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Abstract

The uniformly convergent cubic spline difference scheme for the problem
Ly = -—ey’’+ q(x)y = f(x), 0 < x <1, q(x) 2 g >0, y(0) = @, (1) = a on
a non-uniform mesh is derlved. The scheme provides for the locatlon of a
larger number of points in the boundary layers, while the order of accuracy

and the structure of the malrix remaln the same as in the unlform grid.
1. Introduction

In [3] a spline dlfference scheme was constructed on a uniform grid for the
problem:

Ly = —ey’ '+ q(x)y = f(x), 0 < x < 1,
(1)

y(0) = L y(1) = @, q(x) 2 q > 0.

It has been proved that the scheme has a second order of uniforz
accuracy under the condition g’(0) = q’(1) = 0. Schemes of the same order of
accuracy on a uniform mesh are given in {1], [2] for this problem. Since the
spline difference schemes have the same order of precision and the same
matrix structure on Lhe uniform and on the non-uniform grid for a fixed ¢,
we wanted to use this characteristic for singuliariy perturbed problems. This
would enable the modifylng of the distribution of the point to the
characteristics of the exact solution. Since the condition for the Inverse
ANS Hathematlé;hSubJect Classification (1980): B85L10.
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monotone of the malrix in ordinary spline difference schemes ([6]) 1is
h?q]/Gc , i=j-1,j in (3] the exponential fitting factor was introduced along
with the second derivation and the condition was eliminated for the
equidistant grid. The determination of the fitting factor for the
non-equidistant grid 1s more complicated. In [3] the fitting factor is
determined in such a way that the trunction error of the difference scheme
for the function of the boundary layer should be zero. The determining of
special conditions for the grid provides for the second order of accuracy.
Proof will be gliven here of the unliform convergence sheme [3] along
with the numerical results which point out the advantage of the
non-equidistant grid. The case gq’(0) = g’(1) will be considered.

2. Derivation of the scheme

Let us substitute differential equations (1) by the 'equation:
"I
(2) —o(x)y '+ Xy = £(x),
vwhere o(x) is the fitting factor which will be determined subsequently. The
approximate solutlion of equation (2) should be sought in the form of a cublc

spline v(x) € el [0,11:

2 3
(x-x) (x-x)
(1) ) (2) J (3)
= + (x~ + — + —_— ,
vi( x) vJ (x xJ)vJ 5 vJ 8 VJ
xe [x ,x |, 0=x<x<x... x<X =1,
] J+1 [+ 1 2 n n+l

The points of collocation are the points of the spliné grid. Constants

are determined from the system of equations:

(3) -oevi? . = f = 0(1)n+1,
7Yy 9hY )’ J (‘)
2 a
. (1) h™  (2) h™  (3)
(4) v, =V, t th_l * 5 Vin tE Yy J = 1(1)n,
(5) (1)_ (1) (2) . W (3 _
v ‘=v + hi + v, J=11)n,

| 1-1 J-1 2 -1

(2)_ (2) (3) _
(6) v, v, + th_1 J = 1(1)n,

v(0) = L v(1l) = @ .



Spline difference scheme on a non-unliform mesh 151

Equation (3) expresses the weakened condition of collocatlon. Equations
(4), (5) and (B8) are obtained from the continulty of function v(x). By the
elimination of v;”, V(Z), and v::’) from the above equatlions (see [4]) we

get the difference scheme:

(7) Rv =Qf, J=11n,

c +
v - v -rv '
"y - T Y T N0
= + f + f ,
hiy T NN TE TG
2
)

=1 - hj—lqj-l 1 f =11 - h qj+1 1
J 6o h ' ) Bo h '
j-1 -1 J+1 )

h h + h h

P ¢ = Al ¢ =
) 60‘)_1 ) . So-J ) !:'50-“1
voese, v =a, qJ= q(xj), fJ= f(xj).

In order to get a suitable fitting factor o-,. we shall use the following

lemma.

Lemma 1 (1] Let y e c 10,11, Let q°(0) = q‘(1) = 0. Then the solution of
problem (1) has the form:

Y(X) =u(x) + w(x) + g(x), where
u(x) = P, exp( -x/q(0) 7€ ) ,

w(x) = P, exp{-(1-x) vq(1Y7€) ,

p.J aqd pl are bounded functions of £ Independent of x and:

)) l—(1/2)j)

lg " | sH(1+¢ J =0(1)a.

M is a constant independent of e.

The local truncatlon error of scheme (7) for an arbitrary smooth

L}
function ¢ has the form:

Tj(w) = thj - Oh(Lw)J‘ .



