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Abstract
i
In the usual constructions of fuzzy algebralc structures, the lattice
being the range of all the mappings is complete and often distributlve.
Complementedness (without distributlvity) 1is rarely used* in such
constructlions.
It is shown that a class of complemented lattices can be used to

construct a lattice extension of an algebra and its fuzzy subalgebras.

1. Let L be a complete lattice with a zero (0) and unit (1) element, and
#=(A,F) an arbitrary algebra. Let A(L) be a collection of L-fuzzy sets on
A (i.e. of all the mappings X: A'5> L), such that

1) X(a) A X(b) =0, for all a,b € A, a#b ;

2) y Xla) = 1.
a€A

Define the operations on A(L) in the same way as for the Boolean

power ([11): If f e F<F, and Yl,...,i;e A(L), then
f(Yi,...,i;) =Y, and for ae A
Y(a) = y (Xj(al) Ao A Xn(an) H f(al....,an= a).
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We shall. say that L allows the fuzzy power If for an arbitrary
algebra d,
(i) every p € L belongs to the image of some X € A(L), and

(i1) 3) defines an operation on A(L), l.e.
f(X,...,X) e A(L), for all X ,...,X € A(L)
1 n 1 n

The algebra (A(L),F) (briefly A(L)) is said to be a fuzzy power of d.

2. In the following, each set P = {pl; 1 eI} L of palrwise-disjoint
elemenls, the supremum of which is 1, will be called a partition in L
(pIApj= 0, v p1=1). (A partition is obviously a maximal orthogonal system
in L.)

It is clear that for an X € A(L}, the setl {X(a); a € A} (the image of
X) is a partition in L.

Theorem 1. A complete lattice L allows the fuzzy power if and only 1f It

satisfles the following three conditlions:
a) L is complemented;

b) If {pl: i €1} is a partition In L, then {q]; JeJ} is also a
partition in L, where J is any set-theoretic partition of I, and for every

J e J, 9,= v P

k€E)
c) If P1""'Pn are partitions in L, then
P = {plA....Apn; peP. 1= 1,...,n} Is also a partition in L.

Proof.

(3) Let L be a lattice which allows the fuzzy power.
Then:

a) L is complemented. Indeed, by (i) every p € L belongs to the image of
some X, that Is, to one partition, say {pl; iel} By (i), for n=t, i.e.

for unary operations, {p. v pl} is also a partition in L, and pl is a
p *p ' p,*p
complement of p.
i

b) Consider an arbitrary partition P. Since (if) holds for any unary
overation applied on some X such that {i(a); ae A} = P, the proof of this

nart follows Immediate!:r.
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c) To prove the third property, consider an n-ary operatlion f, and fuzzy
sets X .J—('n. such that {X (2); ae d}f= P, i=1,...,n. The proof now
follows from the ;'act that the image of f(X .,)_(n) has to be a partition.

(¢) Let L now satisfy a), b) and c). Then, since L is complemented,
(1) is satisfied in A(L) for any algebra & If f € F_ . and 7‘,..'.,Yne A(L),
then (ii) holds, since by b) and by c) f(?‘_...jn) is a partition ln L. o

Considering lattices with finlte partitions only, one can
characterize those which allow the fuzzy power by means of 0,1-lattlce
homomorpshisms, 1.e. using the congruences on L with one element minimal
and maximal class ([0]e={0}, [1]9={1}), called in the following
0, 1-congruences.

Theorem 2. If a complete lattice L contains no Infinite partition, then L
allows the fuzzy power If and only if there Is a 0,1-congruence 8 on a

semilattice (L,A) such that (L/8, A , v,”,0 , 1 } Is a Doolean algebra,

where
[x] if (xl_= Iy}

{x]_ v [y] 8 6 H

.8 [x v yl, otherwise
(*) ]

[x]8 = [x ]8

“A " is induced by "A" in L.
Proof.

(¢) Suppose that there is a congruence @ on (L,A), satisfying (*).
. Then, {p‘,...,pn} is a partition in L if and only if {[pila..... [pnla} is
‘" a partition on L/8. Indeed, p A g = 0 1implles [p]aae [q]a. and thus

n n

v [p|]8= [|Y1p1]8= 1. and [pnla" [”J'e= [plA qJ]8=O

i=1 - .

