Univ. u Novom Sadu Review of Research

Zb. Rad. Prirod.-Mat. Fak. Faculty of Science
~Ser. Mat. 20, 1 (1990), 117-128 ‘ Mathematics Series

QUASIASYMPTOTIC EXPANSIONS AND THE
STIELTJES TRANSFORMATION

Danica Nikolié¢ - Despotovié and Stevan Pilipovié
Institute of Mathematics, University of Novi Sad,
Trg Dositeja Obradavica 4, 21000 Novi Sad, Yugoslavia

Abstract

Using the notation of the quasiasymptotic expansion of a tempered
distribution at co an ordinary asymptotic expansion of the Stieltjes
transformation of function from L}, (0,0) is obtained with the ordi-
nary, asymptotic expansion of the form $;2, %, t—o0. ‘
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1. Notations and known results

Denote by § the space of rapidly decreasing smooth functions defined on
the real line R, supplied with the usual topology. Its dual, the space of
tempered distributions is §’ and § is its subspace with elements supported
by [0, 00).

~ Recall [4] a continuous positive function L defined on (a,00),a > 0, is
slowly varying at infinity if for A > 0
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We denote by Y. the set of all the slowly varying (in short sxf) function
at oo.

The quasiasymptotic behaviour and quasiassymptotic expansion at oo
ofan f € S} were studied by Vladimirov, DrozZinov and Zavialov (1}. In
(3] Pilipovié gave a slight modification of the quasi asymptotic expansion at
00. : ; ‘

Recall, f € S hasthe quasiasymptotic behaviour at oo with respect
to kL(k),veR, L€ Y, withthelimit g€ S’ if

hm < k{’(L(’C)T), ‘P(t) >=< g(t)’ ‘P(t) >.p € S$

< .,.> is the dual pairing between $’ and S. In this case we write f ~' g at
oo with respect to k¥ L(k).

Let us recall that the family of homogeneous distributions f,4+1, v € R,
is defined by

H(t)t ,
, _1 . .
forr(t) = }"”j v
(t), v<-1, a+v>~1, n€N,

v+n+l

where H is Heaviside’s function; I is the gamma function.

Let veR, A>0,and L€ ). Weput

H{-A}YL(t
—‘—7—)-—sil v> -1,
fr.avn(t) = { Nl

fLAu+n+1(t)’ V<_1 n+V>—1 ﬂEN

where n is the smallest integer for whlch n+v> —1 This definition
includes, for example, distribution §*)(t—a), @ > 0, (H(t—-a)lnt)®, a >
0, k€ N. For A=10 we use the notation fr ,41.

We have
fr.avs1(t) L fusr(t),t € R, at 0o with respect to k“L(k).

Let us denote by A the set N or the set of the form {1,2,. ..N}, N EN
In the second case we shall also use the symbol Ay.

We say [2] that an f € Sf,_ has the duasia.ysmptotic expha.nsion at o0
with respect to {(k* L;), i € A}, L; € 3, if there are complex numbers
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a; #0 and A; € R, i € A, such that forany me A

f(kt) — 3t aifL.'.Ai'V.'-{-l(kt) st
kom L, (k) —-0in §'.

In that case we write

(1) £ 3 aifriamt1 at oo with respect to {(k* L), i € A}.
i€A

The Stieltjes transformation of distribution was considered in [2].

Let f € §'. We say that f € J'(r), r € R\(-N) if there exits an
m € No = N U {0} and a locally integrable function F' such that

(2) a) f=Fm),
+o0
b) j | F)(t+ 2)"""™"! |dt < oo, for Imz # 0.

We also need the definition of the space I'(r).

I'(r) is the space of all f € S’ for wich (a) holds and instead of (b),
we suppose that there exist C = C(F) and ¢ = ¢(F) such that
(3) IF@)l < CA+ ) +™*,t e R.

