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Abstract

A common fixed point theorem satisfying a symmetric rational ex-
presion has been proved which, in turn, unifies some fixed point theo-
rems of Fisher and Khan. An example for illustration is also included.
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1. Introduction

Fisher [1] has extended the Banach contraction principle through a sym-
metric rational expresion and obtained the following result which in turn
modifies the theorem of Khan [3].

Theorem 1. Let (X,d) be a complete metric space and T a self-mapping
on X such that for all z, y in X either

d(z,Tz)d(z,Ty) + d(y, Ty)d(y, Tz) }
d(z,Ty) + d(y, Tz)

d(Tz,Ty) < k{
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ifd(z,Ty)+ d(y,Tz) # 0, where 0 < k<1 or
d(Tz,Ty)=10

ifd(z,Ty)+ d(y,Tz) = 0.
Then T has a unique fired point.

Quiet recently Khan-Swaleh-Imdad [4] has unified BanachContraction
Principle and Theorem 1. The purpose of this paper is to unify the theorem
of Fisher (2] and Theorem 1. Our unification is two fold: Firstly it extends
Theorem 1 to a common fixed point theorem for four mappings; secondly,
it generalizes the theorem of Fisher [2].

While proving our theorem, we employ a notion of weak commutativity
due to Sessa [5] which runs as follows:

Definition 1. A pair of self-mappings {S,1} of a metric space (X,d) is
said to be weakly commuting if d(SIz,1S5z) < d(Iz,Sz) for all z in X.

It is obvious that two commuting mappings are weakly commuting but the
opposite is not true as shown in Example 1 of Sessa [5].

2. Result

We prove the following:

Theorem 2. Let {S,1} and {T,J} be weakly commuting pair of mappings
. of a complete metric space (X,d) into itself such that
(1) T(X)CI(X),S(X)CJ(X). And forallz, y in X;
FEither
d(Iz,Sz)d(Iz,Ty)+d(Jy,Ty)d(Jy,S
(2)  d(Sz,Ty) < o{ UnSllelgtdolad i) 4 gd(1s, Iy)
ifd(Iz,Ty)+ d(Jy,Sz) # 0, where o, 8 >0, a4+ <1, or
(2) d(Sz,Ty)=0ifd(Iz,Ty)+ d(Jy, Sz)=0.

If one of S, T, I or J is continuous then S, T, I and J have an unique
common fized point z. Further z is the unique common fized point of S and
I as well as of T and J.
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Proof. Let zg be an arbitrary point of X. Since S(X) C J(X) we can find
a point z; in X such that Sz = Jz,. Also, since T(X) C I(X) we can
further choose a point z; with Tz; = Iz5. In general for the point z,, we
can pick up a point 2,4 such that Sz9, = Jz3,,; and then a point Ton42
with Tz9,41 = [xanqo forn =0,1,2, ...

Let us pllt Ugn = d(SIl!z,,_,szn+1) and U2n+1 = d(T$2n+1, S$2n+2).
Now we distinguish the two cases:

(i) Suppose Uy, #0, Usyq #0forn =0,1,2,...
Then on using inequality (2), we have

(8) Uzng1 < (a+ B)2H1lg, for n =0,1,2,...

It follows that the sequence

(4) - {Szo,Tz1,522, ..., TZon_1,5%20, TTons1,---}

is a Cauchy sequence in the complete metric space (X, d) and so gets a limit
point z in X. Hence the sequences {Sz3,} = {JZ2n41} and {Tz2,—1} =
{Iz3,} which are subsequences of (4) also converge to the same point z.

Let us now suppose that I is continuous so that the sequences {/%z,,}
and {ISz,} converge to the same point [z. Since S and I are weakly
commuting, we have

d(S1z2,,[529,) < d(IZ2pn, ST2n)
and so the sequence {SIz,} also converges to the point Iz.
We now have

d(I2z2na Slz2n)d(1232n, Tz2n+1)
d(I*t 3, TZon41) + d(JZang1, STz o)
d(Jzon41, TT2n41)d(J Tang1, S123y)

d(I?29n, TZon41) + d(JZon41, ST22y)
+ﬂd(1232n, Jz2n+1)

which on letting n — oo reduces to

d(I2,2) < Bd(I2,2),

d(S1z220,Tz2n41) < of

giving thereby [z = 2.
Further,
d(IZ, SZ)d(IZ,T$2n+1) + d(J:L‘z.,,_.*_],T:L‘zn.*.] )d(J:L‘zn.H, SZ)
<
d(SZ, T$2n+1) - a{ d(IZ, T$2n+1) + d(J.’Egn.H, SZ)
+8d(1z,JT2n11),

}
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which on making n tend to infinity gives d(Sz,2) = 0 and hence Sz = z.

