following table:

Type of Characterization by invariants
integrability
1 1 1 1 1
I T =0, R =0, ¢ =0, P =0, S =0
Jk Ik Ik Ik e
1, 2, 2, 2, 1
11 T =0, R =0 C =0, P =0, S =0.
Ik Ik Ik Ik Ik
3 3, 3, 3, 3, 1
111 T =0, R =0,¢C =0, P =0, S8 o, T =0
Jx Jk Ik Ik )k Ik
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7. (h,v)-¥Walker structure on the total space of a vector bundle

let € = (E,n,M) a vector bundkle of the class Cm, let N be a non-linear
connection on E and let us denote by HE and VE the complementary
horizontal and vertical distribution:

T("y) E = H(‘.y) E + V(x'y) E, V(x.y)eE.

Let 1(x,y) be an 1(3,-1)-structure of index kl on the distribution HE
and let m(x,y) be an m(3,-1)-structure of index k2 on the distribution VE.

For any (x,y) € E we have

(7.1) HE=ME+ Il E VE=VE+VE.
h v h v

We denote by h, v and respectively h, v, the supplementary projectors
1 1 2 2
on the distribution (7.1).

Let {BI,éa}, {dxl, 6ya} be the adapted basis of ¥ and VE.
Under these conditlons we can consider on E the aggregate tensor

field of type (1,1) given by

(7.2) p= 1;(x.y)fsl e dx! + w (xy) 8 e sy° .
Because (2.2) and (2.3), §2, are fulfilled for I, h, v and
11
respectively m, h, v we have from (7.2) the following relations:
2 2
3 = = =
(7.3) PP-P=0, rank [P} = k. orank |P| =k, .
We put H=P°, v =- P+ 1 and we obtain
f i ) a : b
H = hJ(x.y) 5, ® dx + hb(x.y) a8 38y ,
(7.4) ! 2
V=vlixy 5, 0 dr + Vixy) 8 e 3y°,
L 1] i 2b a

An elementary calculus shows us that

(7.5) 4

This means that (7.2) is a P(3,-1)-structure on E.
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Definition 7.1. We shall call the structure given by (7.2) the

(h,v)-Walker structure on the total space E of a vector bundle §.

] . La ,
) Ik bk
CJc. C:c is called a Walker d-connection or compatible with the
(h,v)-Walker structure P € 'ri(E). (6.2), if

v

Definiton 7.2. A d-connection D on E with coefficients DI’ = |L

| S a
(7.6) Ijlk_ 0, mblk

where | and ldenotes h-and v-covariant derivatives with respect to DI'.

Theorem 7.1. Let DI = Z;k, f,:k, &; , (Q,': ] be a fixed d-connection. Then,
< c
the d-connection Dlt glven by

[(*1 _ p1 1 {1 s 1 Vs
Ly ij *7 e e Y11« + vy v_)Tk ’
1 11
A AR T .
bk bk 2 [ ka ka f ka
7.7 4 2 z 2
P TR {Il 1-] _ vll . 3 Va] } ,
Je Je 2 's "Jle )le s c
1 171
» _ 1 a f _ A a f
L C:c N &:c + 2 {ml‘ mb]c :b L‘ + 3:4‘ :"I"} ’

is a Walker d-connection, where T and I are the h-and v-covarlant
derivatives with respect to of.
If we take in (6.7) for DI' a Berward connectlon
+(7.8) z:k = éb": ' &;c =0,
the we have

Theorem 7.2. Let D be a fixed Berward connectlion. Then, the d-connection

ot given by
1 9 1 1 .8 _1 1 s 3!
ij = Z” t 5 {Is IJTk :JT“ + 311/8 VJTk } (—LJk) ,
1 =6N“+l{m°[6mr+maﬂr-mra Nd]—
bk b k 2 k b d
(7.9) - [5’—3v’][a Vet s M-V N“]}
r r kK _b b & k d Kk
2 2 2 z 4
! 1 1 1 1
X’ =—{1615-[6-3v]6 vs},
Jc 2 s ] ] s c ]
1 1
&= +1{m°m A R A =&,
bc be 2 | f c 2b e of P be
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is a Walker d-connectlion, with respect to p e t:(E), (7.2).