The Stieltjes transformation S, ofindexr, r € R\(—N) of a distribution
f € J'(r) with the properties given in (2) is a complex valued function
given by

(4)

(8-1)(2)

(r+ O [ " Rty + 2
= (r4+ Dm < F(@),(t+2)7""1 >, for Imz #0,

where (a), =a(ea+1)...(a+n—-1),n€N and (a)o=1,a€R. Itis
easy to see that S, f is a holomorphic function of the complex variable z in
the domain C\(—o00, +00). We shall use the following formulas from [3]. If
r > —1, then

(%) T hw =04 7
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©  &TEhH® = e -2t -
O T S B
(1 + k)r+2 (1 + k)r+a—l»

oo Int
-1)*! - > 2.
+ (1) (r + 1), ./1 (t+ ky+ori dt], k> 1, 8> 2

+...

Let f € S, and
f@&)% Z a;60)(z).

1€EA
Then, because of S,(60)(t))(z) = —%%ﬁl, r>—1,5 € Np we get

(5, f)(z) ~ Za,(’r:ﬂ', z — oo.

1€EA

2. Application

Our intension in this paper is to give the application for the classical Stielt-
jes transformation. From the assertions which are to follow, one can’easily
derive the coresponding assertions for the distributional Stieltjes transfor-
mation. But we shall emphasize the fact that for the classical Stieltjes trans-
formation we obtain new "classical” results by using the abstract theory of
the preceding section.

We assume that r € Np. First we shall prove two lemmas which will be
used in the proof of the main Proposition 4.

Lemma 1. Let s € N,k > 1. Then

@) -/1‘ t(k+ t)r+a+l dt = kr+e (—1‘ s In k+
(-1p' _ Tr+s+j) 1
+J§1 jki TG+ DI(r+s+1) )
where - ot
-— rrs— z
= - (r+a-1)| _
B T'(r+ s) (zln1+z) |z=14
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+ / Inu __Ilnw
(1 + u)'+’+1

Proof. We have
0 In tdt 1 /°° Inu du+ Ink /°° du _
1 (t + k)r+a+l T ks 1/k (1 + u)r+a+1 1 (1 + u)'+’+1 -

_ ( Inu u+/ Inu dut In k 1 )
= kr_H e (1 + wyrFedt (1 + u)r+et (r+s8) 1+ k)t

and by the partial integration in the integral from to 1 we get

/°° Int gt = 1 ( 1 /1 du + 00 Inu du)
1 kYT T R e h s i u(l+uyte T Sy (U4 u)yrtet u).
Consider the function F(z) = f11/k b o) zd_"‘_u , 2> 0. We have

F(z) = %(m u—ln(z+ ) Ly = %(111(1 +kz)—1In(1 4 2)) =

1 z 1
= ;(lnk +In 7 - In(1+ k—z-)).

Take k such that kz > 1. Thus we get

1)7-1
F(z):—lnk+—ln ngu)m

After differentiation (r + s — 1) times we get

du
F (r+s-1) = 1 r4s—1 -1 '/ =
(F(2) N G e i s
- (_1\r+s (r+s—-1!nk l (r+s-l)
G e e M
b T TGt -1y
= ]kJ F(] + 1)z.i+r+s
and thus by putting 2 =1 we get
1 du ( 1)r+a—
—_— =Ink - (r+s-1)
/I/k u(1+ u)+e nE I'(r+s) ( 1+z) le=1 +
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(-1 TGE+r+s)
t L TG+ D00+ 9)

=
this implies (7).
We shall also the following formula

_T(s+j) 1
® (1+k)' Z( VoG +n) pear > b seN.
Let
—2 ﬁfi Gn-1 _.__ Qn-2
B Pyt Bt iat ot Gogey
= an—l(n—s)! . Gpy
Iz = 3,+4 3 2+...+ (n =2 ,...,T,,_,_(n_z)!,

Lemma 2. Leta; #0,i € Ay

am(r+ 1), Ink
(m = 1)kr+m(r + m)

n—1
Z(S H(t 1) k) = kr+l (a1 B1+Th)+ Z( 1)m-1

i=1 m=1

n—2 r(r +£) £-1 a,‘(r+ 1),
¥ Z_:z(—l)‘ krt (iz-_-:l (€~ )T+ 1-OT(r+ )i -1

-3 et oy Ll
AR ot
-5 e
Hr (Z: CEDiCEs o D

= (r+1);Tj
B jgo I'n—-j)T(r+1+ J)) +0( k’+"+1 )-
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Proof. From formulas (5), (6), (7) a.nﬂ (8) we get (k> 1)

