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Abstract

. S-words (also called S-sequences) are of importance in the theory of
n-ary structures. In this paper it is proved that the number of different
S-words of the 1length n is the (n-1)-th Catalan number. A simple way of
generating all the different S-words of the length n is given. Also an
algorithm is given for the recognition of S-words. The complexity of this
algorithm is O(njf, where n is the length of the word.

1. Some definitions and notation

The following scheme will be calied the S-scheme:
0
11
221, 122
3321, 2331, 2222, 2222, 1332, 1233

It consists of the sequences (words) of non-negative integers generated
in the following way. Let a be a word in the i-th row of the S-scheme.
Replacing a number k of the word a by the subword (k+1)(k+!)} (we denote such
a replacement by ko> (k+1)}(k+1)), we obtain a word in the (i+1)-th row of the
S-scheme. Since the only word of the first row is 0, we conclude Lhat all
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the words of the i-th row have the same length I. In such a way each word of
the i-th row produces I words of the (i+1)-th row. So, the number of words
In the i-th row 1is ! They are not all different, however; For example,
the word 2222 appears twice in the fourth row.
We call the words of the S-scheme S-words or S-sequences.
Let « be an integer. By replacing each number k in the S-scheme with
k+x , we obtaln the so-called (S+a )-scheme. For example,
2
33
443, 344
5543, 4553, 4444, 4444, 3554, 3455

.

is an (S+2)-scheme.

A word from the n-Lh row of the S-scheme has a length n. We also say
that it is an S~-(n) word.

In [1] some propertles of S-words are examined. It is proved,. for
example, that in the n-th row of the S-scheme there are not two words
a = alaz...an and b = btba"'bn such that a, < bl for each i =1,2,...n.
The problem is posed by Cupona. The investligatlion of S-words was Insplred by
thelr applications 1n the theory of n-ary structures,

We define the welgth w(a) of an S-word a=ala2...an in the following
way:

) =] a

i=1

1

In [1] 1t is also proved that for an S-(n) word the maximal welgth ls
n+ 1
(21

{log nl
2An -2 ) + n [log nl,

and the minimal weigth l1s

whare logn = logzn and [x] is the greatest integer = x.
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We shall also use the following notation:
fa] -~ the length of the word a;

L}
x: - the number of appearances of the number k in the word a;

a
Yy
during the process of produclng the word a.

- the number of applications of the replacement k-1 - kk

2. Counting of S-(n) words
First, we shall prove an auxiliary statement.

Theorem 1. If a and b are two S-words such that [a] < |b], then there Is a
b

non-negative integer k such that x: > X,

Proof. For an arbitrary $-word c¢ we have:

ol =105

121
and
(1) ¢ _ c _ C
al) 2yj Yyer *
for j=1,2,..
If lal < |b|. then
a b
L7 <L)
121 121

Suppose that, for each i, y: > y?.
Then,
a b
z o = z Ko
121 121

which is in contradictlon with (2).

Hence, it follows that for some k = O,

b
(3) ’:.1 < Year:
183 y: < y:. then x; > x:. Otherwise, take the least such integer k = 1.

Then,

) a
(4) v, =y
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Now, from (1) it follows that

a H_ﬂ
X = Zyt y

b _ b _
K K+l ' X 2yh Y

and taking lnto account (3) and (4) we obtain

Corollery. If a = alaz...a“ is an S-word, then for any m= 1,2,...,n-1,

a'= aa...a is not an S-word.

Theorem 2. The number of different S-(n)words is

1 [ 2n - 2]

n n-1
Proéf. Denote the number of different S-(n)words by f(n). It 1s clear that
at the same time f(n) 1s the number of different (S+a )-(n) words, for any
integer a« .

Let a be an arbitrary S-(nm)word. This word can be represented as a
concatenation of some two (S+1)-words b and ¢, l.e. a = bc. From the
Corollary of Theorem 1, it follows that such a representation is unique. On
the other hand, it is clear that the concatenation of any two (§+1)—words is
an S-word.

Hence, it follows that the number f(n) satisfies the recurrence
relation

n-1
f(n) =[ f(k) f(n-k).

k=1

Since obvlously f£(1) =1, the solution of this recurrence relation is

the very well known series of Catalan numbers (see e.g. [2]), l.e.

(s) ) =c =1 [

n-1

2n - 2
1 n

D

Now, we are going to determine the number of S-word of special types.

