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Abstract

The numerical solution of nonlinear two-point singular perturbation
boundary value problem is studied. The developed method is based
on a combination of numerical solutions of boundary value problems
which approximate the problem in boundary layers and the solution of
reduced problem. Numerical examples are presented.
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1. Introduction

In this paper we shall consider the problem
(1) Tou:= —2u" + ¢(z,u) =0, z € I=0,1],

u(0) = (1) = 0,

where € € (0,€0),€0 € 1, is a small perturbation parameter. We assume
that the following conditions are satisfied:

(2) ce C*(IxR), k€N,

0<% < cu(z,u) <T, (z,u) € IxR.
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Numerical treatment of problem (1) was considered among the others,
in [1], [2], [9], [12], {13], [20], [23], [26] and [28). This problem occurs in
the study of chemical catalisys, fluid mechanics (boundary value problems),
clasticity, quantum mechanics and fluid dynamics.

It is well known that there exists a unique solution uz. € C**3(I) to (1)
which in general displays boundary layers at £ = 0 and =z = 1 for small ¢,
(1], [2], [9], [19]. The corresponding reduced problem c(z,u) = 0 has also a
unique solution ug € C*(I) which in general does not satisfy the boundary
conditions. For the solution u, to (1) it holds, {23], [25]:

@ _ M1+ e":exp(—‘y:z:/e),O <z<0.J5, . _
@) (=) | { M(1+ eexp(—y(1 - 2)/€),05 <z < 1. = Bk

Here and througoht the paper M denotes any positive constant that may
take a different values in different formulas, but that are always independent
of € and of discterization mesh.

In this paper we shall talk about a numerical solution of problem (1)
which consists of ug(z) for z € [s,1 — 3sq},s,80 € (0,0.5) and numerical
solutions to problems

(4) — 20" + ¢(z,v) =0, z€0,s],
v(0) =0, v(s) = uo(s),
(5) —Ew”" + ¢(z,w) =0, z€[l-s1],

w(l - 80) = ‘U.o(l - So), w(l) = 0.

A choice of s and sg is described in the section 2.

From now on we consider a numerical solution to (1) on [0,0.5]. A nu-
merical solution on [0,0.5] can be constructed in a similar way.

Let

1
(6) neN, h= 7 In={z; = M3h) : 1 = 0,1,...,n},
be a special discretization mesh with mesh genetaring function
t
(™ At = = t€[0,08]

where
q=ae+ 0.5,
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and a satisfies
(8) 0<2e<1.

Let I, = {z € I} : = < s}. On I, we solve (4) using finite difference. It
we denote this solution by v, = [vg, v1, ...,vm]T, m < n, then we prove that

| v(zs) — v |< MR, z; € I,

where v is exact solution to (4). The existence of v and the following esti-
mates

(9) | ue(z) — v(z) I< M(exp(—vs/e) + €%), = € [0,3],
(10) | v(z) |< M(1 + € exp(—yz/€)), z €[0,0.5), i = 0,1,...,k,
follow from the inverse monotonicity of (4) under assumption (2), see [19],
[23], [25]. For s < z < —0.5 we approximate () by uo(z) and it holds
(11) | ue(z) — uo(z) |< M(exp(—sv/e) + €%, z € [5,0.5).
Using (9) and (10) we prove

| ue(z) — u(z) |< M(h* + €%), z € I, U [s,0.5],

where

_J v for z==zx€1,
(12) u(z) —{ up(z) for z €[s,0.5]

For the mesh generating function on [0.5,1] we can take u(t) = 1— A(1-
t), t € [0.5,1]. In this case one can obtain so in a similar way as s.

Our numerical results are obtained by solving boundary value problems
which were considered in many papers: {2], [5-11], [15-17], [20], [24], [27-
28]. These results show that the theoretical order of convergence is also -
established numerijcally.

