Univ. u Novom Sadu REVIEW OF RESEARCH
Zb.Rad. Prirod.-Mat.Fak. FACULTY OF SCIENCE
Ser.Mat. 18,2, 41-52 (1989) MATHEMATICS SERIES

ON THE EXISTENCE OF A SELF-
-RECURRENT SW-0N

Nevena Puslc

Institute of Mathematics, Dr 111 je Duric¢ica 4, 21000 Novi Sad, Yugoslavia

Abstract

A recent paper treats the relations between the basic objects P, Q, =,
%, ® of a self—rgcurrent SW-On. There is a number of such relatlions in a

Riemannian space if it is to serve as a basls for a self-recurrent SW-On.
Introduction '

A space of the general regular connection, defined and investigated by
T. Otsukl (2], (3], [4), I5]1) is a differentiable manifold u, supplied by the
basic covarlant differentlation, glven by
1 ale 1 1 a8 ..l
(0.1) T A L Y ST AVIIRAS ol IS vl o
1% fn ax" sh Jk Jh sk kh js

and by the general covarjant differentiation, glven by

a c

(0.2) ™ =P PP
J¥.h 2 ‘beln Tt Tk

where (P;) denotes = € fleld of a nonsingular tensor of type (1,1}. (O;)
danotes the inverse of the tenscr (Pl). The coefficlents of two classical
affine connections ('F;“) and ("F;k) (usually called the contravariant and
covariant part of the regular general connection) are connected mutually by
the fact

0.3 ' -og.
( ) ojlk 0
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If the space of the regular general connection 1s a metrlc space,
provided with a metric tensor (g‘J), we define an SW-On in the following
way:

al gljlk = 1:”11 ('.rk is a vector fleld and mlJ is a symmetric
tensor field)

b) 'F;k is symmetric

a T
c} ij = gJa Pu is symmetric

According to lhe formulae expressing 'F;k and "F:k (i8], [7]) we have

always pald speclal attention to the connectlons 'F;k and "'F;k. which

[}
correspond to 1k=0. {"F;k} is an object of a nonsymmetric metric affine

connection and ';;k is Its contravariant mate, which is not a metric
connect lon.

Since we have given a metric tensor (gij) and a differentiable manifold
M, then we have given a Riemannlan geometry. We have named it the adjoint
Riemannian space to SW-On.

The SW-On is self-recurrent if its fundamental (1n some sense) tensor

(P;) Is recurrent to the unit tensor in the adjolnt Riemannian space
(0.4) vP =ns
k

and If the vector ii= O?na satisfles the concircularity condition

(0.5) ve =nn
Xk h * h

m .
Then the corresponding ("F;.) is a concircularly semi-symmetric metric
L 9

+ pgkh (p 1s a scalar function)

connection

(0.8} "Fl = {' IR 3! - i'g
Ik Jk J X i%

and, besides

(0.7} Vo =wmm o +aw o+ P

In {8}, we proved that conclrcular and projective curvature tensor of a

m .
self-recurrent SW-On (that is, of the connection ’’‘Il) are equaf to the same

tensors In the adjoint Riemannian space. In [9], we gave some properties of



On the existance of a self-recurent SW-On 43

i
its Ricecl and scalar curvature. Now, we want to give some conditions which

the basic obJects of a SW-On must satisfy.

1. Rleqnn—Cristoffel tensors, Riccl tensors and scalar curvatures

Taking into account (0.5) and (0.6), we can easily get
L]

(1.1) ‘'R = R +(2p+w)(g 8. - 8

L }kh 1Jkh 1k“Jh in8 )

Ik

where ”;ljkh denote the Rieman-Cristoffel tensor of “;, Rl“lh the same
tensor of the adjoint Riemannian space, p is the scalar function from (0.5)
and « denotes the length of the vector (El). which is also o scalar
function.

Contracting (2.1) by glh. we get

[ ]
(2.2} ”RJk = RJ|l - (n—l)(2p+w)gJ|l

n
which gives the relation between the Riccl tensor of ''I' and the same tensor

in the adjolint Riemannian space.

If we contract (2.2) now by ng, we are getting

-
(1.3) ‘"R =R - n{n1)(2p+w)
n
which glives us the relation between the scalar curvature of ‘’'I' and the

scalar curvature of the adjoint Riemannian space.

