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Abstract

The continuous process X(t)= Vl(t) + ,(t)vz(t). 0Ost=1, is considered,
where Vl(t) and Hz(t) are independent Wiener processes and ¢(t) is a
version of the Cantor distribution of function. The multipiicity of the
non-Markovian process X(t) is two. The proper canonical representation of
X(t) is also given.

0. Let {x(t), t =20} be a mean-square continuous and purely non-
deterministic process. The proper canonical (or Illda-Cramer) repre-
sentatlon of {X(t}} is

X ot
1) =
( xt) =¥ Ign(t,u) dz () .
1 o
where
- the so-czlled innovation processes {Zn(t).t z 0}, r=1,...,N (N may be =}

are mutually orthogonal wlde-sense martingals,

~ the mean-square linear closure of {X(u), u = t}: H(X;t) coincides with

. ® Mz it) forall t (H(X) = Y KOGE) Is the Hilbert space with the
1 t

inner product <X,Y» = EXY ) ,
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- the measures dF (t) = [dZ (t)l2 are ordered by the absolute continuity
. n n
dFl(t) > sz(t) > dFN(t) .

Let p be the class of measures equivalent by the absolute continuity
n
to an(t). The chain

(2)

[ zp > ... 20p

1 2 ~ A

Is the spectra type of {X(t}} and N is the spectral multiplicity of {X(t)}.
The correlation functlon of {X(t)} uniquely determines the spectral type.
The maln result of (1] is that for an arbltrary chaln (2) there exists a

contlnuous process with the spectral type (2).

In. connection with this result Interesting are the examples of
univariate continuous processes with N =z 2. It was shown in [3] that the
H-ple Markovian Vprocess {Y(t)} with the proper Goursat representation

"
Y(t) =) £ () Z (1)
T n n
has the multiplicity N e {1,...,M} depending of some contlnuity and
smoothness properties of ithe functions fn(t). For example, ([3]1, [2]) the

process {Y(t}} with the representation

(3) Y(t) = W (1) + [(OW (8],

[

where {Ul(t)} and {Hz(t)} are mutually orthogonal Wiener processes, has
the spectral type
dt ~ dt ,

if f(t) is continuous but not absolutely continuous in any interval. In
this case, {Y{t)} Is the 2-ple Markovian process and (3) is its proper

canonlcal representation.

1. In this note we shall give the example of a contlinuous non-Markovian

process {X(t), 0 s t = 1} with the representation
(4) X(t)=U1(£)+p(t) lvlz(t) ,

where {Vl(t)} and {Hz(t)} are multually orthogonal Wiener processes. The
function ¢(t) 1s a modification of the distribution function on the Cantor

ternary set.
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We define ¢(t), O <t < 1, in the following way: ¢(0) = 0, (1) = 1;

pt)= Z p(0) + L op(1)=

[{=T
A
o~
1A

o

2 1 1 1
O(t)'- 5 W(O) + 5 9(5)— §.

3 [
2z .2, 1 5 8 .
plt) = (5) t 3 p(1) = g sStsgi ... and so on.

2
3

In such a way ¢(t) is a continuous distribution function increasing
only on the Cantor set C. Let us denote by L and R; L,R ¢ C; the countable
sets of left and right, respectively, end-points of removed open intervals
in the definiton of C. According to the definitlon of ¢(t), it is easy to
see that for t'e L

’ ’ 2

lo(t’) - @(t"-h)] -+

(5) lim B
h,0

In such a way, for the process {X(t)} defined by (4), we have

(6) X(t') = X(t'-h) _ ‘o= kot
l;lém. TP T =g ohy = Yot = X () .

Indeed, (Ap = @(t’) - o(t’'- h)},

X(t') - X(t’- h) _ Gt o .
W (")) = v, (¢') - w (t'- h) +

Ap (A(v)2

1
(Ap)

[1+¢2(t’-n] -0 hgo.

+ ot - RW_(t) - w (t'- mI? =
2 2
Let us denote by Pt the projection operator onto H(X,t) and consider
the wide-sense martingal (Zl(t), 0sts 1} defined by
Zl(t) = PtX(l).

Evidently, {Zl(t)} is an innovation process of {X(t)}.
{X(t)} being continuous, the space (X) 1s separable. For arbitrary

t, 0 <t <1, consider the partition 5; t, k=1,..,2" of [0,t] tor n=1,2,...

2
and the mean-square linear closure X (X;t) of {X(- t), k=1,....2°}. By
. 2 .
’
the separability of H(X;t) and Kl(x;t) c H;(X;t) ¢ ...'we conclude that

HXGE) =y R OGE) .
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Let us denote by g"n‘ the projection operator onto :(n(x; t). We have
L]

(7) Z(t) =1.1.m. P (L) .
1 nt
n-

(7)

Simplifyng the notations by h = l—n-t. we consider the proJection of X(1) on
2

random variables X(t), X(t-n), X(t-2h),...:

PMX(I) = aX(t) + bX(t-h) + cX(t-2h) + ...