On the other hand, 1If {[p‘]e.....[pn]e} s a partition in Ls/8, then
= = = =0 =

[P‘]GA [pjle— 0 implles [PlA p“]8 [0]8. i.e. P A pJ 0, and [ 1¥1 [pll8

n n
= [ Z,p ]8= [1]B= {1}. that isl\:‘pl= 1, proving that lpl,...,pn} is a

partition in L.
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Hence, it follows that L allow the power, since the propertles a), b)
and c¢) concerning the partitions, are satisfied in the Boolean algebra
L/8, and thus in L.

(2) Suppose now that L allows the fuzzy power. Define a binary
relatlon 8 on L: (p,q) € ® if and only if there }s an r € L, such that
{p.r} and {q,r} are partitions in L. It is clear that @ is an equlvalence
relation on L. It is also a congruence on (L,A): ’

For i=1,2, (pl.ql) € 8 if and only if there is an r e L, such that
{pl,rl } and {ql,rl } are partitions in L. Then, by ¢) in Theorem 1,

{plA Pye PJA T, PAT, rl,rz} and {ql/\ @y QA Ky QAT TA rz}
are both partltlons in L. Again by ¢)

{plA.pzA 97 q,. PJAQAT,. PAGATL, LA rz} is a partition in L.
Moreover, {pl/\pz, (plA A r,) v (PA q A rl) v (r A rz)} and

{qlA 9, (pll\ q,A rz) v (pzA q,A rl) v (I'IA rz)} are also two partitions,

by b) and by the f:act that p,A pzz PA PAqAG,. qA qzz P,A PA G A Qq,.
Thus, (PIA Py, @A qz) € 8.

Since [0]9= {p;(0,p) € B}, there is q € L, such that {p,q} is =a
partition, implying that {O,q} is also a parition. Hence, q=1,' p=0, l.e.
101 ;~{o}.

Simllarly [1)g= {1}

L/ 1s a a Boolean algebra. Indeed, L/8 contalns the least element O,
and the greatest one 0. It is a uniquely complemented lattice, slnce for
every pe L, there 1s a complement p‘e L (property a)), and by the
definition of 8, (p’]e contains all the complements of p. To prove that

L/8 1s an atomlc lattlce, take one partition P = {pl....,pn} in L with a
maximal number n of elements (by assumptlon n 1ls finite). . Then,
[Ple= {[plle,..., (p"]a} ls the unique partition in L/@ with a maxlmal
(n again) number of elements. Indeed, if Q = {ql.....qn} is another
partition in L, then |P-Q| =|{p,A q,; pe P, qje Q}| = n (since otherwise
P, Zpl S TR AL (k < n), and from ll\l,(pl A q ) =1, it follows
1 1 1 x k t=1 ot t
K
that tylplt=1. and hence {pllv...v plk,P\{pll,...,plkH is not a partition

in L, contrary to b)). Also, if |Q|= n, then [P]g= [Q]S' since plz P,A 4,

9% PAq.--.,pEPAQ, q=paq and Ipla=lglg=lpaqlg isl,....n
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Now, if r is an arbitrary element from L, then {r,r’'}= R is a partitlon in
L, and [R-P]9= [P]e. Hence, either r a p,= 0, or [r a P1]8= [p‘le, i.e.
[r]eA [p1]6= lplle. proving that [P]9 ls a set of atoms, and that L/8 is
atomic.

Since, L/8 1s atomic (with n atoms), and uniquely complemented, then

it is distributive, and thus it is a (finite) Boolean algebra. o

The Hasse-dlagrams of some finlte lattices allowling the fuzzy power
are glven below.

> Q0 & <

PRGN
. ~
Ly Li/é 1=1, .7
Lg
Ny . Lq {0 . Lay
L)/cj l-:'l?,...,Ij

3. The fuzzy power of an algebra 4 is defined on the collection of all the
fuzzy sets on A. Az it is known, we can consider some of these fuzzy sets

as fuzzy subalgebras of 4 ([2]):

If 4=(A,F) is an algebra and L a complete lattice, then a fuzzy set
A: A > L 1is sald to be a fuzzy sublagebra of # if for every operation
feFSF and for x ,...,x€ 4

n 1 n

n
Alflx ,...,x)) =z AAlx) .
1 n . 1

1
Is it posslble to restrict a fuzzy power of an aglgebra to any of its

fuzzy subalgebra's? The answer 1s positive, as shown by the following

theorem,
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Theorem 3. Lel 4 be an algebra, and L a lattice allowing the fuzzy power.
Let A: A > L be a fuzzy subaigebra of 4, and
_ def
ACL) =

{ X e A(L); X(a) = A(a), for every a € A}

Then, (A(L),F) (briefly A(L)) is a subalgebra of the fuzzy power A(L).