2. The numerical method

From now on we shall take € and a such that (8) holds. Our discretization
mesh is of the form (6) with the mesh generating function A given by (7).
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In order to form a discretization of the problem (4) we approximate the
differential equation of (4) by the following difference formulas:

R, = —ez(Al(l)vo + Ao(1)v1 + A2(1)v2) + ¢(z1,11) = 0,
Fyvp, := —€*(aa(i)vi—z + a1(i)vi-1 + ao(8)vi + a2(i)vig1 + ag(i)viga)
(13) + C(ei,v) =0, 1=2,3,...,m — 1,
Fmvh = —€2(A1(m)vm_1 + AO(m)Um + A2(m)vm+1) + C(xm, vm) = 0,

where

. 2 } 2 ] 2
A0 = Thy 40T 5 40 = 5a Ty
o __ —2(b2b3 + bobs + b3by)
al(’) - ’
b1(ba — by)(bs — by )(by — by)
] —~2(b1bs + byby + b3by)
ag(t) = 5
ba(by — ba)(b3z — bz)(bs — b2)
o~ —2(biby 4 bibg + byby)
a'3(7') = s
b3(by — ba)(ba — b3)(bs — b3)
a (‘L) _ —2(b1b2 + b1bs + b2b3)
BT by(by — bg)(bz — ba)(b3 — by)’
ao(i) = +2(byby + bybs + bibg + babs + baby + b3by)

bybabsby ’
with
by = z;_y — i, by = zi41 — T4,

bs =z; 2 —1z;, by =2zi;2—1z;.
Let us define
d;(i) = —€?a;(i), = 0,1,2,3,4, i = 2,3,..

D;(3) = —€24;(7), §=0,1,2, i=1,..,m.

One can obtain

4(—3h — hi+ q)(h — hi+ ¢)*
3a2h2¢?(q — hi) ’

di(i) =
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4(=h — hi+ ¢)*(3h — hi + q)
3a%h2¢?(q — hi) ’

., (6h+hi—q)(2h—hi+ ¢)!
RO T S e ) e

(—6h + hi — q)(=2h — hi+ ¢)*

dy(?) =

S | 7% T F T ¥) NPy R
(q — ih)2(24h? — 5h?i + 10hiq — 5q2)
do(?) = 2a?hq?
_ i i i+q)*
Dy(i) = Gari-o agh)2+ Bt q)
RCE S +af;zh —o)(h +hi=g)*
Doty = 2ki= 0P (h+ i‘;; dh-hitq)

It is easy to see that for i = 1,2,...,p, where p = n — 7, it holds
d4(t >0, dg(t) > 0, do(l) >0,

di(i) < 0, dy(i) <0,
Dy(i) < 0, Do(t) >0, D2(¢) <0.

27

o da(i)Dafi + 1)
o _ G20 1) 1502 _ .
The value s we choose as s = z,,, where m € {2,3,...,p} is determined so
that
(14) ¢(m) < T < ¢(m —1).

Since ¢(¢) is decreasing function in ¢, we can obtain m if T < ¢(2). It we
consider ¢(2) as a function of n, then ¢(2) is increasing. So, for sufficiently

large n holds I’ < ¢(2).

IfT > ¢(1) for all ¢ = 2,3,...,p, our method can not be applied. If

I < ¢(i), i = 2,3, ..., p then we define m = p.

Now, using (13) and
Jovn 1= v9 = 0,
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Frg1Vh := Uy — u0(3m+1) =0,

we form discrete analogoue of problem (1):
(15) Foop=0, :=0,1,...,m+ 1.

The system (15) can be writen in the form Fv, = d, where F =
(Fo, Fl,...,Fm+1), d= [0,...,0, UO(£m+1)]T.

Theorem 1. Suppose that the conditions (2) are satisfied. Then the equa-
tion Fv, = d has a unique solution v; = [v0, 01, ey Vmy1]T which is point of
atraction of Newton method.