2. Integrability conditions for the existence of a self-recurrent SW-On

Let us now consider the scalar function w. Its partial derivatlve can

be expressed in this way

(2.1} W = — = ka = 2(p+w)1tk

taking into account (0.5) and (0.8). The system of partial differential
equations (2.1) is integrable if the following integrability condition
82w = 3%w

axkaxh axhaxk

1s satisfled. Differentiating (2.1) one more time, we get
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2

_ aa_ ~ o~ ~ o~

(2.2) ws = 2(ph+ 2(p+m)nh)nk + 2(p+w)(ukn
dx ax

nt pgkh+ {:h}il) )

Alternating the indices k and h, it follows from (2.2) and the integrability

condltlon

(2.3) P =PT,
8
which is itself an integrabllity conditlon. p  stands for “—k Beslides, we
ax
can see that
om_ ... om
(2.4) S LS {hu}"- -
ax ax

Now, we can formulate

Lemma 1. The necessary condition for a self-recurrent SW-On to exist Is
(2.3). Expect for thls, the vector (ﬁk) Is locally a gradlent.

Now,' we are going to examine the integrabllity condition for the scalar
function p. p denotes the scalar product of vectors ("1) and (i‘).

[

_au _ ~8 _ ~
(2.5) H == Vk" = Vk(n ns) = zuuk + (2p+w)ul .

The partlal derivative of the second order 1s expressed In this way
azu ~ ~ ~ 8 - ‘
(2.8) T s Zu(nknh teg, t {un}"-) *
8x ax
- ~ 8 4~
* 2(ph+mh)"k * (2p+w)("knh * LS * pth * {kh}"-)

After alternatling the indlces k and h, we get the Integrability condition:

128

2.7 (pnk+ pk)nh = (pnh+ ph)nk

and

Lemma 2. The necessary condition for a self-recurrent SW-On to 'exist Is
(2.7).

Let us denote the scalar product u.n' by #. It is a scalar function.
Differentiating # in the same manner as we have already done with functions

w and p, we get
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(2.8) Hi = 2(!1.‘71.I + ur + pﬁk),

vwhere ﬁk denotes naP:. For such a vector, there hold

2
(2.9) Va =2nn +wm +pP
h k k h h 'k kh

2 a
(th = PkaPh)

Differentiating (2.8) one more time, we get

8% ~ ~ o~ 8 |~
(2.10) % 2 [”h"k * W w, ML T {kh}ns *
3x dx |

~ 8
+ + +
* by u(nh"k L * pth * {kh}"s)

+

2
Pp® * p(zukuh tmr pth)]
Alternating the 1indices k and h in (2.10) and using the general
integrability condition, we get

(2.11) anhuk to® = anknh tp M

Then, there follows

Lemma 3. The necessary condition for a self-recurrent SW-On to exist is
(2.11).

3. Other conditions

The other group of existence conditions can be obtalned by the Ricel
[ 3
identities. For a covector fleld (v ) and the connection ‘‘I, the Ricci
L]

identity is

L] m m ] m L] ™
(3.1) g Iy - g gy = rle v o+ IITB gy
1 k b k 1 h mlk s 1h 8 h
Transforming (3.1) by formula (1.1), the Ricci identity for the Riemannian
m

connection and by the fact that the connection ’’[ 1is semi-symmetric, we get

‘
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] ] ] ]
(3.2) Vl Vkvh - Vk Vlvh = Vlvkvh AR A (2p+w)(vlgkh - vkglh)
] ]
+ Ry -n'V v
1 kh xk 1 h

We shall apply formula (3.2) to vectors (ih) and (nh) first. For the vector
(;h). we have from (0.5)

(3.3) VRS WL T p;[kglh - pilghk ML A C
- ~
(3.4) "anh = (p+w)g’kh
and
= = = a
(3.5) l’vll,vk"h - "vnllvlnh = (p1+w|)gnh - (pk+wk)glh ‘

Combining the resilts of (3.3), (3.4) and (3.5) with (3.2) and (2.1) we get
an identity and no new conditions.
For the vector (nh), it follows from (0.7) that

(3.6) vlvh"h - vkvlnh = Plh(p;'n - pn) - Puh(p;'n - pl)
» ~
(3.7) "anh =rm o+ pF’kh A
and
m m = L] . -
(?'8) l'vll'vknh - l'vkl'vl'h = (“nk - "k)glh - (""1 - “l)gkh

Combining (3.6), (3.7) and (3.8) with (3.2), we get
(3.9) [Zuik “not (2p+w)nk]glh - [2;'11:1 i (2p+oml)] g, =

=P PP

Applying (2.5) to (3.9), we get an identity agaln and no new conditions for
the existence of a self-recurrent SW-On. The fact, that (3.5) and (3.9) are
identities means that the structure of the self-recurrent SW-On |is
relatively compatible.