Since Sz = z and S(X) C J(X) there always exists a point 2z’ such that
Jz' = z. Thus

d(z,TZ') = d(S2,TZ)
< of d(1z,52)d(1z,T2')+ d(J2',T2")d(J 2, Sz)
- d(1z,T2')+ d(J2',Sz)
= 0,

Y+ Bd(Iz,J2")

giving thereby T2' = z.

Since T and J weakly commute
d(Tz,Jz) =d(TJZ,JTZ) <d(JZ',T2) = d(z,2) = 0,
which yields Tz = Jz and so

d(z,Tz) = d(Sz,Tz)
d(1z,52)d(1z,Tz) + d(Jz,T2)d(Jz,5z)
< o d(I1z,T2z)+d(Jz,5z)
= pd(z,Tz),

Y+ Bd(1z,Jz)

which implies that z = Tz = J=.
Thus we have proved that z iz a common fixed point of S, T, I and J.

Now suppose that S is continuous, so that the sequences {52z3,} {S1z3,}
converge to the point Sz. Since S and I weakly commute, it follows as earlier
that the sequence {I/Sz,,} also converges to the Sz. Thus

d(ISw2n, S?22,,)d(1ST2n, TT20+1)
d(ISz2n, TTans1) + d(JTont1, S2T20)
d(Jz2n+1, TT2ns1)d(JTont1, 52 Z2n)

d(1S5z9, T22n+1) + d(JZ2n41, S?T2)
+4d(1S52 20, JZ2n41),

d(S2z2n7 Tx2n+l) < a{

which on letting » — oo gives
d(Sz,z) < pd(Sz,z),

implying thereby Sz = 2.
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As §(X) C J(X) and Sz = z, once again we can find a point 2z’ in X
such that J2’ = z. Thus
d(15%2n, S%2,)d(1 522, T2') + d(J2', TZ')d(J 2, 5229,,)
d(I1Sz2,, TZ') + d(JZ', S%z4,) }
+8d(15z4,,J2').

Making n — oo, we get d(z,T2') = 0 so that Tz’ = 2.

d(sz.'lfzn,TZ’) < {

Since T and J are weakly commuting, it again follows as above that
Tz = Jz. Further

d(Izon, Ston)d(I22,,Tz) + d(J2,Tz)d(J 2, Sz2n)}
d(Iz2n,Tz)+ d(Jz,S5z2,)
+ﬂd(Iz2n7 JZ),

which on making n — oo, gives Tz = 2.

d(Szo,,T2z) < of

Thus the point z is in the range of T' and since the range of I contains
the range of T, there always exists a point 2" in X such that 72" = 2. Thus
d(§2",2) = d(52",Tz2)

< aof d(12",52"Yd(12",Tz)+ d(Jz,Tz)d(Jz,52z")
- d(1z"",Tz)+ d(Jz,52")
= 0,

}+ Bd(IZ", Jz)

yielding thereby 52" = z.
Again since S and I weakly commute, we have
d(85z,1z) = d(SI12",152") < d(I2",52") = d(z,2) = 0.
Thus Sz =1z = z.

We have thus proved again that z is a common fixed point of 5, T, I
and J.

If the mapping T or J is continuous instead of S or I, then the proof
that z is a common fixed point of §, T', I and J is similar.

To show that z is unique, let w be a second common fixed point of S
.and I, then
d(w,2) = d(Sw,T=z)
d(Iw, Sw)d(Iw,Tz)+ d(J2,Tz)d(Jz, Sw)
ol d(Iw,Tz) + d(Jz, Sw)
pd(w, z),

IA

}+ fd(Iw, J 2)

IA
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giving thereby w = 2.

