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Abstract

The exponentially fltted quadratic spline difference scheme for the
problem: -ey” + g(x)y = f(x), 0 < x < 1, y(0) = o y{1) = o« is derived.
The scheme has a second order accuracy, under some conditions, on the

functions q and f. The numerical results are also given.

1. Introduction

The quadratic spline collocatlon method ( (3], [2]) when applled with

uniform mesh of size h to problem

(1)
(0)

o

{ Ly = —ey" + gq(x)y = r(x), 0< x <1,
Y 1

@, y(1)

has the condition

h

2
h"q /e s 1, q 5

(2) 1+1/2

h = X - X . 1= 1(1)n+1, x,= 0, X .= 1

= X +
1+1/2 q( 1
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which leads to osclllation or inaccuracies in the

approximate solution.

spurlous

In order to avold this difficulty,

gross
we Introduce an
exponentially fitting factor

(3) 2

]/8 ' Py h v qla:/z/e '

o =q n [l + =
1 1+1/2
sh P,

affecting the second derivative. Because of this the spllne collocation
method becomes uniformly stable ln € and the correspondlng difference
scheme 1s uniformly convergent. The exponentlally fitted cublic spline
difference scheme for the same problem is derived in [4]. Accordlng to [3]
the quadratic spline has some adventages over the cubic spline in solving

the above problem. The-numerlcal reulsts illustrate this fact.

2. Derivation of the scheme
We shall seek the approximate solution of problem (1) in the form of
the quadratic spline v(x) € Cllo,l] and on each interval [xl,xl‘l] v(x)} has
the form .
' (x-x )2
X-X
_ o _ (1) s (2)
vl(x) =v, ot (x xl)vl ¥V
The constants v:k). k=0(1)2 are obtained from the equations:
(2)
(2) (o) (1) Vl
(4) Wi Y902 [Vl * (x—xl)vl * (x_xl) —E__]x=xl+g =fie
(o) (0) (1) h2 (2)
(5) = + hv + v
i 1-1 1-1 2 1-1
(6) (1 1)y (2
1 1-1 1-1
v=a . v =a
] 4] n+1 1
(1) _ (1)
From (B) we have viZ); ! 5 =1 and, then, from (4) and (5) we have
(1) (1)
7 = -
(7 PiViag Y5 1e172 -~ T1a1s2%)
p=-o0+ hzq /8 s=0 + 3h2q /8
g 1 1+1/2 ' H i 1+1/2 :
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(1) (1) _ _ = L)
(8) Vi T Y - z(vl»l Vl)/h oYY
From (7) and (%) we get
(9) v = 1 [(v -v 1-2p/h + f h-gq hv ] i=1(1)n
t $,7P, Yal t 1 141/2 pers2 1 '
(1) 1 (o) . ~
.(10) Vier T s [f‘+1/2h N L Zsl(vl" vl)/h]. i=0(1)n-1

(S|
If we replace the subscript I by i-1 in (10) and, then, equalize (9)

and (10), we obtain the scheme:

(11) Rlvl= O]f_ s i=1{1)n where

1 M A
Rv=rv + v o+ v

hot 1-1 1 141

- +*
= . + f

Ohfl q f|L1/2 T8 1,2

- 1 + 1
r = - —— e e—— r= - —

h(1 + sn’pl_l) h(1 + sthl)

Zsth

c - + ]
r=-r -r +a + a . a = —————
h(sh P+ 1)