152 Surla K., Jerkovic V.

Lemma 2. Let [n scheme (7) cr,_l be replaced by ﬂ';, cr) by crj and fr“l by 0‘;-
where:
2
h, q.
-~ _ J-17)1
o = 3 SJ(t),
h

c J )1
[ S (t),
5 qJJ()

2

hq
. y iy
o = ——— 5 (1),
) 5 J()

3(h, +h
Chy+hy )

S,(t) =1 + Tj—t)——'

sj(t) = hJ exp(hj_lt) - (hj+hj_l) + hj_l exp(—hjt). for j = 0[1)11,
SJ(t)=hJexp(—hJ_1t)—(hj+hj_lt) +hJ_1 (exp(hjt) for 125J5n+1,

‘

.

t = qu/c , ils i

, then:
2

a) T,(“) =0, J = 0( 1)11, for q(x)} = q = const.
b) T)(w) = 0, Jj= Il(l)n+l, lls 12 for q(x) = q = const.

c) The matrix of system (7) is an Inverse monotone.

Proof. al), b) By the direct substitution of O'J. .4 ' and a'_!” in the

h h
expression 71!+—Jh:}_ RhuJ we obtain zero. Since Lu)=0, it follows that
P |

-1

r)(u)=0. In the same manner it can proved that 'rj(w)so.
¢) Since rz0, r'20, r°> r'+ r' the proof follows.

Throughout the paper ¥ and & will denote dlfferent constants

’

Independent of & and h,'

Lemma 3. Let:

h
Osh-h_sH - windM h

2 ;
.17y e o;-;'c)' t=J=1,.

(9

h
] 2
- < - <
0s h]-; hj MJ c nln(HohJ.c), i2 Jsn
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h
J = = H = -
R s M, h,' h = const. 115 Jj< 12 . Hl s M, I=0(1)n

1
Then, the estimate:

max[|cr]~c|. |c-j—e|,\o-;—c|] s Mh? holds.

Proof. Let £ = Hohf. Then:

h_|+h_|-1
o | S ewth 0.
hj ‘ c 2
S (t = N, s M, o | = Mn,
IR || =

*.e| s MRO.
Ia'J €| hJ
Let Hohi < r. Then, after some Taylor developments we obtain:

3(h +h, ) B h -h
R NN L v2 A7t /€ o)
A h R ’
s(q,) 119 171 9

l5-e] = nhf + Hjh-h | Ve s nhj .

;

2
X

h
) H 2 - 2 +
Since - =1+ 2 min(Mph|  .€) we have |¢J-c| s Hh and ltrj-cl s Mh

3. Proof of the uniform convergence

Lemma 4. let y € ct [0,11. Then, the truncation error of scheme (7) has the

form:
L4 1 J
- - 2,0 2,) _
(10) '!‘J(y) = Rh(yj VJ) - ————h + h—— ’l.]'
J J-1
h
oy e by -t D (B 1)
1,) 1,) 2 ’3-1 crj
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iv
0 T G a7 €

s Xx .
k,) J

Proof. See [4].

Lemwa 5. Let q'(0) = q°(1) = 0 in (1). Let y(x) € €*[0,1]. Let In (7) o

c]_l cj‘l be replaced by Lemma 2.
Then:

hj 2
(11) |t](y)| s M~ mln(Hoh’,c).

Proof. According to Lemma 1 we have:
(12) T = (w) + T (W) + 7 (8).

We shall estimate separately the truncation error of each functlion u,
w, g. We shall start with u=u(x).

Denote by %)(u) the truncation error rJ(u) in the case q({)= q,= q(0) =

const. The corresponding expressions in ?J(u) we mark by ~. Since ?J(u) =0

(Lemma 2), we have:

= _x =1 p 1 - -
T, (w) = T (v rj(u) = 3 ( L A R («'2'J vz.J)
Ty PRy
where every 61—1 ,c] and ¢)+1 are replaced by c;. oﬁ and c; respectively.

Let M h° < g, then:
o)

1 v} .1 P (q-q) + mhl_hl“ (Vq. -Vq) Ve +
s B 6 9% 13 9 "V, v =
[+8 o o o
) | 17y
2 -2,2 2
+ O(h - =Mg "hHx,
(2 )a, "o)] 2
hy_y hj 2 e hy 2
_ < 0 _ 0 _
® ¢J,1I M 37X, exp ( xJqu/a ) < M hJ exp( aijE‘),

£ < €
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n, T, L K
- 2 I IR ISR N R Y |
IwJ-Z wJ-2| = hJ‘l 3”]'1 30’] LT BIT'J HhJ-l € °

-1 J
|1:J(u)| < N (h:;'/e). where

- - c c + +
=y - , = y"(o -g) , = y" (o -€).
") yJ-l(‘rl <) nJ yJ( J &) T‘J yJ01 J

In the same wiy we can conclude that:

]
1-1
(13) |1:J(w)| s M —
+
For tj(g) we have n;c= g;’(crj:c-e) = O(hj) and from (10) and Lemma 1 we
can see that:
3

h
J . 2
|1:J(g)| =4 _~, for I‘lohJ = g, and (11) holds.