Theorem 3. The number of different S-(n)words of maximal weigth is 2"_1, for

nez 2,
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Proof. An S-(n)word has the maximal welgth If{ In the process of generation
of thls word we apply each replacement to the maximal number. This means
that at the k-th step a number k-1 will be replaced be kk. In such a word,
the maximal number always appears exactly twice In two adJacent places.
Hence, there are two posslbllitles at.each step, except at the first one
when we have only one posslbliity: 0 » 11. It follows that 1n the n-th row

"2 Jords of maxlmal welgth. They are all

of the S-scheme we obtain 2
different. Indeed, 1t 1s obvious for n=2. Suppose that It 1s true for n=k.
In each S-(k) word Lhe maximal element appears In exactly Llwo adjacent
places. Now, any two S-(k+1) words obtained from two different S-(k) words
of maximal weigth arc obviously different. On the other hand, two S-(k+1)
words of maximal welgth obtalned from the same S-(k) word of maximal welgth

differ 1n places In which the first maximal numbers appear. o

Theorem 4. The number of different S-(n) words of minimal weigth is

2 [log nl]
n - 2llog nll,

for n=z 1.

Proof. It is obvious that for n=2k (k € N), the only S—(n) word of minimal
velglh 1s of the form
(6} kk.. .k .

So, the number of such words !s

2% [log n]
1 = =12 )
[ ok 2k] n - o tlog nJ

Now, suppose that n = Zk? r, where 1! S r < Zk. Then, any S-(n) word of
minimal welgth has 2"~ r letters (numbers) k and 2r = 2(n~2') letters (k+1).
Such a word is obtained from word (6) wusing r = n—2k replacements of the

form k » (k+1)(k+1). A choice of r letters k to be replaced can be made 1n

( 2" 2" , [log n]
r n-2 n - 2 tog "'J

ways. Hence f{ollows the stziement. o
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3. Recognition of S-words
V

The series 1, 1, 2, 5, 14, 42, 132,... t.e. C= — [27], for
n ntl n
n=0,1,2,... occurs very often in counting problems. Some form of Catalan

numbers appears every time we find a recurrence relationship of type (5}).
This series appears also as the solution of the following combinatorial
probien [2}.

We define an C-sequence as a sequence of Integers €€y Cps such that

(7) 1s¢c s¢ s ...5¢

1 2 n
and
(8) cl <1, c2 s 2,..., cn =n.

It is very well known that the number of C-sequences of length n is

6, = w1 [
Now, we are going to establish a bijection between the set of all
S-(n+1) words and the set of all the C-sequences of length n.
Let c= clcz...cn be a C-sequence. Then, starting form the S-word 0, we
can generate an S-word a=aa,...a . in n steps as follows. The i-th step
consists in replacing the c‘~th letter of the S-word. Condition (8)

guaranties the possibility of correspondig replacements.

Example. The S-word corresponding to the C-sequence c = 113346 is generated
in the following way:

= o

1
221

2222
22332
223442
2234433 .

In the above example we first replace the first letter O by 11‘(c1=1), then
the first letter 1 of word 11 by 22 (c2=1), in the third step we replace the
third letter 1 of word 221 by 22 obtaining the S-word 2222 etc.
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The letters of a C-word can be consldered as Lhe sequence of
instruction for the generatlon of lhe corresponding S-word. Instruction ¢
means that the i-th replacement is applied to the i-th letter of the S-word.

We say that in this way an S-word is generated from left to right.

It is clear that different S-words correspond to different C-sequences.
Since the number of different S-(n+1) words is the same (C“) as the number
of different C-sequences of length n, it follows that each S-word can be
generated from left to right uniquely.

This unique way of generation enables us to consturct an algorithm for

recognizing any S-(n) word in at most n-1 steps.

The recognition algorithm for S-words

Let a=a a,...a be a sequence of non-negative integers (n = 2).
n
Starting from the S-word 0, we flrst apply a replacements of the first

letter. In this way we cobtain an S-word a'=ala;...a; .t
1

.If a’=a, we conclude that a 1s an S-word. If a1+1 > n or al+1 =n and
a'"#a, then a is not an S-word.

If n> al+1. we look for the first { such that alia;. Such an i exists
according to the Corollary of Theorem 1.

Now, 1If a; b3 a, this means that a is not an S-word. If a;< a, we
apply a - a: times the replacement of the i-th letter. In this way, we

obtaln a new S-word

a’‘=aa...aa’ ...a"’ .
12 L1+t a_ +n "a
: 1t
If, contlruing !n this way, after n-1 revlacements we obtain the word
a, thls means that a is an S-word. Otherwise, after at most n-1 steps, we
obtaln a word b= bxbz"'b , such that either
m
m < nand b 1s a prefix cf a
or

for some j € {1,2,...,m}, a = bl if i< j and aj <b.

J

In that case we conclude that a Is not an S-word.
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Rezime

PREBROJANJE, GENERISANJE 1 PREPOZNAVANJE S-REC1
S-re¢l (S-nizovi) nalaze primenu u teoriji n-arnih struktura. U ovom
radu dokazano je da je broj razlicitih S-re¢i du2ine n jednak (n-1)-om broju
Katalana. Dat je jedan postupak za generisenje svih razlic¢itih S-re¢i duzine
n. Dat je, takode, jedan algoritam slozenostl 0o(n) za prepoznavanje S-reci
duzine n.
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