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Abstract

We prove a generalization of the Ky Fan [1] best approximations
theorem for multivalued mappings in pseudoconvex metric spaces.

AMS Mathematics Subject Classification (1991): 4TH10
Key words and phrases: Best approximations, multivalued mappings.

1. Introduction

Best approximations theorems for multivalued mappings are proved in [4]
and [5] in locally convex Hausdorff topological vector spaces . It is well
known that KKM theory is very useful in the fixed point theory and in the
best approximations theory. Using a generalization of the KKM principle,
proved by Ch. Horvath [3], we shall prove a best approximations theorem for
multivalued mappings in pseudoconvex metric spaces. As an application a
theorem on the approximate fixed point for multivalued mappings is proved.
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2. Preliminaries

In [3] the following definition is introduced.

Definition 1. Let X be a topological space and h: X x X x [0,1] — X so
that:

(i) h(z,y,0) = y, h(z,y,1) = z, for every (2,y) € X x X.
(i1} For every finite subset A C X, h|con(A) X con(A) X [0,1] is continuous,
where cop(A) is the convexr hull of A with respect to h.

Then h is a pseudoconvez structure on X and (X,h) a pseudoconver space.

Let (X,h) be a pseudoconvex space and R : X — 2% ( the family of
all nonempty subsets of X). The mapping R is said to be an element of
K K My(X) [3]if for every finite subset A C X:

con(4) C | J R(X).
z€A

In [3] the following theorem is proved.

Theorem A. Let (X,d,h) be a complete pseudometric space and R €
KKM}p(X) such that R(z) is closed for every x € X. If for every

€ > 0 there exists a finite set A such that a( [ R(z)) < €, where « is the
€A
Kuratowski measure of noncompactness, then

zeX
and M is compact.

Every normed space is a pseudoconvex space, if (z,y,A) = Az+(1-Ay).
In 1970. [6] Takahashi introduced the notion of a metric space with a convex
structure.

Definition 2. Let (X,d) be a metric space and W : X x X x [0,1] — X.
The mapping W 1is a convez structure on X if for allz,y € X and ) € [0,1]

cd(u, W(z,y,A) < Ad(u,z) + (1 — N)d(u,y)

for every u € X. Then (X,d,W) is a convex metric space.
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If W is continuous or cow(A) is compact for every finite A C X then
(X,d,W)is a pseudoconvex metric space.

Talman introduced in [7] the notion of a strongly convex metric space in

the following way.

Definition 3. Let (X,d) be a metric space and
P = {(tl,tg,tg,) € [0, 1] X [0, 1] X [0, 1], t1+ta+ 13 = 1}

A strongly convez structure (SCS) on X is a continuous function K : X X
X X X x P — X with the property that for each (z1,%2,%3,t1,t2,t3) €
XXX XX x P, K(z1,22,Z3,t1,12,t3) is the unique point of X which satisfies

3

d(y, K (21,22, 23,11, t2,83)) < Y trd(y, z4),
k=1

for every y € X.

If (X,d,W) is strongly convex metric space and K its SCS then Wk :
X x X x[0,1] - X, defined by:

Wk(z1,22,t) = K(z1, 22, 21,t,1 —£,0)

is a Takahashi convex structure.

If (X,d, W) is strongly convex metric space cow(A) is compact for every
finite A.

3. A theorem on best approximations

Definition 4. Let (X,d,h) be a pseudoconvezx metric space, M a nonempty
convez subset of X and g : M — X. The mapping g is said to be generalized
h-almost affine if the following condition (a) is satisfied:

For every compact and conver subset A C X, every n € N, every
{#1,22,--.,2n} C A and every {z1,22,...2,} C M :

(a) min d(g(v),2) < max d(g(x), %),

where y is an arbitrary element from cop{z1,z2,...2,}.
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Remark. If A = {2}, (a) reduces to the condition:
d < ;
(9(y),2) < max d(g(z:), 2)
i.e. g is also an h-almost affine mapping [2].

