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Abstract

Necessary and sufflclent conditions for exlstence of solutions to the
third order pseudo-Boolean functional equation are given as well as the

solutions in explicit form.

Introduction

Let (P,+,*) be a commutative ring with 1ldentity element 1| withéut
divisors of zero and let L be a flnite set. A generalized pseudo-Boolean
function (GPB function) 1s every mapping f of L" into P, 1.e. £:L"> P, where
L" 1s a direct power of L.

The definiton of partlal derivatives of GPB functions and some

propertles of these partial derivatives are given by Gllezan in [4].

Definition 1. A partial derivative of a GPB function f: L"5> P with the

variables xl(l=1,2,....n) are GPB functions
ar
= : L" — P defined by
axi
ara
(1) , 5}: (X) = f(xl.....xl_l. a, x|+1"ﬂ"xn) - f(x), ael
(1 s{=<sn), where X=(x ,x,...,%x ).
1" 2 n
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A partlial derlvatlive of hlgher order of a GPB functlon 1s

f f
al ...a‘ ai
’ ! m _ 4 .8 ,8
@ ax . wax e G G A ) e
! ! ! 1 1 2 m
1 'y o 2 1
a elL, Jj=1.2,....m (m=1)

Directly from definition ! follows that for every «,B, € L, for every
c € P and for every couple of GPB functions f and g the following propertles
hold

., 8 (ef)a _ e @ fao  8(f+g) _ 8 fo 8 go
a x + 3 x a x ’ a x, a x a X

8 ga 48 fa 3 go
a x a x g+ f ax tax ax °
1 1 1 1 1
2
" fap _ 3 fBa i) s
4 x ‘8 x 4 x -3 x ' '
1 3 1
m m -
g f= =(~1)IMl 9 fa , I Ssmsn mils a natural number, I s | s n.
m 4 x
a x L
1
However, the relation
3 fa 3 fa_ azmlm2
Flg,.8, ---.8: f, 55 55 ' Fxdz "’
1 n 1 2
62[a a asfa oo a”ra a a 3"fa ...
n-1 n 123 n-2 n-1 n 1 =0
8x 8x ' 9x8xdx_''"'' 8x dx 8x '’ dx ... 8x ]
n-1 n 1 2 3 n-2 n-1 n 1 n
%L € L is a generalized pseudo-Boolean functlional equation,
Hhere'gl,gz,...,gn known functions, an unknown function f and some of its

partial derivatives take place. Hence, the solution of this functional

equation has to be found.

Lemma 1. A functional equation with an unknown GPB functlon f

8 fa
1

a x
1

has a solution If and only if

= g(x), where o€ L,



Generalized Pseudo-Boolean functlonal equations... ’3

g(x‘.....xl_‘,a‘,x“l.....xn) = 0.

The solutions f are determined by the following formula

f(X) = c(xl.....xl_l,a‘.xl’l,....xn) - g (X) or else
I g(X) dxl = c(xl,‘...xl_l.xl*l....,xn) - g(x)
o )

where ¢ is an arbitrary function of the variables xl,....xn.

The proof of this lemma is given in [5].

Let us introduce the followlng notation

x) = , d
(xl) (Xl' T xn) an

(ul) = (xl.... AT SATRRERE 2

Theorem 1. A system of GPB functional equations

8 fal .
1.1. 3 %, = Pl(X) 1=1,2,...,n, X = (x .....xn)

has a dolutlon if and only if

1.2. Pl(:‘)=0 I=1,2,....n

3P« 8P a
1.3, Lttt 1Lj=1,2 n  1#j
o d. 3 x 3 x » » P-TIORY .

The solutlons f are determined by the following

Formula (they are equivalent to each other)

21, f)=c-§ P (a L& ..., & )P (X
1 1 1 1 1
k=1 k k-1 k-1 n n
where iliz...ln are permutations of the set {1,2....n} and ¢ is an arbitrary

constant from P. The proof of this theorem is given in [S].

Lemma 2. A system of GPB functlonal equations

a fal 3 fa 3 fa
ax x (xl,xz.xa), X Y (xx'xz’xa)’ 8 x

1 2

=2 (xl.xz.xa).

has a solutlon if and only If
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1

(1 x(al,xl,xa) = Y(xl.az,xa)_= Z(xl.xz.aa) =0
a Xm2 a Yml a Xaa a Zal a Yas a Zuz
(2) 3x dx and Tx - x and ax  7x
2 1 3 1 3 2

All the function solutions are determlned by the following formula

!(xl.xz.xs) =C - X(xl,xz.xa) - Y(xl.xz,xa) - Z(xl.xz.xa) -
(3) 2

8 Yas ) a Xaz ; a Xas _ a8 Xazu:'

4 x o x a x 8x_ dx

3 2 3 2 3

The proof of this lemma follows from Theorem 1.