In the same Fashion, we can investigate the fundamental (in some sense)
tensors P and Q. The investigation of the tensor Q would be very simple
because there hold
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(3.10) vkolj = Qljlk =0
and
»n o [ n -s -5

(3.11) v, vnou - V,QU = Rllkosj jlkolj =0 \
Besides, from (0.4), we can easlly get

a
(3.12) VkQlJ = - llkO“.OJ
and, using (0.7)

s s _

(3.13) " V.99, - V.VIO” - RIHQ” * lekol- =0
Combining (3.13) with (3.11) and (1.1), we get
(3.14) (29+w)(glk0lJ T 8,9, 8,9, - gjlolk) =0

Then, we can state
Lemma 4. (3.14) is an existence conditlon for a self-recurrent SW-0On.

For the tensor P, there hold, from (0.4),

(3.15) VthPIJ = g”V‘u.l

and, consequently, by (0.7)

(3.186) vVv-

Ty T RS Rl P RGR B0
By (0.4) and (0.6)', ve have
n o - ~
VR, T e g, R, TP R
and
m m » L] - . . : -
(3.17) "Vl“VkPU-"Vk”VI PU= gjknl!l-g,]uknl+guu]uJ—glkanj+
* (ZPH")(Pllgjk-Pklg11+P1Jgu_Pnjgu) :
But,
n = a m
"vl"ka”—“vk”vlp” = (2p+w)(Pugu—Pugn+Pngjk-P1kg_u)

(e

L}
+ (8 -7 &) VP
1 & k1 s 1)
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Then,
-
gl);lnl - g)fiknl * glkilu) gllik"j = (;16: - ;ka:)'lvsplj
and, finally
(3.18) ilnkgl] - ;lﬁlplk - iliJPIk = iknlglj - iuilplj - ikijpll‘

Then, we can state

Lemma 5. (3.18) is an existence condition for a self-recurrent SW-0On.

4. Some special cases for functions w, H and pu

Let us conslder a possible case: that (nh) 1s an eligen vector of the
isomorphism Q, with an elgen value A (A 1s a C function of several

variables). Then, ﬁh=knh and

(4.1) anh = A n o+ opg

(4.2) anh = Vk(hnh) = A(2Anknh + ppkh) + Aknh,

where Ak denotes the k-th partlal derivative of the function A.
‘ 193 (nh) Is an eigen vector of the isomorphism @, it is an eigen vector

of the isomorphism P, with an eigen value % .

Combining (4.2) with (4.1) and transvecting by ", we get
(4.3) A = -2A%n

Now, we have the following relations for the function ¥, p and A
(4.4) u = AH, w = AZH .

From (4.3) we can see Lhat A is a constant function if and only if A=0
globally, which can never happen,

Then, there follows:

(4.5) H; = 2(Hh& +opm 4+ pnk) = (4Hr + A)"k
= ous - 2

(4.8) T (20 + u)nk (32" + 2p)nk

(a.7) o =20p + W) = 2A(p + Az}()nk

Now, we have the next
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Proposition 1. If the vector (nk) is an eigen vector of the isomorphism @,
with an eigen value A, then
(a) the vector ("u) is of constant length if and only if p=—2ﬂk2
(H is the square of the length)

(b) the vector (ﬁk) iIs of constant length If and only Iif p=-Azﬂ

(c) the scalar product of vectors (nk) and (ik) is constant if
2

3
p= - 5 or p= Cu.

But, since the vector (nk) and (ik) are collinear, their scalar product

can be constant if and only If the lengths are constant. Then, the
conjuction of (a) and (b) is equivalent to (c). But it is possible if and
only if AZHEO. Since A is never zero, then #=0 and there follows:
v
Theorem 1. If the vector ("1) 1s an eigen vector of the isomorphism Q, with
ac eigen value, A then

(i) X is never a constant

(i1) ("1) and (il) are of constant length and thefr scaiar product

is constant if and only they are isotroplc.

5. Some considerations of an indefinite wetric form of underlying
Riemannian geometry
: Surely, the vector (m) should not be an elgen vector of the isomorphism
Q. In a more common case, vectors (nk) and (ik) ere linearly independent and
form a 2-plane M. Now, if we want the vector (i\) to be of constant length,
then
w = (2p + w)nk =0

and, consequently,
(5.1) p=-w.