Lemma 1. If(X,||-]|) ¢s a normed space, M a nonempty, convex subset of
X, and g : M — X such that (b) holds:

(b) For every A\1,A2 > 0, Ay + A2 = 1, every z1,22 € M and every
Z1,29€ X :
lg(A1z1 + A2z2) — Miz1 — Az2zof| < max d(g(=:), zi)

then (a) holds for h(z,y,A) = Az + (1 — Ay (z,y € X; A €]0,1]).
Proof. By induction in » € N we shall prove that (b) implies (c):

(c) For every A1,A2,...An 20, Ay + A2+ -+ A, =1, and every
(zl,z21 zn,21,22, zﬂ)eM'nXX'n.
IIy(E Aizi) — E Ai zull < oax d(g(z:), zi)

=1

Indeed, suppose that (c) holds for n = m and prove (c) for n = m + 1. We
have that:

m41 m41
I|g(Z Aizi) — Z Aizf| = lgl(1 - m+1)(z :) + Amt1Zm4]
=1 =1 i=1

= Ami) Y T + Amirzmenll

=1 m+

Since M is convex and E _—XJ_— = 1 it follows that E —-X—’——z, =z€

=1 i=1
M and if z = E = )\ T % Ve have that (b) implies:

Hgl(1 — Ama1)Z + AmpaZmi1] = [(1 = Ams1)2z + AmprZmta ||

< max{|lg(z) - 2ll, l|9(zm+1) — zm41l]}-
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Since (c) holds for n = m we have that

m m

lote) =20l = o3 =5e) =3 =3l <
i=1 m+1

< max IIy(T ) — il

1<i<m
and so:
m+1 m+1
||g(; Ait;) — ; Aizil| < A llg(z:) — =]
Suppose now that A is a compact and convex subset of X, {z1, z3,...,2,}
C A, {z1,22,...,2,} C M and y = Xn: A;z;. Then

i=1
min [lg(y) - =f| < Hg> Aize) = Azl <
i=1 =1

< —
foax lg(z:) — =]

n
since Y A;z; € A.

=1
Lemma 2. If(X,d,h) is a conver metric space, where h = W satisfies (d):

(d) d(W(.’El,.’Eg, A), W(21,22, /\)) S /\d(xl,zl) + (1 - /\)d((l)g,Zg),
for every z;,z; € X (i € {1,2}),) €[0,1]

then (a) holds for g(z) = z, for every z € X.

Proof. Let A be a compact and convex subset of X. It is known that for
every BC X :

coB = U W™(B)
neN

where W*(B) = W(W""1(B)), n > 2,

W(B) = {W(z,y:2); A€[0,1]; 2,y € B}.
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It is easy to see that for B = {z1,23,...,Zm}, 2 € W"(B) if and only if
z is of the form:

z = W(f],fg, ceey Tony AL, Ag, .. ,/\211_1),

for some A; € [0,1] (¢ € {1,2,...,2" — 1}), where Z; € B (i € {1,2,...,2"})
and W(Z1,Z2,...,Tan; A1, A2, ..., Agn_1) is defined by:

W(Z1,%3,A) = W(&1,2,A)

W(Z1,Z2, -, Tami A1, A2, e ey Agng) =
W(W(El, Toye-. , 1-7211—1; A], A2, ey Azn—l_l),
W(C—ign—l 41> 1_72n—~1+2, ooy fzn; /\211—1 ’ /\211—1 +1r0 > /\211_2), /\211_1).

We shall prove that for every {z1,z2,...,2,,} C X, every y € cow{z1, Z2,
ceesZTmtand {z1,29,...,2m} C A:

ind < %)
min d(y, ) < B d(z;, z;)

If y € cow{z1,22y...,Zm} then
y € Wr({z1,22,...,%m})
for some 1 € N, which means that
y=W(Z1,%2,.-.,Z20; M1, A2y -, A2n1)s

7 € {z1,%2,..,Tm} (G €{1,2,...,2"}) and A; > 0 (i € {1,2,...,2" — 1}).

Let 2 = W(El, 22y . 42205 /\1, /\2, caay /\211_1), where zZ = Zk(,') € {21,22, ceey
zm } if and only if Z; = z4(;) € {21,%2,. .-, Tm}-

We shall prove that (d) implies:
d( VI/(EI; [T 5‘.2"; ’\17 /\27 v 7/\2"—1);
(1) W (21,22, .., Zam; A1, Azy - -, Aam1)) < Jax d(@;, ;).
From (d) it follows that:
d(W(f], 532, /\1), W(E], 22, /\1 )) = d(W(fl, 5)2, /\1), W(Zl, 22, /\1))

< Md(Z1,71) + (1 — M)d(Z2,Z2) < max d(z;, z;).
1>i<m



On best approximations for multivalued mappings in pseudoconvex . ..

