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Abstract ¢

A conformally quasi-recurrent manifold 1is an n-dimensiénal (n > 3)
Riemannian manifold whose conformal curvature tensor satisfies the condition
(1.2), where V is the operator of covariant differentiation. It is proved
that if a, 1s a gradient vector field, such a manifold can be conformally
related to the conformally symmetric one (l.e. to the manifold satisfying
VsCh‘Jk= 0). Uslng this fact, 1t is proved that wmany properties of
conformally symmetric manifolds can be generallzed in such a manner that
they hold good for conformally quasl-recurrent manifolds too (ln which a, is
a gradlent vector field). Also, some properties of general quasl-recurrent

manifolds are obtained.
1. Introduction
A conformally quasi-reccurent manifold has been defined in [3] as an

n-dimensional (n > 3) Riemannlan manifold M with a (possibly indefinite)

metric g whose conformal curvature tensor

_ ph _ 1 h _ h h _ gh
ik 1k E:é'(ngR; glkRJ * alej alek)
R h h
(t.1) * EEDD (3¢, - Sjglk)

AMS Mathemalics Subject Classification (1980): 53B20, 53B21.
Key words and phrases: conformal change of Riemannian metric, conformal

curvature tensor, conformally symmetric space.



22 Mileva Prvanovic

satisfles the condition
(1.2) Vschljl = Zaschljk * ahcsljk * alchs]k * ajchlsk * alChI)s

where

t

Chl]k = ghtcl]k '

a_ Ils a vector fleld and RTJk, ij’ R and V denote the curvature tensor,
Riccl tensor, scalar curvature and covariant differentiation respectively.
1f

(1.3) vschljk =0

M 1s sald to be conformally symmetric. If, however,

Ve =acC
s hijk s hijk

M is said to be conformally recurrent. Therefore, a conformally symmetrlc
manifold is a special case of both the conformally recurrent and the
conformally quasi-recurrenl one. ) .

M is sald to be essentially conformally symmetric if 1t satisfies (1.3)
but is peither conformally flat nor locally symmetric. These manifolds have
been investigaled 1n detall 1n [1]), (2], [4] and [5]). Among other thilngs it
is proved there that any essentlally conformally symmetric manifold

satisfles the following relations:

(a) R =VR
) ik k1)
(b) R ® +R R +R R =0;
a) lkl ak 11) al 1)k
(¢c) RC +R C +R C =0;
a) 1kl ak 11} al 1k
(d) VR ¢ +VR G +9R C =0;
s a) Lkl s ak 11} ® al 1)k
(e) R=0;
(£} R C =0;
1a Jki
‘(g) ¢ *c +Cc °c +c °c +¢ °c =0 ;
. itmh al Jk 1mi halk 1m) hlak 1mk hija

(h) {Rth-le * Rllch-jk * lechlnk * Rklchlj-} ~{aap =0,
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where In the expression {...} - {m/i}, {®/1} means the first bracket in

which m and 1 interchange their places;

(1)- R°PR =0 ;
1 a)

(J) R R -R R =FC , for some functlion F.
13 hk h) 1k hi )k

The purposefof this paper is to find relations correspondig to (a)}-(})
for a conformally quasi-recurrent manifold. In §2 we shall obtain the
relations corresponding to (a) and (d) and prove that (b} and (c) hold good.
In §3 and §4 we deal with conformally quasi-recurrent manlfold§ in which the
vector fleld al is a gradlent. In §3 we shall prove that such a manifoid can
be conformally related to the conformally symmetric one. Using this, we

shall find in §4 the relatlons corresponding to (e)-(J).

2. General case

[

It is well known that the conformal curvature tensor satlsfies the relatlons

) — _ h
(2.1) cfjk =-c,
(2.2) chk * C?ll * Ctlj =0,
(2.3) & = = =0,
ajk Jak Jka
(2.4) c =-C , C =C
hi jk th)jk hijk Jkhi

Now, we shall prove

Theorem 1. Any conformally quasi-recurrent manifold satlsfies

(2.5) yn =vmn =0,
k 1) J 1k
where
(2.5) T =R - g
1) 1) 2(n-1) %1y

Relatlon (2.5) corresponds to relation (a) of §1.
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Proof. Transvecling (1.2) with gmI and taking into account (2.3), we get

a"c + a"c =0
8l Jh hi)s

which, because of (2.1) and (2.4), can be rewritten in the fora .

h _ .h
(2.7} a Chljs =a Chjsl

On the other hand, in view of (2.2), we have

h
a (Chlju * Chjsl * Ch-lj) o,

which, using (2.7j: reduces to

h
(2.8) a Chljs =0

Therefore, transvecling (1.2) with g’h, we get

(2.9) vsc‘”"" =0 .

On the other hand, differentiating (1.1) covariantly, we have

_ noo_ 1 ho_ h h _ gh
VBCTJK B vslek (n-2) (gljvst glkvnRJ * 6kvsle 5JV-le) *

VR
s h h
* (n—liin—zj'(akg11 6ngk)'

from which, contracting with respect to s and h and taking into account that

VR® =VR -VR and VE =Lur,
s 1)k kK 1) ) 1k s k 2 'k
we get
ver =P-3{gr -vpr - 1 (g VR-g VR .
s 1)k n-2 kK 1) y ik a(n - 1) 1) ok 1k

This, together with (2.9) and (2.6) leads to (2.5), because of n > 3.

