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Abstract

A fixed point theorem for nonlinear generalized contractions in o-
complete vector lattices is given.
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1. Introduction

Any metrical fixed point theorem is stated in terms directly related to the
metric structure of the ambient space, i.e. metric space, K-metric space,
locally convex or uniform space, etc. [11].

Many vector lattices which have importance in analysis do not possess
such a structure. However, in order to obtain a metrical fixed point result,
we can take d(z,y) =| z — y |, where | z |= sup{z, —z}, instead of the usual
distance of two elements z, y.

Several papers have been devoted to this subject: [8], [9], [13].

In this paper we shall generalize a result from the last above quoted
papers, using the notion of ¢-contraction (see [2], [3], [12]).

Referring to vector lattices and generalized contractions we shall follow,
both in the terminology and notation, the monographs by Cristescu, R. [6],
[7], and Rus, A. L. [12].
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2. o-complete vector lattices

Let (X, <) be an ordered set and A C X a majorized (minorized) nonempty
subset.

We denote by sup A (inf A) the supremum (infimum) of A.
If A={z;|j € J}, then we denote sup A (inf A) by V;c;2; (A;cs2;)-

A sequence {z,} in X is said to be increasing (decreasing) and we denote
ty T (2, ) if €p < Zpya, for each n € N (2, > 2,41, Tespectively).

Ifz, 1 (2n l)and 2 = V, cy2n (£ = A cny®n) we denote z,, T =

(n | 2).

Definition 1. A sequence {z,} of elements from X (0)-converges to an
element € X if there erist two sequences {a,},{b,} in X such that

n <2, <b,, forech neN,
and, in addition, a, Tz, b, | . We denote

z = (0)~limz, or z, -°z
n

Remark 1. If a sequence of X is (0)-convergent, then its (0)-limit is unique.

Definition 2. An ordered set X is called lattice if there ezist xVy and Ay
for each z,y € X,

A lattice X is called o-complete if there exist sup A and inf A for each
numerable subset A of X.
Let X be a linear space and K C X a conein X, i.e. a closed subset of
X satisfying
KNn(-K)={0}, K+ KCK and t-K CK forall t>0,

where } denotes the zero element of E.

The condition
r<y iff y—ze K

defines a partial linear order relation on X.



Generalized contractions in o-complete . .. 33

The linear space X endowed with this order relation is called linear
ordered space, while K is termed its positive cone.

A wvector (linear) lattice is a linear ordered space which is a lattice with
respect to the considered order.

A vector lattice X is called o-complete vector lattice if, for any bounded
numerable subset A of X, there exist sup A and inf A.

Let X be a vector lattice and z € X. Then we denote

| z |= sup{z, -z},
the modulus .of z.

The following properties are immediate consequences of the above defi-
nitions (see [7]).

If X is a vector lattice, then

(1) laz] = |a|-|z|, a€R;
(2) le+y| < Jz|+]|yl;
(3) Nz|—1yll < |z-y],

for each z,y € X.

In any linear ordered space we have

(4) If 2 =(0)-lim,z, and 2, >0, n € N, then z > 0;
(5) If 0<z, <y, foreach n€ N and (0)-lim,y, =0, then
(0) - limp z, = 0
Definition 3. Let X,Y be two linear ordered spaces. A mapping U : X —
Y is called (0)-continuous in a € X if, for any sequence {z,} in X, such

that z,, —° a, we have U(z,) —° U(a).

Definition 4. Let X be a linear ordered space and {z,} a sequence in X.

We define
(0) =Y zu=(0)=lim ) a;,
n=1 7=1

if the right-hand side limit exists, and we say that the series > -~ xp is
(0)-convergent.
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If 302 | @ | is (0)-convergent we say that the series Y20 | z, is abso-
lute (0)-convergent.

Lemma 1. (Cristescu, R. [7]). In a o-complete vecior lattice any absolute
(0)-convergent series is (0)-convergent.

Definition 5. Let X be a vector lattice and let K be its positive cone. A
mapping ¢ : K — K which satisfies:

(6)  1is monotone increasing (isotone);
(7) (0) = lim™(t) =0, foreach tc K,

18 called comparison operator (¢" stands for the nth iterate of ¢).