Then, applying (5.1) to (1.1), we get

-
, ol 1 _ 1 _ 4l
(5.2) Riw = Ryyn ~ (8,8, - 8,8).

where ¢ denotes w, for the sake of its invarliabllity.

Then, taking into account formula (1.3), we have
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Lemma 6. If the length of the vector (nh) Is constant, then the difference

between the scalar curvatures of "; In a self-recurrent SW-On and Its
ad joint Riemannlan space is constant.

An even more interesting result is gained for the case p =const. As we
have supposed, (nk) and (;u) are linearly independent and consequently, (uk)
is an element of the 2 plane M. Then, it is evident that If g =const, then
#=0 and 2p+w=0.

Lomma 7. If the vectors (uk) and (ftk) are linearly independent, thelr scalar
product .is a constant 1f and only 1f they are orthogonal.

But, if they are orthogonal, 2p+w=0 too. Then, we can state

Lemma 8. If the vectors ("k) and (ik) are orthogonal, the curvature tensor

] . .
of ''T In a self-recurrent SW-On ls equal to the curvature tensor of the

ad joint Riemannian space.

» ]
For the tensor ‘R and ‘‘R, there holds the relation

11-9 lPP l-'
(5.3) RPHQ' ) = Rjkl o) .

But, in the casé of the orthogonality of the vectors (lk) and (ik),
’*R=R and, from the Riccl identity for the tensor Q (3.13), we have

-} 1t _ et
pklos - leoap
and, transvecting by P'; '
85 1 -]
pklos 1 leosp )
i.e.
(5.4) ‘Ro=Rlg =g .
T3t 1k°s § 1k

N L]
We can see that the curvature tensor 'R is not equal to the curvature tensor

of the adjoint Riemannian space, but lowering the superscript i, we get the
relation
]
(5.5) ‘R =R =R
1)kl 11k 1)k)

Now, we can state
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Theorem 2. If the vectors (nk) and (ik) are orthogonal, the Rieman-

-Cristoffel tensors ’; and "; are both equal to the Rieman-Cristoffel
tensor of the adjoint Rilemannian space. The same relation holds for their
: Riccl tensor and scalar curvatures.

In that case, we call lekl a Rieman-Cristoffel tensor of a
self-recurrent SW-On, Rjk a Riccl tensor of a self-recurrent SW-On and
R=Rjkgjk a scalar curvature of a self-recurrent SW-On.

We have a similar situation for w=0 (ih an lIsotropic vector).
Then, from (2.1)

w o= 2(p+w)1lk =0

and p=w=0.

Proposition 2. If ih is an isotropic vector field, Lemma 8. and Theorem 2.
hold for such a self-recurrent SW-On. Moreover, such a vector is a harmonic

vector fleid In the adjoint Riemannian space (pseudo-Riemannian space) and
m
it is parallel with respect to connection ’’'T.

For the vector ﬁk= naP:, we have two cases: It may be an element of 1,
if N 1Is an Invariant 2-plane or nk. ik and ﬁk may be linearly independent.

If these vectors are linearly independent, then (lh) can be of a
constant length if and oniy if

(a) L is an isotropic vector field

(b) L and ik are orthogonal

(c)p=—g=o
(from {2.1), (2.5) and (2.8)).

Proposition 3. If W is not an invariant 2-plane of the Isomorphism Q and if

the vector (nk) is of a constant length, then

(1) LA and ix are orthogonali
(2) L is an lIsotropic vector field and the adjoint Riemannian

space 1Is z pseudo-Riemannian space

(3) ik is an Isotropic vector field

(4) the Riemann-Cristoffel tensor of the adjoint pseudo-Riemannian
=

L]
snace is ecual to both ‘‘R and ‘R .
tJkh tikh
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If the 2-pilane N is an Invariant plane for the lsomorphism Q, then the

fact that n Is of a constant length does not cause Its Isolropy.
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Rezime

O POSTOJANJU SAMOREKURENTNOG SW-On

U radu su l1spitani nekl neophodni uslovi koje moraju zadovoljavatll
osnovnl obJjekti P, @, n, n, da bl se nad datim prostorom kao nad baznim
mogao konstruisatl SW-On. Takode, Iispitanl su 1 neki slucajevi kada

priduzenl Rimanov prostor ima idefinitnu metriku.

Receiwed &y the editona June 12, 1988.