Proof. The Fresheet - derivative F'(z) of F for arbitrary z = [20, 21, ..., Zm41]7
is a five-diagonal matrix F'(z) of the following form

[ 1
Dl(l) Do(l) + 1 Dz(l)
d3(2)  di(2)  do(2) + e dy(2) ds(2)

d3(3) d1(3) do(3) + c3 d2(3) d4(3)

d3(TTI:— 1) dl(m.— 1) do(m - 1.)+cm_1 dz(m‘— 1) d4(m.— 1)
Dy(m) Do(m) + ¢, Dy(m)
1

where ¢; = cu(zi,2), 1 = 2,3,...,m. For the coefficients of this matrix it
holds

do(i) + ¢i > 0, di(i) < 0, da(i) < 0, da(i) 2.0, dg(s) > 0
Do(i) + ¢; > 0, Dy(3) < 0. Dy(i) < 0, i=

1,
To prove F'(z) is inverse monotone, i.e. (F'(z))™! > 0, we shall apply
M L—criterion, see {4]. It is sufficient to prove

weey T

(16)  da(i)da(i + 1) > 4(do(é + 1) + cig1)da(d),i = 2,.ym — 2,
(17) dy(m — 1)Da(m) > 4(Do(m) + cm)da(m — 1),
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(18) dz(m — 1)Dy(m) > 4(Do(m) + em)da(m ~ 1),
(19) D1(1)d1(2) 2 4(Do(1) + €1)d3(2),
(20) d1 (i - 1)dy (7)) > 4(do(z — 1) + ¢i—1)ds(3), i = 3,...,m — 1.
Obviously, (17) is equivalent to
&(t) 2 i1, 1=2,3,...,m—1.

Since T > ¢i41,t = 1,2,...,m + 1, from (14) it follows ¢; > ci}1, ¢ =
2,3,...,m — 1. Similarly, from

$(E) 2T, i=3,.,m—1,

A>T,
HGE)>T, i=2,..,m—2,

- v = 2O aoii- ),
1) = 20588 - pu(),

) = 202D g,

we obtain (17), (18) and (19).
After some elementary calculation one can obtain that
o) < H(3) < ¢¥(3), 1=2,3,...,.m 1,
and
&) < H(i), 1=2,3,...,m—1.
So, if m is determined from (14) we have (16)-(19) and (F'(2))~! > 0.

Let F(z) be a matrix which is obtained from F'(2) if we replace ¢; with
v2. Thus matrix is also inverse monotone and it holds F'(z) > Fi(z). It is
easily seen that

(F ()1 2 (F'(2))7t 20,
Fi(2)6 > M6, §=[1,1,..,1]T, M~! = min{1,4?%},
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IF'(2) e < NF(2) oo = M.

Now, by Hodamard Theorem [21], it follows that the equation Fv, = d has
a unique solution v,. Convergence of the Newton method follows by well
known theorems from {4], [21}. O

Theorem 2. Suppose the conditions (2) are satisfied. Let u, be the solution
to problem (1) and let u be defined by (12). Then for sufficiently large n
holds

| ue(z) —u(z) |[< M(A* + €%), z € I, U [s5,0.5].

Proof. For z € [s,0.5] from (11) it follows
| ue(z) - u(z) IS M(exp(=s7/€) + ).
Yor z = z; € I, we have
(21) | ue(z) - u(z) |<] ve(z) ~ (@) | + | v() — vi |
From (9) it follows
| we(z) - u(e) < M(exp(—73/€) + )+ | o(z) - v; | .

We see that for proof of theorem it is sufficient to prave

(22) exp(—vs/e) < Mé
and
(23) | v(z) — v; |< MAt.

The inequality (22) can be proved by using technique from [27], [28]. We
note here only that the truncation error of our discretization can be written
as

_ (22~ 21) ~ (21 — 20) 1 4
- 7 0@+ sl o @)+ ()

a,p € (zg,z2),

- vl )(-"3:) 5 6, (6
=g o +mz;ap( )50 (r),
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T € (zi—lvzi+2)a t= 2’ 31 seey Dy

where b, depends on i, as we have seen. The truncation error 7, is O(h?),
but using technique from [4] we can transform Fjvj so that corresponding
error is O(hY).