Theorem 2. For any conformally quasi-recurrent manifold, relations (b) and
(c) of §1 hold good.

Proof. Differentiating (2.5) covariantly, we get

(2.10) veyn -vvn =0,
Tk 1)k
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Permuting 1n (2.10) the Indices J, k and 1 cyclically, adding the
resulting equations to (2.10) and using the Riccl ldentity, we obtaln

(2.11) mn R +0 R

+M R =o0.
a) 1kl ak 11) al 1)k

Substitutlng (2.6) lnto this relation, we get (b) of §1.
On the other hand, (1.1) can be written in the form

R = i [N et 4) &R cae T d)

h R R
+ 3, [R” TXn -1 gl]] -%[ﬁk “an -1 %k]]
or, using (2.6), in the form

R =" +—1—-[g - 1 +s"n —8"11]
Y )k ik n-21%1)«x 1k ) k1) ) 1k

Substituting this into (2.11) and taking into account that “‘J is a

symmetric tensor, we get

+M ¢ +0 . C =0.
a) 1ki ak 11} al 1)k

Substituting (2.6) into this relation, we obtain (c) of §1.

Theorem 3. Any conformally quasi-recurrent manifold satlsfies

(2.12) T & +T7 & +7 C =0,
sa) 1ki sak 11) sal 1)k
where
" T =UR -R a +g a'R .
sa) s a) sa ] sa t)

Relatlon (2.12) corresponds to (f) of &1.

Proof. Dlfferentiating relation (c) of §1 covariantly, substitutlng (1.2)

and using (c}, we find

(vsRaJ)d:kl M (vsRak)crlj * (vsRal)dl.jk *

+a(R C +R C +R C )+
L) sikl tk sl1) tl sljk
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+ ak(R”C“ + R“Ca ) + al(R”C“ + R

* aJ(RnkC:ls * Ralctsl) =0.

Using (c) once more, we obtain (2.12).

In the sequel, we shall need

Lemma Any conformally quasi-recurrent manifold satisfles

h
(2.13) (vrah)c'l‘“ -aacC L.

" Proof. Differentlating (2.8) covariantly, we have

(va)ch +avc =0.
r h h

1)k ro1Jk
Now, substltuting (1.2) and using (2.8), we get (2.13).

3. Conformal change of a conformally quasi-recurrent menifold in which al

a gradient vector field

Now, let us suppose that for each point x € M of conformally quasi-recurrent

manifold (M, g) there exists a nelghbourhood U of x and a function f on U

o

such that a =
1 1
ax
- _ 2 —1) _ _-2f 1)
(3.1) g,=¢%8,. & e g

Then, the Christoffel symbols of metrics g and g are related as follows:

K _ Kk x ko K
{lj} - {lj> * Blaj * Bjal g2 -

while the conformal curvature tensor is invarlant:

(3.2) &= .
1)k 1)k
As for tensor C , we have
' hllk
(3.3) g = ¢ .
h1jk hl)k

let 7 be the operator of covariant differentiation with respect to {

Then, applying it to (3.2), and using (3.1), we get

Let metrics g and g be conformally related such that
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(3.4) ~2ac" - a"c - a C: -ac" -ach

from which follows

(3.5) T =o0
s Llk

because of (1.2), (2.1}, (2.4) and (2.8)}.

Thus, if (M,g) is conformally quasi-recurrent, then from a = er and

dx
(3.1) it follows that (M,g) is conformally symmetric.

Conslder, now, Instead of (3.1), a new conformal change

~ 2 1 a
g”=e‘°gu.w=¢(x,..».x“). -
ax
As in (3.4), we have
Ve =y
8 1)k 8 1jk
—2bpc® - -bc® -bcd -bc"
s 1Jk sl )k 1 s )k 3 isk Kk 1j)s

Suppose that (M,2) 1s conformally symmetric. Then, substltuting
o ,= 0 and (1.2) Into the preceding relatlon, we get

8 1}

2(a_- bs)d;‘” + (a"- b“)csl + (a, - bl)c:“ + (a- bJ)Ch

Ju Isk

(3.8) + (a, - bk)d‘

iis

h r r r
* 5sbrCTJl( * glsb C:Jk * gjsb C:rk * gksb Cl;Jr =0.

Contracting (3.6) with respect to h and s and using (2.2), (2.3), (2.4) and
(2.8), we obtain
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because of n > 3. Thus, (3.6) can be written 1ln the form

(3.7) 2v C + v C +v C +pv C + v C
s hijk h sk | hsjk 3 hisk k hile

where we have put

! v =a ~b

But, it follows from (3.7) that either vl=0 or C;11k=0 (see [6], Lemma 3J).
Under our assumption, Chljkto. Therefore, vl=0 i.e. |=b1' Thus we have
proved

Theorem 4. A conformally quasi-recurrent manifold in which a, is a gradient
vector field, can always be locally conformally related to a‘conformally
symmetric manifold.