Let € = B h° .. Then:
o )

|sJ(t)| = th exp(hjt).

2 2 2 2
1 1 H J—li thJ
- - s B exp(- n ) + exp(ﬁz)].
s (t) s (t) 2 ) Ve e ’
;0 J h" exp| — (q,-q )
k ) ar o )

where n, ls a point between hJ—x‘/ qj/e . hJ_l\/qo/c » m, 1s a point between

hJ\/qJ/c andvhJ/qo/e .

Furthermore:
£
ll———snh'2x2+-_—l,
cr(; o N
h h
~ 3 .. |1 1 -1, 1 1
le -9 l=e - u |——-:-+c——u_|—_——~—_——,
J.1 Ty 277 o e 2 3= =
} } -1 3-t
-9 E £ -9 = € .
ey, — oy =Hve oy, -9 I =HhJe
According to Lemma 4, by the glven estlmates we have:
(14) |1:J(u)| =MvVeE.

In 2 similar manner we obtain:

(15) [t ()l =MVe.
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For estlmating the truncation error corresponding to function g we use

the form:

x>

1

2
= PR b Iy _ ,° o3 e -
T (&) =Tg +T g ~-r —5—g'(b)-r +r 5 g'(b)

2
)]

o s
- - AT g - e
9,9, ., 53— &) -a 5= g'(b)aq  +

= I c I + )
+ e (qJ g, +q. g' +q, g"’), where X1 = b1 = X, sb, =x

PERS | J Tim J+

- + -
Since T0=0, T1=0, |rt°] =N th, lq’c| <N th, we have that:

(18) |tj(g)] = th

Then from (14), (15), (16) and Lemma 1 we obtain (11).

Theorem 1. Let conditions of Lemma 1 be fulfilled. Let VJ, Jj= 0(1)+1 be the
approximation to the solution y(x) of (1) obtained by using (7) with rj,rj_],
03‘1 determined by Lemma 2. Let points xJ, Jj=0(1)n+1 satisfy conditions (9).

Then the estimate:

(17} I(x) - v | = nhf, J =0(1)n+1 holds.

Proof. let A be the matrix of system (7). A is an lnverse monotone matrix and

the discrete maximum principle holds. Since:

. Mh /e, M h = ve |
-r+r° -1t 2 J J
J ) )

M, M hsve,
) 0]

from (11) it follows that:

1]
RAE (Ax) - v) Mh 3y = 0,n = max(h ,h _ ) = const., and (17) holds.
In the case q“(0) # q’(1), we can prove only the firsti.order of the

uniform convergence.

Theorem 2. Let y(x) e C‘[O,l]. Let vJ, Jj=0(1)n+1 be thc approximation to the

sofution y(x) of (1) obtaired by using (7) with o o, o determined hy

=17 Tyt T yer
Lemma 2.

Let points xJ, J=0(1)n+1, satisfy conditions (S}.

Then: '

I(x)) - v | = Hr, j=0(1net,
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Proof. Function g(x) from Lemma 1 (see [S5]) satisfies the following
inequality:

172(1-])

g ()] s (1 +e Y, J§ =o0(1)a.

If we repeat the entire proof of Theorem 1 for thls estimate of
derivations for g(x) and if we use:

[q(xj) - q(0)| = ij, we shall obtaln the statement of Theorem 2.

4. Numerical results
Scheme (7) was used to obtain the approximate solution of problem [1]:

—ey''+ (1 + x(1-x))y = f(x)
y(0) = ¥(1) = 0.
Its exact solution is:
y(x) = 1 - (1-x) exp(-x/Ve ) - exp((x-1)Ae ).

Here we shall present the numerical results which suggest that scheme
(7) achieves a uniform second-order accuracy. These results also suggest the
choice of the grid.
' Table 1, 2 and 3 contain the maximal differeces between the exact and

approximate solution at the points of the grid, for different ¢ and 1.

Table 1 contalns the results on the equidistant grid.

Table 1
max |vj y(x’)l
J
ntl
;\\ 32 64 128 256 512

172 0.34-04 0.84-05 0.21-05 0.55-06 O0.16-06
174 0.58-04 0.14-04 0.36-05 0.93-06 0.25-06
1/8 0.80-04 0.20-04 0.50-05 0.13-05 0.34-06
1/16 0.86-04 0.21-04 0.54-05 0.14-05 0.36-06
1/32 0,89-04 0.25-04 0.62-05 0.16-05 0.41-06
1/64 0.13-03 0.33-04 0.82-05 0.21-05 0.54-06
1/128 0.19-03 0.46-04 0.12-04 0.29-05 0.75-06
1/2586 0.26-03 0.66-04 0.16-04 0.41-05 0.10-05
1/512 0.42-03 0.95-04 0.23-04 0.58-05 0.15-05
1/1024 0.62-03 0.13-03 0.33-04 0.81-05 0.20-05
1/2048 0.88-03 0.21-03 0.47-04 0.11-04 0.28-05
1716384 0.18-02 0.60-03 0.15-03 0.33-04 0.83-05
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The non-equidestant grid is formed in such a way that more polnts are
found in the layers than outside them.