25h2p
+ + i - +
9=9q(q) = 3 » 9=qiq )
hq (1+sh"p )
14172 1

3. The truncation error

The truncation error of scheme (11) for an arbitrary smoolh func.ion

r(x) is defined by
Tl(r) = thl - Oh(Lr%

Lemma 1. The truncation ervor of scheme (11) for y(x) € CglO,ll has the

form:

h_,_ (- ¢ p +9 ), where
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(hr2)%"*
‘pl,i = wl,l - zwl,o/h ’ wl,k = @O0 y (Ek)' X = Ek = X

h ”
1,0 e 8 Yo Tttt h (e-o Dyl o+ wax,zl'

h-]
n
T
qQ
Q

Proof.
tl(y) = Rh(y|—v|) = han' The function z(x),

z(x) = y(x) - vix) e ¢ [0,1], satisfles the following system equalions

2
(2) (0) h _t1n) h "
- + + = + = + = - -€
alzl q1¢1/2 (21 2 zl 8 wl,O) flfl/2 (61 r)yl
(o) (0) (1) . K (2
z = Z + hz + — z + ¢
i 1-1 1-1 2 1-1 1,0
JREDRNUE S ¢ N v
i 1-1 1-1 1,0
(1) (2} :
By eliminating the constants v, and v, from the above equations

in the same manner as in the derivation of the scheme, we obtain the

statement of Lemma 1.

Lemma 2. The truncation error of scheme - (11) for the [function

y(x) € G°[0,1} has the form:

2 2
_h -, h™ o+, - +
tl(y) =3t ryYy (61) temry (62) +elq Yoyt 4 y;+1/z)’
X SEI sxl sgzsxl”,

Proof. 1t follows from Taylor developments at x .

4. Proof of the uniform convergence

The following lemma from {i] gives us the property of the exact

solution which we shall take into account in the proof.
Lemma 3. Let y(x) € G'{0,1]. Let g’(0) = g’ (1) = 0. Then, the solution of
(1) has the form
ylx) = ulx) + wix) + gfx), where
u(x) = a exp(~xva(0)/c )
a  exp(-(1-x) vq(1Y7e ),

w(x)
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(1) (1-1/2)1
€ )

lg" (x| = M(1 + ,  I=0(1)a,

ao, al are bounded furictions of ¢ independent of x, and M Is a constant

Independent of € .

Theorem 1. Let the conditions of Lemma 1 be fulfilled. Let v], J=0(1)n+1
be the approximation to the solution y(x} of (1) at the g;Id points
obtained by using (11).

Then, the estimate:
Iy[xj) - vJ[ < MR, Jj=0(1)n+1, where M Is a constant Independent

of ¢ and h, holds.

Proof. We shall estimale separately the truncatlion error for each functlon
u, v and g (see {4])).

Since, tl(u) = 0, tl(w) = 0 for gq{x) = g(0) = const, we have
t’(u) = II(U) - tl(u). tl(w) = tl(w) - tl(w),

where ?‘(u), ?l(w) are the expressions tl(u) and tl(w) with
q(x) = q(0) = const. .
After some Taylor developments in the corresponding expresslons from

Lemma 1, we obtaln that
3 2
'Tl(u)l, Irl(w)| s Mh"/e when h°s g.

For rl(g) we also use the form given by lLemma 1, and from Lemma 3 we
have that

|t (g)] = Mh'/e, hs e

Thus, (Lemma 3) we have
(12) le (0] = M/e  when K = e.

Let £ = h®. Then we use the truncation errors for u, w and g in the

form given 1n Lemma 2.

Since all the coefficlents in scheme (11) are bounded ‘by Mh_l, we
obtain directly that

[z, (g)} = Hh.
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Using the fact that

T (u) = 7 (u) - T(u), T (W) =T (v) - T(u),
lq(xl) -q0)] = fo. from Lemma 2 and Lemma 3 we have that

jr, (], |z, (w)]| s Mh, when ¢ s ne.
Thus,

(13)

[v,(y)| s Mn, for e s h”

Denote by A the matrix of system (11). Since,

|y(xl) - vll s |A_l| max |tl(y)| and
1

2
, hs e.
1

.1 Me/h
A smax [£f e 4|7t s

Mh 2

from (12) and (13) we have that Theorem 1 1s valid.