(We shall call A(L) a fuzzy power of a fuzzy (sub)algebra 4.)

Proof.

Let Yl,...,fne A(L) and f € F_ . We have to prove that r(?l.....x ) =

YeAL), L.e. that for every ae 4, 7T(a) s A(a). Indeed, ¥(a)=
A(ax).

= \,(it'l(a1 )A...Afn(an)); f(a]....,an)= a), and for i=1,...,n, ?l(al)s

Hence, since 4 1s a fuzzy subalgebra of 4,
Y(a) = y (Aa ) A ... A Ala); fla,...a) =a) =
1 n 1 n
< A(fla_,...,a)) = A(a). ©O
1 n

4. Lattices characterized in 2 are supposed to allow the fuzzy power of
any algebra. If we restrict our attention to some speclal classes of
algebras, then we can omit some of the requlred conditions. In particular,
to allow the power of finite algebras, L obvlously does not have to be
complete. Also, the lattice allows the power of unary algebras if and only
if it satisfies a) and b) In Theorem 1. The conditlon ¢) can be omltted,
slnce by 3) in 1., such a case does not appear if all the operations on o4

are unary.

In the following, we shall glve some general properties of fuzzy

powers.

Theorem 4. a) let f,g € Fn. and h e Fl. Then, the following identities are

preserved under the construction of fuzzy powers:

a) f(xl....,xn) = g(xl,...,xn) ;
b) glx_,...,x ) = h(f(x ,...,x)) .
1 n 1 n
Proof.
a) Let a € A, and 71,...,Yne A(L). Then, '
XX Ma) = (X (a)a ... AX (a ) ; fla,....a=2a)=

V(Yl(al)/\..,/\in(an) : g(al,...,a = a) = g(?l....,fn)(a]-
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Thus, [(71,...,7n) = g(?x.....i;).

b)Again, let a € A, 71....,7; € A(L). Then,
ALK, X 00 (@) =y (F(X ... X )(b) & hib) = a) =
VIVIX (b Ja...AX (b ) ; f(b,...,b=Db); hib) = aj =
VX (b )a...AX (b ) ; hif(b,...,b)) = a) =
V(RX(bI)A...Ain(bn) ; glb,....b ) =a)= g(’)?x,...jn)(a).
Hence g(?l....,f;) = h(f(?l,...,i;). o

Remark. The previous proposilion shows that the Fuzzy power glives the most

if applied on unary algebras, since by b) any ldentity of the form

f ... (x)=Ff ...f (x),
1 i J

1 m i n

where all the operations are unary, is preserved under the construction of

fuzzy powers.

5. We shall conclude with a simple example of a fuzzy power, the algebra

being a two-element group. L 1s here a pentagon n-
i

Example. .
r
e a P
A —:_ e a>— 7
ala e L. 4}

w = ({63666 FR) )

e a '
Denote b , etc.
[p q] Y pq, elc

10 01 pgq qp pr rp

10 10 01 pg qp pr rp

l
|
01 | 01 10 gp pq rp pr
l
!
i

pg |l pg ep 10 01 10 01 {Operation on A(1)).
qo | gp pq 01 1C 02 10
or pr rp 0 0: 1 0%
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One fuzzy subalgebra 4 of £ is 4 = [7 :]. The corresponding fuzzy power is

the following collection of mappings:

ww = (366 )
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Rezime
RASPLINUTI STEPEN ALGEBRI
Pokazano je da se Jjedna klasa komplementiranih mre2a mo2e iskoristiti
za konstrukciju mre2nlh stepena algebri, kao uopstenja Bulovih stepena.

Pokazano Je da se konstrukcija prirodno prosiruje na rasplinute podalgebre

i ispitani su neki identiteti koJe se pri konstrukciji ocuvavaju.

Receiwed by Lhe editano Octoben 10, 1988.



