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Abstract

We describe a simple method for construction of blocks of projective
spaces PG,_1(n,2) . The method uses an irreducible polynomial p
of degree n+1 over GF(2), which is "good” in the sense that the
degrees zY, =z, =z?, .., zzn-ﬂ_z, reduced by p , are all different
non-zero binary polynomials of degree at most n. We found ”good”
polynomials for n =3 and n = 4, which gave the blocks of PG4(3,2)

and PG3(4, 2)
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1. Preliminaries

PG(n,q) ( n— dimensional projective space over GF(q)) ([1]) is the set

of all subspaces of an (n 4+ 1)—dimensional vector space over GF(q).
PGy4(n,q) denotes an incidence structure, the points and the blocks of
which are respectively 1—dimensional and (d+ 1)—dimensional subspaces
of PG(n,q).

In this paper we shall deal merely with the case ¢ =2 and d=n—1.
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A t-(v,k,\) design ([2]) is an incidence structure on v points, which
consists of some k—sized sets of points (called blocks) without repetitions
and which satisfies the property that each t points is contained in exactly
A blocks. The projective space PG,_1(n,2) ([1])is a
2-(27+1—1,27—-1,2""1~-1) design. It is known that this design is symmetric
in the sense that the number of its points ( v ) is equal to the number of
blocks.

A Singer group G of a symmetric 2-(v,k,A) design D is a subgroup of
the group Awut(D) of all automorphisms of D, which satisfies the following
two conditions:

¢ (G operates transitively both on the points and the blocks of D

o the identity is the only permutation of G, which has fixed points

Theorem 2.10 from [2] says that PG,_1(n,2) has a cyclic Singer group
for n > 2.

A difference set of a Singer group G is aset D(P,y) =
{g € G| g(P)€ y}, where P is apoint and y is a block of the associated
symmetric 2-(v,k,A) design.

Some symmetric 2-(v,k,A) designs can be constructed by using the
Singer group and a difference set D(P,y). The difference set can be easily
bijected to a block, which initializes the design. In particular, if the Singer
group is cyclic and the point set is S, = {0,...,u—1}, then all the blocks of
the design can be obtained from some block y as the sets with the elements
(a + 1) mod v, where a stands for an arbitrary element of the block y,
while ¢ is an element of the set 9,,.

However, on the page 65 of [2] the author writes:
”Notice that although Theorem 2.10. guarantees the existence of a cyclic
Singer group H, it does not help us much to find a difference set for H. In
fact, the practical problem of finding difference sets is very difficult”.
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2. Construction

The cyclic Singer group of PG,,_1(n,2), the existence of which was proved
by Theorem 2.10 from [2], is a group of transformations of the form:

w —= wxf, (1)

where w and f are (n + 1)-dimensional binary vectors.

Let v denote a non-zero polynomial of the form
v = vptuv-r+ .. to,-2"

where v; € {0,1} for 0 <i<n.

We suggest the transformation (1) to be replaced by the mapping
v — v-z (mod p) (2),

where p is an irreducible binary polynomial of degree = + 1, which is
"g00d” in the sense that the degrees 1= 2% =z, z?, .., 2" ~2, reduced
by p , are all different non-zero binary polynomials of degree < n (denote

these polynomials by p1, pa, ..., Pon+1_; Tespectively).

A block ! of PG,_1(n,2) can be constructed as the set of all those 2"—1
polynomials p;, which are of degree < m —1. This is in accordance with the
fact that the blocks are hyperplanes of the geometry. Each hyperplane may
be viewed as the algebraic closure of the set, which is obtained by excluding
one element from a base of the vector space. We choose the base to be
{1,z,2%,...,2"} and the excluded element to be z™. The "goodness” of
the polynomial p provides that the cyclic automorhism group generated
by the mapping (2) is transitive (which implies that it is a Singer group).

3. The blocks of PG4(3,2) and PG3(4,2)

In this section we apply the above construction of blocks of PG,—1{n,2)
to the cases n =3 and n = 4 ( the case n = 2 corresponds to the
well-known Fano geometry). Our hypothesis is that the construction can be
generalized to the cases n >4 as well.

! also the corresponding difference set
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3.1. Case n=13

We have found that the irreducible binary polynomial p = 14+ 2 +
z? is ”good”. This polynomial gave us the following initial block for the
construction of PG3(3,2):

(P17P2,P37P57P67P97P11) = (1,$,(E2,1+I,$+$2,1+Z2,1+:1)-|—:132).

Let the numbers ”17.72”...,” 15” be the abbreviations for the polynomials

P1> P2, ... , pis respectively. The complete list of blocks of PG3(3,2) looks
as follows:

(1,2,3,5,6,9,11) - (2,3,4,6,7,10,12) (3,4,5,7,8,11,13)

(4,5,6,8,9,12,14)  (5,6,7,9,10,13,15)  (1,6,7,8,10,11,14)

(2,7,8,9,11,12,15) (1,3,8,9,10,12,13)  (2,4,9,10,11,13,14)

(3,5,10,11,12,14,15) (1,4,6,11,12,13,15) (1,2,5,7,12,13,14)

(2,3,6,8,13,14,15) (1,3,4,7,9,14,15) (1,2,4,5,8,10,15)

This is an explicit representation of PG4(3,2) as a 2-(15,7,3) design.

We have also found that p = 14+z4+2%+23+2% is an example of an
irreducible binary polynomial of degree = 4 1, which is not "good”. More
precisely, it turns out that the polynomials p;, pi+s and p;410 coincide for

i=1,2,...,5. This implies that the mapping (2) does not give a Singer group
(it gives merely a cyclic group of order 5).

3.2. Case n=4

The blocks of PG3(4,2) can be analogously obtained from the "good”
irreducible binary polynomial p = 142?425 .

We have obtained the following initial block:

(Pl,Pz, P3, P4, Pe, P75 P9, P12, P13, P19, P20, P21, P24, P28, P3o)-
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