5. Numerical results

0

1]
Our test for the order of uniform convergence,
are taken from [1]

notation and example
Example:

" 2
- ey" 4+ y = -coSux — 2emw cos2nx,

y(0) = 0,

y(1) = 1
Exact solutlon:

y(x) =

exp(;(l—x)//—E) + exp(~-x/V €)/(1+exp(-1/V €)) - cos nx

Table 1 contalns the estimate for the order of uniform convergence
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Table 1

0 1 2 3 Pe
172 2.02 2.00 2.00 2.00 2.00 2.00
1/4 2.02 2.00 2.00 2.00 2.00 2.00
1/8 2.02 2.01 2.00 2.00 2.00 2.01
1/16 2.03 2.01 2.00 2.00 2.00 2'01,
1/32 2.03 2.01 2.00 2.00 2.00 2.01
1/64 2.05 2.01 2.00 2.00 2.00 2.01
1/128 2.08 2.02 2.01 2.00 2.00 2.02
172586 2.14 2.04 2.01 2.00 2.00 2.04
1/512 2.23 2.07 2.02 2.01 2.00 2.06

The computed order of uniform

2.00.

Table 2 contalns the maximal

convergence is 2.06 and the

approximate solution at the points of the grid.

classical one is

differences between the exact and

Table 3 contains the same results for the cubic spline difference

scheme, which is glven in [4].

Table 2

max ]y(xl) - vl[

1

e 16 32 64 128,
172 .58E-2  ,14E-2  .36E-3  .90F-4
174 | .54E-2  ,13E-2  .33E-3  .82t-4
1/8 | .48E-2  .12E-2  .29E-3  .73E-4

1/16 | .41E-2  .10E-2  .25E-3  .63E-4

1/32 .37E-2 .90E-3 .22E-3 . BEE-4

1/64 | .34E-2  .B4E-3  .21E-3  .52E-4

1/128 | .34E-2  .82E-3  .20E-3  .50E-4

1/256 | .36E-2  .83E-3  .20E-3  .50E-4

1/512 | .3BE-2 ~ .B4E-3  ,20E-3  .SO0E-4
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< 256 512 1024
. 22E-4 . 56E-5 . 14E-5
. 20E-4 .51E-5 . 13E-5
. 18E-4 .45E-5 .11E-5
. 16E-4 .38E-5 .91E-6
. 14E-4 .35E-5 .87E-6
.13E-4 .32E-5 .81E-6
- 13E-4 .32E-5 . 79E-6
364 .3E-5  .7BE-8
.13E-4 .31E-5 . 78E-6
Table 3.
n
€ 32 64 128 256 512
172 0.28E-2 0.72E-3 0.18E-3 0.45E-4 O.11E-4
1/4 0.26E-2 0.66E-3 0.17E-3 0.41E-4 0.10E-4
1/8 ‘0.23E-2 0.58E-3 0.15E-3 0.37E-4 0.82E-S
1/16 0.20E-2 0.51E-3 0.13E-3 0.32E-4 0.79E-5
1/32 0.18E-2 0.45E~-3 0.11E-3 0.28E-4 0.70E-5
1/64 0.18E-2 0.42E-3 0.10E-3 0.26E-4 0.65E-5
17128 | 0.16E-2 0.40E-3 0.10E-3 0.20E-4 0.53E-5
17256 | 0.16E-2 0.40E-3 0.10E-3 0.25E-4 0.63E-5
1/512 | 0.16E-2 0.40E-3 0.10E-3 0.25E-4 0.B63E-5
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Rezime

SPLAJN DIFERENCNA SEMA SA KYADRATNIM SPLAJNOVIMA
ZA SAMO-ADJUNGOVANT KONTURNI PROBLEM

Izvedena Je eksponencijalino flitovana diferepcna $Scma zasnovana na
kvadratnim splaJnovima za problem: -cy"+ alx)y = f(x), 0< x <1,
y(Q) = o y{1) = 1. Sema ima drugl red tac¢nosti pod odredenim uslovima na
funkcijJe ¢ 1 f. Dati su numeric¢ki rezultati.
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