Conversely, If a conformally quasi-recurrent manifold can be
conformaliy related to a conformally symmetrlc one, and if the corresponding

conformal change is of the form {(3.1), then

a) the vector field a is locally a gradient and a = er H
[BY ax
b) function f satisfles the condition arﬁtjk = 0.

Statement b) is an immediate consequence of (3.2) and (2.8).

4. Some properties of conformally quasi-recurrent manifolds in which a, is a

gradient vector field

Now, wusing Theorem 4 and the properties (e)-(j) of a conformally
symmetric manifold, 1t is easy to find the corresponding properties of
conformally quasl-recurrent manifolds in which a, 1s a gradient vector
field.

In all the theorems 1n this section, a conformally QUasi—ﬁecurrent
manifold means that one in which a, is a gradient vector field.

As an lmmedlate consequence of Theorem 4, (3.2}, (3.3) and (g) of §l,

we have

Theorem 5. Let M be a conformally quasi-recurrent manifold. Then, relation
(8 holds good.

To obtain the other properties, we designate by E?Jk the cuvature

tensor of a Riemannian space with metric (3.1), l.e. of that conformally
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symmetrlc manifold which 1is conformally related to the considered

conformally quasl-recurrent one. Then,

Hh h h

= _ s o
(4.1) lek = lek ﬁkaJl ajakl + g, glkaJ .
where '
(4.2) a =Va -aa + 1 g .a a*
11 11 1) 2515t

Contracting (4.1) with respect to k and h, we find

t

(4.3) R =R , +(n - Z)a-ll + g”at

1) 1

Transvecting (4.3) with g'?, we get

R=e2 R+ 2(n - l)a: 1

from which, as a consequence of Theorem 4 and relation {(e) of §1, we have

Theorem 6. The scalar curvature of a conformally quasi-recurrent manifoid

has the form

(4.4) R=-2(n-1) a:
Using (4.4), we can rewrite (4.3) in the form

(4.5) ' E” =n‘J +(n-2)a‘j

Also, we can prove

Theorem 7. Let M 'be a conformally quasl-recurrent manifold. Ther M satisfles

the relations.

(4.8) moct =22, 0t
[ ]'3! 2 X 1)kl
(4.7 R €' =-va'c ;
1t gkt s 1K1
(4.8) R*’c =0 ;
ajkb

(4.9) {['nhl + (n—2)ah|] c + [ n + (n2)«



30 - Mileva Prvanovic

+ [IIJl + (n—2)a“] CM“ + [ l'l‘ll + (n—2)akl] qnj_} - [m/l} = 0;

(4.10) [l‘lla + (n-Z)ala] [n‘; + (n-2)o§] =0 ;

(4.11) [n” + (n-2)a”][ n + (n—2)ahl] -[ﬂ.. + (n-2)ahj] [n” + (nvz),au]

hx h}

= FC for some function F.
hijk

The relations (4.6) and (4.7) correspond to relation (f) of §1, (4.89) -
Lo relation (h), (4.10) - to (i) and (4.11) - to (J).

Proof. In view of (2.8) and (2.13}, we have

t

1 t
DLrzcuk =-3zaacC '

rljk

: 50 that, by virtue of (3.2) and (4.3), we find

= =t _ t vt n-2 b
(4.12) R“_Cjkl = R“.C‘”(l + [aL 5 a a ]Cljkl

Using (4.4), we get

= = t _n-2 t
R“CJ“ B “!tcjkl 5 4.4 Cuu

Now, (4.6) follows from Theorem 4 and the relatlon RHE':“ =0 (1.e.
relation () of §1).
We can prove (4.7} in a similar manner. In fact, transveclting (4.2)

with g'?, we rind

o =vat+n—zaat
t t 2
Substituting this into (4.12), we get
= =t t t
Ry Ikl thcjll * vta cljkl

Relatlion (4.8B) 1s an immedlate consequence of (4.7) and (2.3). The
relations (4.8), (4.10) and (4.11) are consequences ol Theorem 4, (4.5) and
(h), (i) and (J) of §1.
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Rezime
NEKE TEOREME O KONFORMNO KVAZI-REKURENTNIM MNOGOSTRUKOSTIMA

Konformno kvazl-rekurentna mnogostukost je n-dimenziona (n > 3) Riman-
ova mnogostrukost ¢ijl tenzor konformne krivine Chljk zadovol java uslov
(1.2). Dokazano je da se takva mnogostrukost, ukoliko je a, gradi jentno
vektorsko polje, moze konformno preslikatl na konformno simetric¢nu
mnogostrukost (tJ. na mnogostrukest koja zadovol Java uslov (1.3)). Korlstec¢i
tu ¢injenicu, dokazano Jje da se mnoge osobine konformno simetric¢nih
mnogostrukosti mogu uopstitl taks da vaze za one mnogostrukosti koje su
konformno kvazi-rekurentne (a kod kojih Je a, gradl jentno vektorsko pol je}.
Takode su dokazane 1 neke osobine opstih konformno kvazi-rekurentnih

mnogostrukosti.
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