Suppose that (1) holds for n = k and prove (1) forn = k + 1.
We have that

d( W(f:l,fg, ey Tokt1; A1, A, ... ,/\2k+1_1),
W(z1,22, .. Zoka13 A1, Agy ooy Ageti 1)) =

= d( W( W(.’i‘l,fz,...,:i2k;z\1,/\2,...,/\2k_1),

- W(jzk+l’ e Tokti; Agky ey Agkt1_g), z\2k+1_1),
W( W(Z],Z2, e ,§2k;/\1,/\2, .. .,/\2k__1),

W(22k+1, ceey 22k+l; A2k, ey A2k+1_2),A2k+1_1))

IA

< /\2k+1_1d( W(f],a_:z, R SY39. VIV S /\2k_1),
W (21,22, s 20 M, Aay s Agey) )+
H(1 = Agrti,y )d( W(Zyky1s- - s Bgriri Agky oy Aghtr _3),
W(52'=+1 yeeey Zght1 Agky e, '\2k+1—2))
< Agkt1_q 11%1‘2)’(’1 d(zi,z) + (1 = Mrviq) lléltas.)'(n d(zi, z;) =

= 11:511‘:;)1(11 d(zi, z).

From (1) we have that:

11.11.1612 d(‘!l, ‘!l.) S d(y7 Z) = d(W(ih i27 ey 5:2"; ’\17 ’\27 vy ’\2"—1)7

W(zla 22y .0y 2205 ’\17 ’\2a IR ’\2"—1))
since A is convex and z = W(Zz1,2s,...,2Z2m; A1, A2,. .., A2n_1) € coA. Hence
(1) implies that
H < . 2.
f‘ne.lﬂ d(y,u) < 11:(:112(” d(z;, z;)

In the next theorem A(X) is the family of all nonempty, convex and
compact subsets of X.

Theorem 1. Let (X,d,h) be a pseudoconvez metric space, @ # M a con-
vezx and complete subset of X, g a continuous generalized h-almost affine
mapping of M onto M and F : M — K(X) a continuous mapping such
that:

22{;"“'-’“ y € M, d(g(y), F(y)) < d(g(=), F(¥))}] = 0.
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Then there ezists yo € M such that

d(g9(y0), F(wo)) = Jnf d(z, F(yo)).

Proof. We shall prove that all the conditions of Theorem A are satisfied for
R(z) (x € M) defined by:

R(z) = {y; y € M, d(9(y), F(v)) < d(g(z), F(y))}-

First, we shall prove that Ris a K K My(M) mapping. Let {z,z3,...,2,,} C

M and y € cop{an,a,-ram}. Uy ¢ U R(z:) ie. y ¢ R(z:), i €
i=1

{1,2,...,m} then

(2) d(9(y), F(y)) > d(g(z:), F(9)), i € {1,2,...,m}.
From (2) it follows that there exists {v1,v2,...,vm} C F(y) such that

(3) d(g(y)7F(y)) > d(g(z:),v:), i € {1,2,.. .y m}.

Since F(y) is compact and convex subset of X and g is generalized h-
almost affine it follows that -

d(9(y), F(y)) = zlen};a) d(g9(y),2) < X d(g(z:), v),

which contradicts (3). Hence

COh{iCl, L2y---y Im} C U R(Ii)

=1

which means that R € K KMy (M). In order to prove that R(z) is closed for
every = € M we shall prove that the mapping y — d(g9(y), F(y))

(y € M) is lower semicontinuous and for every z € M, y — d(g(z), F(y)) is
upper semicontinuous. ‘

Since F(y) is compact it follows that for v > 0 :

P, = {y; y€ M, d(g(y), F(y)) > 7} =
{y; y € M, (9(9), F(v)) C {(2,v); (2,v) € M x X; d(z,v) > 71}}.
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The set {(z,v); (2,v) € M x X; d(z,v) > 7} is open and the mapping
y — (9(y), F(y)) is upper semicontinuous, hence P, is open and so y —
d(g(y), F(y)) is lower semicontinuous.

Similarly, if

Qy= {y; ye M, d(g9(z), F(y)) <7} =
{y; ye M, F(y))n{v; v € X; d(g(z),v) <7} # 0}

then @Q., is open, since F if lower semicontinuous and {v; v € X; d(g(z),v) <
7} is open.

Hence y — d(g(z), F(y)) (y € M) is upper semicontinuous.