Similarly, it can be proved that z is a unique common fixed point of T
and J. :

(ii) M Uan = 0 for some n, then the inequality (3) gives Uz,+1 = 0 which
implies that

SZ’zn = J$2n+1 = T$2n+1 = Ix2n+2 = S.’E2n+2 =..=2z.

Now we assert that there exists a point w such that Sw = JTw = Tw = 2,
otherwise if Sw = Tw # z, then

0<d(Iw,z) = d(Sw,Tzou1)
d(Tw, Sw)d(Iw, Tzan4+1)
< of
d(Iw,Tz2n+1) + d(J.’IIz.,H.], Sw)
d(Jxont1; T2on+1)d(I T2n41, Sw)
d(Iw,Tm2n+1) + d(J:lJzn_H, Sw)
= pd(Iz,z),

which yields that Iw = Sw = z. Similarly, one can argue that Tw = Jw = z.

} + ﬂd(1w7 Jz2n+1 )

Now, suppose I or § is continuous, then proceeding in the similar way,
it can be shown that Jw = z is a unique common fixed point of 5, T', I and
J. Similarly if J or T is continuous, the proof that z is a unique common
fixed point of §, T', I and J is similar. This completes the proof.

Remark 1. If we choose § = 0and § =1 = J = T, then Theorem 2
reduces to the theorem of Fisher [1] which, in turn, corrects the theorem of
Khan [3].

Remark 2. If we set & = 0 then Theorem 2 gives a modified form of the
theorem of Fisher [2] for two pairs of weakly commuting mappings. Note
that the theorem of Fisher [2] involves only a triod of mappings.

Remark 3. By choosing «, 8, I, J, S and T suitably, we can derive a
maultitude of fixed point theorems which already exist in the literature. We
omit the details.

Remark 4. Theorem 2 ensures that S, I, 7' and J have a unique common
fixed point. However, either S or I or T or J may have other fixed point.
One can note that in our Example 1 .5 and J have two and three fixed points
respectively.
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Remark 5. It follows from the proof of Theorem 2 that if condition (2’)
is omitted from the statement of Theorem 2 then we can say that z is a
coincidence of §, I, T and J.

3. An example

Finally, we adapt the following example for the illustration of Theorem 2,
which also indicates the degree of generality of our extension.

Example 3. Let X = {A, B,C, D} be a finite set of R? with Euclidean
metric d, where A = (0,0), B = (0,2), C = (1,0) and D = (0,1/4). Then
clearly (X,d) is a complete metric space.

Now define §, I, T and J on X as follows:
SA=SB=SD=A, SC=C

IA=IB=A, IC=B, ID=C
TA=TB=TC=A, TD=C
JA=A, JB=JD=B, JC=C

Note that S(X) = {A,C} C {A,B,C} = J(X) and T(X) = {A,C} C

{A,B,C} = I(X).
Since

SIA=A=1ISA, SIB=A=1S8, 2=d(SIC,ISC)<d(IC,5C) = V5,

1=4d(SID,ISD)<d(ID,SD) =1 whereus

JTA=A=TJA, JTB=A=TJB,JTC =A=TJC,
2 = d(TJD,JTD) < d(JD,ID) = /5, the pairs {S,I} and {T,J} are
weakly commuting,.

Further, a routine calculation shows that inequality (2) holds with, for
instance, & = § = 40/100. Therefore all the conditions of Theorem 2 are
satisfied and A is the unique common fixed point of S, I, T and J. Also it
can be noted that A is the unique common fixed point of S, I and that of
T and J.

However, Theorem 2 is a genuine extension of the theorem of Fisher [2]
because if we choose z = B = (0,2), y = C = (1,0) then the condition
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d(Sz,Sy) < kd(Iz,Jy) implies that 1 < k which is a contradiction to the
fact that 0 < k < 1.
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REZIME

CETIRI PRESLIKAVANJA SA ZAJEDNICKOM NEPOKRETNOM
TACKOM

Dokazana je teorema o zajednitkoj nepokretnoj tacki, u obliku simetri¢nog
racionalnog izraza, koja objedinjuje neke Fisherove i Khanove teoreme o
nepokretnoj tacki. Takodje je dat i ilustrativni primer.
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