Let us consider a functional equation of the following form

a {al a !'az a !'as azfaiuz azfaiaa
F:aax+bax+c8x+d8xax+eaxax
1 2 3 1 72 173
azfaza a"ml «,u
(4) + g + h =s8(x ,x ,x )
axza,\:3 axlaxzaxa 1°72'"3 .

a,b,c,d,e, g,h and s are GPB functions which mapp L’» P,

Theorem 2. A funcltional equation (4) has a solution If and only if

2 2 3
w s+asal+asa2+asa3+asa1aa+asmla3+8sa1a2a3=0
a x 4 x 4 x dx_ ax ax ax 8x dx _dx
1 2 3 1 72 13 1 273

(5)

23

2 2
daa aaas 8" aa_a ][ . aba abas a bczl aa]

(u”) (atbtc-g-e-dth) [a * ax * ax * ax_8x ax * ax * 3x ax
2 3 23 1 3
acal aca2 azcal m2 adas aaaa 1‘)bm3 dea
[C+8x+ax+ax8x][ —Er-a-ax-b-ax][e+ ax—a_
1 2 12 3 ] 3
daa dca dga 8ba dca
_ 2 _ .- 23+ 1 b 1 .- L}
ax ax ax ax ax )
2 2 1 1 1

If the conditlons (5) (u) and (5)(u’) are fulfllled, then all the
functions f are determined by the formula (3), where, X, Y and Z are given
further on the pages 9,10,11, respectively.

Proof. 1f the partial derlvatives of the equation (3) are found, i.e.
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3 Fa 8 Fa 3 Fa 8°Fa o 8Fe o  8°Foea 8% Fo a_a
) 1 2 3 1 2 1 3 23 .nd 123
[} x(1 a4 x, a4 X, axlax2 axlaxs axzaxa axlaxzaxa
then the following system of equations is obtalned
8 Fa 8 Fa 8 Fa azFa 3 azFa 3 82Fa 3 a’ra o
1 2 3 1 2 13 23 .od 123
4 x ° aix_ ' ax_ ax ax_ *' ox dx_ ' 8x_8x 8x 8x_dx
1 2 3 1 72 1 73 2 1 72 "3
then the following system of equations is obtalned i
2 2 -]
3 fa 3 fa 4 fa 4 fa a 3 fa a 3 fa_a
a LI 2, 3 . d 12, 13 g 2 3
4 x 3 x 4 x dx ax dx 8x ax_8x
1 2 3 12 13 2
a:’ra o«
v g 1723 _ s
dx dx_8x.
1 7273
8fa  ba dfa, Oca Ofa, aba, 82fa1a2
(8) -2 5 * 35 x ' Ex ox ' [b Y ax T d] Bx 9%
1 1 2 1 3 1 1 2
2 2 3
dca 8 fa a dga 8 fa a dga 3 fa a a dsa
+ e+ L 13 1 23+g+ - h 123 _ 1
ax ax ax dx_ dx 8x ax dx dx_4x ax
1 1 3 1 2 '3 1 2 '3 1
2 2
6aa2 at'm1 . afa . acm2 8[«3 e {as Baaz g 8 falaz . 8e¢x2 a falaa
ax ax dx ox ax 8x ax 8x 8x_ dx 3x
1 2 3 a 1 72 2 1 73
dca 8’fo_a Jea éafa o a dsa
+[c+ 2 g] 23+[e+ 2_-] 123 _ 2
ay axzaxa axa 8xt8x28x3 ax2
2 2
aaaa al"ml . aba:' afaz e afa . adaa a4 falaz o las aaaa . a fataa .
dx_ dx ax_ 9dx ax dx_  9x 8x ax 8x, 0x
3 1 2 3 ]
2 3
[ abaa 8 faza adaa a8 falazaa asaa
+ |b + - g] + [d + - h] . .
ax3 8x26x3 ax, axlaxzaxa axs
daa_ dfa dba. Ifa azca o dfa daa aba fa a
_ 2 1 1 2, 1 2 3+[—a— 2 - l+d] 13
ax2 6)(l axl axz axlax2 ax3 ax2 ax‘ 6)1‘8,«3
2 2 2 2
. [ﬁcaz . a cw a, 8ea2] 8 [alaa . [acal a3 cu @, ) agal] 8 '[alaa
é)x2 ax‘ax2 6x2 axlaxa axl axlaxz axl axlaxa