Remark 2. It is easy to see that a comparison operator possesses all the
properties of comparison functions ([2], [3]). We need the following gener-
alized ratio test in o-complete vector lattices, proved in [4], [5] for series of
real positive terms.

Theorem 1. Let X be a o-complete vector lattice and let K be its positive
cone.

If 370 | un is a series of positive terms in X (i.e. un, € K\{0}) satisfying
the following condition:

there ezist an (0)-convergent series y .- | Un, Un € K and a real number
a,0 < a <1, such that

Unt1 < AUy + Uy, for eachn € N (fized), then the series Y oo uy, 1is
(0)-convergent.

Proof. Tt follows by analogous arguments to these in [4] or [5]. O

Definition 6. Lei X be a o-complete vector lattice and let K be its positive
cone. An isotone mapping ¢ : K — K which satisfies the following conver-
gence condition ,

(c) there exist an (0)-convergent series Y .., v, in K and a real number
a, 0<a <1, such that

(1) < a®(t) + vk, for each t € K and n € N (fized), is called (c)-
comparison operator.
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Example. If X = R, the real axis, when K = RT, a tipical comparison
operator is ¢ : Rt — R,

p(t)y=at, 0<a< 1.
Lemma 2. Any (c)-comparison operator is also a comparison operator.
Proof. We apply Theorem 1. O

Lemma 3. Let X be a o-complete vector lattice, K its positive cone and
¢: K — K a(c)-comparison operator. Let s : K — K, given by

s(t) = i(pk(t), te K.

Then @ is continuous in §.

Proof. See [2], [3] for the scalar comparison operators (comparison func-
tions). O

3. Generalized contractions

Let X be a vector lattice and K its positive cone.

Definition 7. A mapping f : X — X is called i - contraction if there exists
a comparison operator ¢ : K — K such that

(8) | f(2) = f(u) IS (12 =y ), for each a,y€ X.

Remark 3. Any ¢-contraction is (0) - continuous, as, for each comparison

operator we have
e(t)<t, teK.

The main result of this paper is given by

Theorem 2. Let X be a o-complete vector lattice and f : K — K a -
contraction, with ¢ (c)-comparison operator. Then

(9) Fp = {a*}; where Fy={z¢€ X | f(z)=z)};
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(10) f“(zo) =° «* for each zp € X.
(11) | f*(z0) = 2™ [< s (| f** (o) = f*(z0) ), nE N,

where s(t) denotes the sum of the series
o0
> )
k=0

Proof. Let {z,}, 2z, = f(zn-1), n € N, z € X, be the sequence of successive
approximations.

From (8) and (2) we obtain

l LTn+p — Tp |§| Tr4p — Tn4p-1 | +---4 | Tntl — Tp lS

p—1 n+p—1
<Y m—z )< Y WHllzo-a ) npeN.
k=0 k=n

Since ¢ is a (c)-comparison operator, it results that {z,} is (0)-Cauchy
sequence. But X is o-complete, hence {z,} is (0)-convergent.

Let 2* = (0)—lim, z,. From the continuity property of each (-contraction
we deduce

= f(z"),
that is z* € Fy.

The unicity of fixed point follows in a standard way. Assume z*,y* €
Fy, z* # y*. Then ’

0 <™ —y" =] fM(=*) = f*(y") IS ¢™(| 2" — y" |), and letting n — oo,
we obtain
0<|-T*“y*’§0,
contradiction. Hence Fy = {z*}.
To obtain (11), we take p — oo in the inequality

p—1

| 2 — Tntp [< Z‘Pk(l Tn — Tny1 |)
k=0

The proof is now complete. O
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Corollary 1. Let X be a o-complete vector lattice and f : X — X a
mapping such that, for certain n € N*, f" is a @-contraction, with ¢(c)-
comparison operator.

Then f has a unique fized point.

Proof. We apply Theorem 2. O
Remark 4.

a) For ¢(t) = at, a € {0,1), t € K, from Theorem 2 we obtain Theorem
2.1 from [13].

b) For other results based on the comparison method and various appli-
cations, see [8], [9].
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