So, to finish the proof we have to prove (21). To obtain s = A(mh) we
solve equation I' = ¢(%) in i. Let p be solution , ei. T = ¢(p). If p is not
integer we define m = [p], and if p is integer we define m = p — 1. Since
@(1) is decreasing function in i, (14) is satisfied. The equation I' = ¢(1) is
equivalent with

2(h + hi — q)(q — hi)*(h - hi + q)

((=7h + hi — q)(—h — hi + q)® + 2(g — hi)*(4h — hi + q))
~a?h*(=Th + hi— Q)¢ (-h - hi+ ¢)® = 0.

Since h = 2—17;, with s = th one can obtain the following equation
pals) = 2q - V(5 + 4~ )5 ~ 4 +9)
" 2n 2n

(&g~ P>+ )+ (5 +a- 5w — g +9)-

(G +a-s)(F —a+9)y _

in 0.

It is easy to see that
H —_— - - 8
Jim pa(s) = -2(g - )"

The solution of (¢ — s)® = 0 is s = ¢q. Let we denote by sg(n),k =
1,2,...,8, solutions of pn(s) = 0. Then, see {29],

nlergo sk(n)=gq, £=1,2,...,8.
Using this we conclude that ph — ¢. Now, from p — 1 < m < « it follows
mh — q, ; for n— oo.

Now, we have ¢ — mh > 0 and

amh

< M
mh) Me

exp(—7s/e€) = exp(—*rq

for n enough big, since ¢ — mh — 0. O
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3. The numerical example

In this section we present the results of numerical experiments using the
scheme described in previous section. Our example

—e2u" + u + cos?(7z) + 2(em)? cos(27z) = 0,

u(0) =u(1) =0,

is often used in the literature , [6-9], [11}, [15-17], [24], [27-28], to compare
different codes. We also give the numerical validation of the theoretical
order of convergence for the scheme discused in section 2.

The solution of our problem is

exp(—z/¢) + exp(—(1 — z)/¢)

T+ exp(=1/¢) — cos?(7z),

u(z) =

withy=1and r=1.

We denote by E, the maximum of | ue(z) — u(z) |, z € I, i.e.

E, = max{| u(z) —u(z)|: ¢=0,1,..,n}.

Also, we define in the usual way the order of convergence Ord for two succ-
sessive values of n with respective errors E,, and FE;, :

We expect that Ord = 4 for small €. In our calculation a = 1. Table 1

contains m, E, and Ord for n = 2%, k = 4,5,...,q. For € we take 2=8 and
€ € [2764, 2716,
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In the Table 2 we present si(r). It is obviously that nllor%o sk(n) =gq.

n\e 2-% 2-16 9-64
9 9 m
16 | 1.954 (-1) 1.889 (-1) E,
- - Ord
25 25
32 | 1.561 (-2) 1.313 (-2)
3.646 3.846
57 57
64 | 1.333 (-4) 6.356 (-5)
6.872 7.691
120 119
128 | 1.240 (-6) 1.279 (-6)
6.748 5.636
245 243
256 | 7.759 (-8) 8.003 (-8)
3.998 3.998
497 493
512 | 4.852 (-9) 5.004 (-9)
3.9995 3.9994
Table 1

n\e 2-8 2-18

16 | 0.43682 0.43353

64 { 0.45710 0.45342

256 | 0.47855 0.47477
1024 | 0.49076 0.48692
8192 | 0.49928 0.49486
65536 | 0.503908 0.500016
524288 | 0.503907 0.500016
2097152 | 0.503906 0.500015
q | 0.503906 0.500015 25

Table 2

33
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REZIME

O JEDNOJ DIFERENCNOJ SEMI ZA SINGULARNO
PERTURBOVANE KONTURNE PROBLEME

Posmatra se numeri¢ko resavanje nelinearnog singularno perturbovanog kon-
turnog problema pomocu kombinacije resenja odgovarajuceg redukovanog
problema i numerickog resenja polaznog problema na onom delu intervala
koji sadrzi grani¢ni sloj. Pri tom se za aproksimaciju diferencijalne jednaéine
koriste diferencne formule ¢etvrtog reda na specijalnoj neekvidistantnoj mrezi.:
Numericki primeri ilistruju efikasnost predlozenog postupka i potvrdjuju teo-
retske rezultate.
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