On the interval (0,001, € is a constant which is given in advance, the
grid is non-equidistant and obtalned according the formula:

h
+ " y-1 . e2 - _
s -1 < mln(hj_l.c) J l(l)nl 1,

1
h ="¢h, Q=c /8 &=} h, x =x_ +h ., Jj=11n, x=0

h , M and c_ are given.
[ ]

On the interval [Co.l-col the grid is equidistant:

hj = (1-2c0)/n2. Jj= nl(l)nlf n2—1,

ntl=2n+n, x =x +h, j=n+1(1)n+n-1.
1 2 ) -1 J 1 1 2

On the interval [l—co.ll the grid 1s symmetric to the grid on interval

lO,col. This is a starting mesh. In each next step the invervals are halved.

Table 2.

¢,= 0.05, h =0.03, # = 110.5, n /(n+1) = 1/8

m?x lVJ- y(xJ)|

n+1

c\\\ 32 64 128 256 512
172 0.39-04 0.99-05 0.25-05 0.65-06 O0.18-06
1/4 } 0.82-04 0.21-04 0.52-05 0.13-05 0.35-06
1/8 0.13-03 0.32-04 0.79-05 0.20-05 0.52-06
1/16 | 0.16-03 0.39-04 0.97-05 0.25-05 0.64-06
1/32 | 0.21-03 0.54-04 0.13-05 0.34-05 0.87-06
1/64 | 0.29-03 0.75-04 0.19-05 0.48-05 0.12-05
17128 | 0.39-03 0.99-04 0.25-04°  0.64-05 0. 16-05
1/256 | 0.46-03 0.11-03 0.29-04 0.74-05 0.19-05
1/512 { 0.47-03 0.11-03 0.28-04 0.70-05 0.12-05
171024 | 0.45-03 0.898-04 0.24-04 0.60-05 0.15-05
1/2048 | 0.57-03 0.13-03 0.31-04 0.77-05 0.19-05
1/16384 | 0.12-02 0.37-03 0.10-03 0.24-04 0.62-05

(About 25 % points 1n the layers)



Spline difference scheme on a non-uniform mesh

159

Tabla 3.
c,= 0.05, ﬁ°= o.01, # = 12, n /(n+1) = 1/4
max |vJ y(xj)]
)
\n+ 1
€ 32 64 128 256 512
1/2 | 0.84-04 0.22-04 0.54-04 0.14-05 0.38-06
1/4 | 0.18-03 0.45-04 0.12-04 0.29-05 0.76-06
1/8 | 0.28-03 0.71-04 0.18-04 0.45-05 0.11-05
1/16 | 0.34-03 0.88-04 0.22-04 0.57-05 0.14-05
1/32 | 0.47-03 0.13-03 0.32-04 0.83-05 0.21-05
1/64 | 0.63-03 0.18-03 0.47-04 0.12-04 0.31-05
1/128 | 0.77-03 0.22-03 0.61-04 0.16-04 0.41-05
1/256 | 0.84-03 0.24-03 0.66-04 0.17-04 0.45-05
1/512 | 0.86-03 0.22-03 0.58-04 0.15-04 0.33-05
1/1024 | 0.62-03 0.13-03 0.32-04 0.82-05 0.21-05
172048 | 0.51-03 0.14-03 0.37-04 0.97-05 0.25-05
1716384 | 0.863-02 0.26-03 0.88-04 0.27-04 0.75-05

(About 50 % points in the layers)

From thls example it can be seen that about

located 1n the boundary layers while the error

same as on the equidlstat grid.

50 % of the points can be

remalns approximately - the

In addition to this, it can be seen that the

results on the nonequldistant grid are better for smaller g.
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Rezime

SPLAJN DIFERENCNA SEMA NA NERAVNOMERNOJ MREZI

Izvedena Je uniformno konvergentna diferencna sema zasnovana na kubnim
splajnovima na ravnomernoj mrezl za problem -ey’’+ q(x)y= f(x), 0<x<1i,

q(x) 2 q >0, y(0) =e, y1) = @ . Sema. omoguc¢uJe smestanje veceg broja
tacaka u grani¢ne slojeve, pri ¢emu red tac¢nostl 1 struktura natrice ostaju

istl kao na ravnomernoj mrezi.
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