H(t-1) (-1 T(r+j+1)
§——F—=(k) = k,+1(1“’°+B +2 ik TG+)I(r+1)

=1

ad I'(r+3j+1) 1
oo (-2 LY s+ 1) B

j=0

(5, 2Dy -

> . T(r+j+2 1
==+ LY I‘(r(+ :);‘(-.*7- +)'1) s T

=0

., 2 (<1)T(r+s—1+45) 1
HAD' 0+ Diea ) (I‘(j)+ f)f‘(r+s—1])) et

11
krt*'r4 s

(=1FT(r + s +J)
B. + E * JKIT(G+ 1)I(r + 5+ 1) I

+(-1)*"Yr+1),— Ink+

where r = 2,3,...,n — 1. We shall denote by B} = ;- B,.
This implies
n~1
H i 1
H(k) = E a;(S, ( )

=1

)(k) =

a[h\k E (=1¥T(r+ji+1) ]
Uertt kf+l TG+ DI(r + 1)jkr+i+1

S (-1)T(r+ji+1) 1 (r+1); Ink  (r+1) .
ta [2% T+ DTG +1) A5~ k2 743 frd D2°
o0 y — .
(=1yY7'I(r+j+2)
(r+1) Z; FEFTHIT( + DI(r + 3)

J=

a4 3 . S (=1PT(r+1+j+4) 1
+_(3 — 1)![§(—1) (s=2-9)(r+ 1):’2 T+ DI(r + 1+4) krHi+its

i=0

+

+

(=1)"}(r+1),Ink B}

o+ k+e(r + 8) + (-1 (r + 1), kr+a
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. o0 (=1Y7IT(r 4+ s + j)
+ (-1 Y(r+1), Z gkt TG+ DI (r+ s+ 1)

+

=1
n-3 o0 ; . .

Q-1 1V — 2\ . (_I)Jr(r +1+ J+ z) 1
gy D=3 D ) e i g gy e
- . Ink - (T + 1) -1
— n—2 - n—1 n *

FET A Doy YOV e Bt

(=1Y'T(r+n+1+4j) _
jkrt1HT(G + DI(r + n) -

F (=) 4 Dot 30
j=1

1 ag @1 Ink 1 I'(r +2)

= o [a1B1+(az+ 2 +...+ . 2) l+a k1 + ke (~a1 T2)T(r+1)

_ . T(r+2) I(r+2) a(r+1) T(r+2)
DB I " ® T+ DM@ 2 TG +2)

I(r+2)  an I(r+1)
rQ)r(r+2) (rn-2) TI'(r+1)

r+ 1)I(r+2) Ink By
I'(r +2)I(1) )—ax(r+1) kr+2 (r+ 1)“2@ +...+

3 T(r+ DI(2) 3

- (:T;)!(n - 4)!'(

(-1)*-2 [ (r+1I(r+9) a (r + 1)2I(r + 8)aq
ks T+ 1)(s—1) ' T(s— DI(r+2)(s - 2)

(r+1);1a5—1 I'(r+s) I'(r+s)

+

+ ...+

oo Ttorers-n tTerern Lt
o o e ks ey ] L
+ (i"_l;;;(i(:: 1_)"{)::121_1 Ink+...
After some calculation we get
Ink 1 I'(r+2) I'(r+2)

1
H(k) = (a1 Bi+Ti)+a T +

KT+l k42 [F(2)F(r + 1)a‘+1‘(2)I‘(r +1)

I'(r+2)(r+ 113
T(OT(r +2)

. Ink
- ag(r + 1)232 ] - ag(r + 1)2-}-07_}_—2 +
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2

r(’::;,) - E (3 z)r(4a'(:)1f(1l»); i)i - 1)'+.—Eo I (r;; ()'J‘ rll“ )
+ 23(’_;1233 I+ ...
M il h le mo2s i)l‘(nai(; t 1));‘(7‘ OG-
E « T(n —(2r +]1))Ii(::-l 1+79) a,,_z(r(: 1);)_!ZB;—2 ]+
Ho e e s +
G i e e b
R = I