(8)
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2 3 2
dca dca d ca « aga 8 fa a «a d sa_«a
N [c . . 1, 12, 1, h] 123 _ 5 12
8x3 8x‘ ::'Urlax2 8xl 8x18x28x3 xlbx2
2 2 2
B 8aa3 81’0:1 . a ba1a3 afaz : 8(:0:1 8{«3 . baa . 3 balaa _ 8da3_ 8 fa1a2
ax ax ax_8x ax dx  ax ax ax ax 8x_) ox dx
3 1 173 2 1 3 3 13 3 1 72
2 2 2
daa dca i fa a ba " ba dga 4 3 fo «
—a - - e - 1, e 13 1, 13 _ 1 23,
ax ax ax adx ax ax_ax 8x ) 8x_8x
1 1 '3 1 1 3 1 2 3
2, a 2
dba dba 3" ba a ada dga 3 fa o a 8" sa a
. [b . . 1, 13 _ g _3_ g1, h] 123 _ 13
ax3 6x1 8x16x3 ax3 Bxl thaxzax3 ax16x3
2 ’ 2 2
8 ao_ o 8fc dba_ dfa dca_ Ofa aa d aa_a 8da_ 3" fa a
2 3 1 3 2 _ 2 2, 3, 273 _ 3 12
ax_dx ax 8x_  9dx dx_ 8x ax 8x_ax ax_) dx 8x
2 "3 1 3 2 2 2 3 2 '3 3 12
ao azaa o dea Bzfa o 8ba_ dca 8% fo_«
. 2, 23 _ 2 13 b-c - 3 2, 2 3
ax 3x_0x 3x_) 3% 9x ax. ax_ = %} &x_ 8x
2 2 '3 2 13 3 2 2 3
dam 8aa 8%an_o dda dea a”ra o a basa o_a
+[a . . 2, 23 _, 3 o 1, h] 123 _ 123
ax ax2 axzaxa 8)(3 8)(1 é)x1 szax:' 8xI axz 8x3
2 ! 2 2 2
d"ax_a_ Ofa 8"ba a_ dfa 8"ca a_ dfa daa 3 ax_a
2 3 1 13 2 12 3, |- 3 23 _
dx_a8x_ Bx 8x 8x_  38x 8x 8x_ 8x [ ax 8x_38x
2 '3 1 1 73 2 1 72 3 3 2 '3
2 2 2
dba 8"ba « dda_y 8 fa «a daa dca d ca a dea
~ 3 _ 13, 3 12 [ 2 _ 2 _ 13 2 _
ax, 8x ax_ ! dx | 8x 38x ax ax ax_8x ax
3 1 °3 3 12 2 2 13 2
2 2 2 2 W a2
) a aaza3 a fa1a3 . [ bba1 _ a bala3 acai ~ a ca o, aga1 a fazaa
8x_8x 8x_ dx ax ax_ 8x ax 8x dx 8x ) dx 8x
2 '3 173 1 13 1 12 1 2 '3
2 2
daa 8 aazaa 8aa2 8ba3 aba1 a bala3
te-asbmctdrgmh- 3= - 5y ax 3x. ~ Tox. _ TBx.  &x 8x.
3 2 73 2 3 1 13
dca dca 8%ca « dda dea dga azga oy 3%fa aa
_ 2 _ 1 _ 12 3, 2 _ 1 13 123
ax ax dx_ox 8x ax ax ax_8x 8x 8x_8x
2 1 1t 2 3 2 1 1 73 1 72 '3
83sa ox_a
12 3

= 3% 3x3x (6)
axlaxzax3
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~ ' =

a b c d-a-b e-a-c g-b-c asbec-g-e-d-n
Db-q de=y o 0 aq‘l-b 3'—:! _c_ﬁf-'l 0
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;
i
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afa Bfaz afa

! and ——> if the rank of the
3

The system (6) has a solution for axl' sz Ix

augmented matrix of system (8) is 7.

The augmented matrix of system (6). and the following matrix are
equivalent.

The rank of the augmented matrix = rank A’= 7, 1lf conditions (5)(u) and
(5)(u’) are fulfilled.

If condition (5)(u) 1is fulfilled, then the following determinants give
the solutions of the partial derivatives, so the final solution of the
functional equation (4) has the following form

f(xl.xz,xa) =C - X(X1'xz'xa) - Y(xl.xz,xa) - Z(xl.xz.xs) -

e 8Xa X 62XG [
. 3 2 3 23

‘ ax3 ax2 axa axzax3
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Rezime .
GENERALISANE PSEUDO-BULOVE FUNKCIONALNE JEDNACINE TRECEG REDA

U radu su dati potrebni 1 dovoljni uslovli za postojanje resenja
generalisane pseudo—Bulove funkcionalne Jednac¢ine treceg reda kao i sama

njena resenja u ekspllicitnom obliku.

Receluved &y the editona Decemben 14, 1988.