From Theorem A it follows that (| R(z) # 0. If yo € R(z), for every
zeEM

d(9(y0), F(wo)) < d(g(z), F(y0))

for every ¢ € M and so

d(9(30), F(y0)) = inf d(z, F(30))-

z € M then

Corollary 1. Let (X,||-||) be @ normed space,  # M a convez and complete
subset of X, g a continuous mapping from M onto M such that (b) holds
and F: M — K(X) a continuous mapping such that

zig,{,a[{y; y € M, d(g(y), F(y)) < d(g(z), F(y))}] = 0.

Then there exists yo € M such that
d(g(30), F(yo)) = inf d(z, F(30))-

Corollary 2. Let (X,d,W) be a convez metric space such that (d) holds,
and W is continuous or cow(A) is compact for every finite A C X. Let
0 # M be a conver and complete subset of X, and F : M — K(X) a
continuous mapping such that

Jnf of{y; y€ M, d(y, F(y)) < d(g(=), F(y))}] = 0.

Then there exists yo € M such that
(4) d(yo, F(yo)) = inf d(z, F(30))-
zeEM
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Proof. Since W is continuous or cow(A) is compact for every finite A C X
it follows that W{cow(A) x cow(A) x [0,1] is continuous and so (X, d, W)
is a pseudoconvex metric space, where h = W. From Lemma 2 it follows
that g(z) = z, = € M is a generalized h- almost affine mapping and so from
Theorem 1 it follows the existence of an element yo € M such that (4) holds.

Remark. If in Theorem 1 we suppose that F': M — K(X) so that F(y)n
M # 9, for every y € M then we obtain the existence of an element yo € M
such that g(yo) € F(yo)-

Hence, if in Corollary 2 we suppose that F(y)N M # @, for every y € M we
obtain that yo € F(yo).

4. A theorem on approximate fixed points

In the next theorem N.(K)={z; 2 € X, d(z,K)< e} (K C X,e > 0).

Theorem 2. Let (X,d, W) be a conver metric space such that (d) holds,
and cow(A) is compact for every finite A C X. Let @ # M be a convezr and
complete subset of X, e > 0 and F : M — 2N:(M) 0 K(X) a continuous
mapping such that F (M ) is bounded. Then

(5) inf d(z, F(@) < & + ol F(M)).

Proof. Let 6 > 0 and {ul,ug,...u,;} c F(M) (i € {1,2,...,n}) be an
a[F(M)] + g—net of the set F(M). Let u; € F(=;), i € {1,2,...,n}. Since

L)
{uy,uz2,...u,} is an o[ F(M)] + -2--11et of the set F(M)

F(M) C UL(U:, ol F(M)] + )
=1
and from F(z;) C N.(M) i€ {1,2,. . ,n} it follox}vs. the existence of {v;, vs,
..U, } C M such that
; ,
d(u;,v;) <e+ 5, t € {1,2,...,12}.

The set H = cow({z1,Z2,-..%n,v1,V2,...0n}) is a compact and convex
subset of M and from Corollary 2 it follows the existence of an yo € H such
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that
(6) d(s0, Flo)) = inf.d(z, Fly0))

We shall prove that ;22 d(z, F(y0)) < € + o[ F(M)] which implies (5). For
every u € F(yo) there exists u;(z € {1,2,...,n}) such that u; € F(z;) and
d(u,u;) < a[F(M)]+§, and v; (2 € {1,2,...,n}) such that d(u;,v;) < e+ g
Then d(u,v;) < o[F(M)] + ¢+ é and so d(v;, F(yo)) < o[F(M)] + ¢ + 6.

Hence
;15{ d(z, F(yo)) < a[F(M)]+ ¢ + 6.

and since § is an arbitrary positive number we obtain (5).

Corollary 3. Let(X,d, K) be a strongly convez metric space and for Wk (d)
holds. Let @ # M be a conver and complete subset of X, ¢ > 0 and
F: M — 2NM)nK(X) a continuous mapping such that F(M) is bounded.
Then (5) holds.

Proof: In a strongly convex metric space cow,(A) is compact, for every
finite subset of X.
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REZIME

O NAJBOLJIM APROKSIMACIJAMA ZA VISEZNA(';NA
PRESLIKAVANJA U PSEUDOKONVEKSNIM METRICKIM
PROSTORIMA

Dokazano je uopitenje Ky Fanove [1] teoreme o najboljim aproksimacijama
za viSeznacna preslikavanja u pseudokonveksnim metrickim prostorima.
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