This proves the assertion.
For the next proposition we also need the following assertion from [3).
Lemma 3. If he L}, (0,00) and h(t)~ $2,t — 0o. Then

m r+1)m n—2(T+ 1p_2mna_
(s,h)(k);a,,(krfl_( kr+)2 Ly (—1)n2d kr)l'nfl 2,

(-2 (r+1), Ink Ink

Yo e ) PO ER

), k — o0,

where m; = [;° t"L'-g)-dt, i=0,...,n—2.
Now, from the previous two Lemmas we obtain

Proposition 1. Let f € L}, (0,00) and let f(t) ~
Then for n > 2 we have

lo <IN 51
=1 ?.l', t — oo.

am(r + l)m_l Ink
(m—1)lkrim

(S f(t))(k) k1'+l (alBl + Tl + anmo) + E ( 1)

m=1
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a;(r+ 1)

+ ;_32 kr+t (r(’”)z(z DI+ 1= )T+ G =1 ~

E (r+1)iTia ar(r + 1), By
«T({ —

ST I (=) B

( -1)*'I'(r+n-1) ( "2':2 a;(r + 1);
kr+n-l f(n—1- 1)1‘(2 Oh(r+ (G- 1)

- "i:s (r+1)iTin _an-a(r+DnaBr
o T(n—1-§)I(r +7) (n—1)!

-1 Ink Ink
((n—)l)'(r+1)"‘1kr+n+ (kr+n ),ask—pm

- m'n—l("' + 1)n—2) +

+

where

--/ () ~ z;*:l‘ﬂ'ﬂ:—‘l
T 0

dt, i=1,...,n—2.

Proof. From the assumptions we have

n-1
f(t)—Za;H—(t—:——)N:—: t — oo0.

i=1 ¢
By Lemma 3 we get

s H(t 1)

(5:f@)(K) = Y ai(S, )k) =
=1
n-2 my(r "1 (r 4 1),y n
= @n Z(:)( l)t ;c(r+j-|-ll)t ((nl__). 1)! ( -]tr-{-)n Ink+o (]:nfr)

Now, by Lemma 2, we have

™ lg(r4+1)nInk

(S f()) k) = k"+1 —(a1B1+Th) + E (=1

2T mo )k T
= (D)4 ai(r + 1)
t (E =1+ HE=1)
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_ § (r+ 15T, ae(r+1)B;
rt-)r(r+j5)  (n-2)!

(- (r+n-1) & a;i(r +1);
kr+n-1 (,; (n—1-)T(n—-)I(r+i)(i-1)!

)+

= (r 1T an-1(r+ Vp-1 B Ink
- Z:I‘(n-l—j)I‘(J:-l+j)— 1 (n-2)!1 “)+o (kr+n)+

emy(r + l)¢ (=" (r+1)py
+an E( 1) kA1 (n —1)0 krn Ink.

{=0
This implies the assertion.

Clearly the cases when r is not form Np and when instead of 3 2, 3
we have 3 2, “—'Lt—’:—-(t)- in the assumptions of Proposition 4, then the corre-
sponding assertion can be derived in a similar but technically more compli-

cated way.

References

[1] V.S. Vladimirov, Ju.N. Drozinov, B.I. Zavialov: Multidimensional
Tauberian Theorems for Generalized Functions, Nauka, Moscow, (1986)
(In Russian).

[2] J. Lavoine, D.P. Misra: Abelian theorem for the distributional Stiletjes
transformation, Proc. Camb. Phil.Soc. 86 (1979), 287-293.

[3] S. Pilipovié: Quasiasymptotic expansion and the Laplace transforma-
tion, (to appear in Appl. Analysis.)

[4] E.Seneta: Regularly varying functions ( Lecture Notes Math. 508).
Berlin-Heidelberg-New York, Springer-Verlag 1976.



128 D. Nikolié-Despotovié, S. Pilipovié

REZIME

KVAZIASIMPTOTSKI RAZVOJ I STIELTJESOVA
TRANSFORMACIJA

Koristeéi pojam kvaziasimptotskog razvoja temperirane distribucije u oo
dobijamo, Tvrdjenje 4, (obi¢an) asimptotski razvoj Stieltjesove transfor-
macije funkcije f € L}, (0,00) koja ima asimptotski razvoj oblika
Y2 to ool
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