Remark 7.1. In (7.9) the coefficients Z:u' and &;c of the Walker
d-connection ot depend on N;(x,y) lz(x,y) and m:(x,y), only, that is, they
are canonically introduced.

1If we denote Obata’'s operators (2.5), 2, of lj(x,y) and m:(x,y) by

S, A% and respectively i . g , it is easy to prove:
Ry 2t! b 22P

Theorem 7.3. The set of all the Walker d-connections with respect to the

Walker structure P e T:(E), (7.2), is given by

o= st X, 1t =1 v BT, vx e e,
Ik ik ey Tsk bl bk db ‘fk Ik 20 bk 11
(7.10)
¢ =8 +Aa%Y, & =8+, vy ed? 1 e,
Je Jc 1rJ sk be be db fc Jo 11 bc 02

The transformations of Walker d-connections DI{N) - DF(N) with the

same non-linear connectlon N are given by
I a

L =t1' +Aa°x |, L =1+ x |
)k Ik ,r) Tee bk bk ACLINE
{7.11) . -
€ =c¢ +A4°%y |, I =012 +8"x ,
Je Jc 1rJ sc bc be 1db fe

Hence,

Theorem 7.4. The set of all transformations (7.11) and the mapping product
1s an Abelian group Gu Isommorphic with the addilive group of a d-tensor
field of the form

-[ P L S L IR L ]

r) ak db fk rj) sc db fc
1 1 1 1

o

Theorem 7.5. The followiig d-tensor fields are Invariants by the action of

the group G“ :

1
(T(P)] s ™ + 1" 157 - [Ir R ] 11 =Tty
1k LT } 'k rs 3 ek kK 3ol m 1
RPP =n*R + 1" "R - [1’ o+ i° R ] "o,
T3 2" Ik } 'k re § vk k 3si <
(7.12) { e(P)' =n' ™ + 1" A - [1’ c® o+ c"] ',
IR ST 3 e Trq 3 ve e gl w
PP =R P 1" -"F s PR
Je 2d je )] c rg ) rc ig d
. -
s(P)* =n"s? + 4 WS - {mf st o+ a® st ] o (= Stm)> )
be d be b c fgq b re c bd d LY
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! Theorem 7.6. The d-lensor fields T(P);k. S(P):c vanish if and only if
there exists on E an h-and v-semi-symmelric Walker d-connection DI(N).
The integrability condition of the (h,v)-Walker stucture P € T:(EL
(6.2), is N(P)(X,Y) = o, ¥ X,Y € X(E). Taking into account that we have
the following relationships:

_ . _ a
(7.13) P(GJ) = IJ Bl ' P(ab) =m 6. ,

we obtaln

Theorem 7.7. The (h,v)-Walker structure P € T:(E). (6.2), ls integrable if
and only if the invarlants (7.12) vanish:

b_ a _ 1 _ a _ a o
(7.14) T(P)]k_ o, R(P)jk_ o, C(P)Jc— o, P(P]Jc— o, S(P)bc o .

Remark 7.2. 1f E =TM, the conslderations from thls paragraph remaln
valid.
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Rezime

p(3,-1) - FINSLEROVE STRUKTURE I NJIHOVI LIFTOVI

Na diferenci jalnoj mnogostrukosti M kao 1 na TM je deflnisana p(3,-1)
odnosno P(3,-1) Finslerova struktura. Odredeni su koeficljentl koneksli je
koje su saglasne sa tim strukturama, dati su uslovi Integrabllnosti.
Nadene su invari jante grupe transformacije Flnslerove koneksije i dati su

nekl specijalni slucajevi.

Receined by the edilans, Manch 12, 1988.