It is easy to see that

<X(1) - [aX(t) + bX(t-h)], X(u)y = O forall ust-h,

-1 - et -h) _e(t) -1
ifr a ———————-M R b —«——-—M .
Rewrite

X(t) - X(t - h)

aX(t) + bX(t - h) = X(t) + {1 - ()] By

By (5), we have for t'e L

(B) ’ - » - L4 ¥ L] - ’ [
Zx(t ) = X(t") + [1 - p(t )]X'(t ) Ul(t ) + Va(t )
Put
(9) "y = ry - ,
Z(t ) "1“ ) Uz(t ) I

We have <Zx(t’)‘ Zz(t')) = 0. Uslng (B6) and (7), we write

b1+ () b1 - () ,
(10) ey = L2 8N 5 () o L2 5 oy

We conclude from (6) that Hz(t') € HX;t’) and from (8) and (9)

we

conclude that Zl(t'). Ivll(t'), Zz(t') € H(Xx;t’). In this way (10) is the

proper canonical representation of {X(t)} at the points t'e L.

Let (t’,t") be a removed Intervel and let t € (t’,t"]. We verify, by

simple calculation, that

1+ p(t")

@) - [z (t') +
! 1+ Qz(t')

This way

1+ p(t’)

(11) Z (1) =2z (") + alt’)(X(t) - X(t')), alt’) = > .
! : . 1+ ()

for t e [t’,t"] with Zl(t'+0) =Zl(t') and Z'(t"—O) *Zl(t").

(xce) - X(t’)], X(u)y =0 fot mll u = t.
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Let us remark that 21“"+0) ® Zl(t“). Indeed, consider the sequence
of Intervals (t’,t") such that t’,;t", n 3> o. Then Z (t")= W (t’) + W _(t’)>
n n n 1 n 1 n 2 n

- lv'l(t")_+ u’a(t"), in the mean-square as n » o and

Lim JZ, ()= Z () P=] W (%) + W (£"))-1Z, (£7) + alt’) X(t*) - X(¢)]|*=
n-}o

- e(t*)]?

2 (t"-t’) =+ 0
1+ ¢7(t%)

Rewrite (11) in the form

- , 1 _ ,
X(t) = X(t’) + FICid] (Zl(t) Zl(t ))

or
2 2
_ 1+ (L") _ (1 - e(t’)) , 1 - p(t") ,
(12) X(t) = T (i 21(” 3T+ ot Zl(t ) + -——-——2——22(t ).

(12) is the proper canonical representation of {X(t)} for t e (t’,t"].

, There remains to find the proper canonical representation of {X(t)}
for t'=s € C‘\(L Vv R). Consider two sequences of removed Iintervals: the

sequence (t’,t") such that t“®s (then in fact t’%ts, because t"- t’— 0)
-n —n -n -n -n -n

and the sequence (2;.?;) such that ?,"&s. It follows from the continuity of
{x(t)} and {¥ (t)} that

L.i.m X(t’) = X(5) = 1.1.m. X(t")
-n n

n-xo n-»0
or
1+ w(g;) i- w(g;)
.l‘.lm[—z——zl(t)+ 5 Zz(t)]=x(s)=
1+ y(?;) _ 1 - y(f.'l) _
= 1.i.m. [ —_— Zl(tn) + —_— Zz(tn)]
> o -
and

2 2
|Zi(t;) - zl(g;)l = |llv'1(t"‘) 1 wz(l;)] - [HI(E;) 1 wz(g;)ll =
=2(f'-t )30, nowm.

n “n

We conclude that

xis) = 285 7 () L2857 () z(s) =W (o) 2 W (0. imL2,

is the proper caronical representation of {X(t)}.



200 Z. A. Ivkovice

Let us summarize:

The process {X(t), O = t s 1} given by (4) has the following proper

canonical representation

1 + p(t) 1 - @(t)
Tz () v —F—=Z (1), teC\R
X(t) =
1+ p°(t) - o(t*))? Li, 1= plt’) ,
et 2 (0" 21 LTy L = 7, (), tecyR

where t’'= t’(t) is the left-end point of the removed interval (t’,t"),
te(t’',t"].

The innovation processes {Zl(t), 0=t =<1} i=1,2 are

W)+ W (8), te O
z, (t)=] .
Lol g (o) + oy (0))s UMD oy, 120Uy (pr,
1+ ¢°(t) 1+ ¢ (L") 1+ " (t")
it € "y R,
W(t) - W (t), teC\R
z,(t)={ * i C\;
Wty - W (t), tecyR.

Let us make two remarks at the end.

The process {X(t)} is not Markovian. According to the definition 1in
{31, a process {Y(t}} is M-ple Markovian If for ail a = b set {PaY(t),th}
contains exactly M linearly independent elements. In our example, the set
{PEX(t). t = a} for a=t’ contalns two linearly independent elements
wx(t'),wz(t') and for a =t € (t’,t"] contains three linearly independent
elements Vl(t),wl(t’),wz(t‘L

Concerning the spectral type

>
pl p2

of the process {X(t)}, the measure sz(t) = dﬂZz(t)I2 belonging to P, is a
discrete measure on the set R, the measure dFl(t) = dlZl(t)ﬂ2 belonging to
P, is the sum ¢f a measure equivalent to the ordinary Lebesgue measure dt

and a measure equivalent to sz(t).
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Rezime
PRIMER NEPREKIDNOG NE-MARKOVSKOG PROCESA X(t) = V1(t) + w(t)wz(t)
MULTIPLICITETA DVA

Pogsmatra se neprekidni proces X(t) = W;(t) + w(t)Vz(t). 0stst,
gde su Vl(t) i Hé(t) nezavisni Vinerovi procesi 1 ¢(t) je Jedna varl janta
Kantorove funkcli je raspodele. Multiplicitet ne-markovskog procesa X(t) fJe

dva. Takode je data ¢lsto kanonie¢ka reprezentacija za X(t).

Recelwed &y Lthe edltona Decemben 23, 1987.



