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Abstract

Two structural theorems for S—bounded distributions have been
proved. The first one contains equivalent statements that a distribu-
tion 1s S—bounded and the second gives the subspaces of D' to which
belongs a distribution being S—bounded relative to a special function
¢ and a cone I'. .
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1. Introduction

Asymptotic behaviour of distributions at infinity has been introduced in
various ways (see [2], [3], [4] and [8]). Such definitions give precise informa-
tion on distributions, but restrict the class of distributions for which these
definitions can be applied. This limitation appears particularly when we
analyze the asymptotic behaviour at infinity of solutions of partial differen-
tial equations. That was the reason to introduce the notion ”.S—bounded
distribution” [6], which generalized the well-defined asymptotic behaviour
of numerical functions at infinity.
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2. Notion and definitions

We shall denote by
M = N u {0},
I' a convex, closed in R™ with the vertex at zero,
P the set of functions ¢ : R™ — R,
f the function f(z) = f(-z), = € R™,

D', §', B’ the spaces of Schwartz’s distributions, of tempered distribu-
tions and of bounded distributions, respectively.

K’y the set of distributions of exponential growth introduced by M.Hasumi
[1]-

A sequence {é,} from D, suppb, C {z € R™ : ||z|| < rn}, T — 0 when
n — 00, called a §— sequence if it converges to é in D’.

The sign * denotes the convolution.

Definition 1. T € D’/ is said to be S—bounded in D' relative to ¢ € P and
to the cone I if the set G = {T(z + h)/c(h), h € T} is bounded in D'.

Since the strong and the weak boundness are rquivalent notions in 7/, Gp
is bounded in D’ if and only if for every ¢ € D there exists M, € R, such
that

(T(z + B)/e(h), @(2))] < My, heT.

Let us remember that for 7 € D' and ¢ € D

(T(z + h),p(z)) = (T + ¢)(h), heR™

3. Structural theorems

Theorem 1. Suppose that T € D' and ¢ € P. The following statements are
equivalent:

a) T is §—bounded relative to ¢ and to the cone T.

b) For every ¢ € D, T * ¢ is §—bounded relative to ¢ and to the cone T.
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c) For a §—sequence {é,} and every ¢ € D there exists M, € Ry such
that
(T 6.)(z + b)/e(h), @(@))| < My, nEN, heT.

Proof. Implication a) — b) follows from the relation
(T * p)(z + h)[c(h), P(2)) = (T(2 + h)/e(h), (P* ¥)(2)), heT
and the property of D : D xD C D.

b) — a). It has been proved in [5] that any ¢y € D can be written in the
form: 1 = 1y * ¢y + ... + Pk * P, where ; and ¢;, i = 1,...,k, are from D.
For the proof we have only to use the following relation

M

(T(z+ h)/c(h),¥(z)y = 2 (T(c+h)/c(h), (¥u* di)(z))

-,
il
—

™=

(T * 9:)(z + h)/c(h), di(x)), h € T.

-,
Il
—

a) — c¢). Let {6,,} be a é— sequence and ¢ € D. Then (6, x ¢) € D, n €
N, as well and the sequence {6, * ¢} converges in D to . Consequently, the
set {6, * p, n € N'} is bounded in D. For any ¢ € D we have

(T * 8a)(z + h)/e(h), (=) = (T(z + h)/e(h), (6, * $)(2)).

We have seen that the set {(é, * ¢), n € N'} is bounded in D and that
the set {T(z +h)/c(h), h € T'} is bounded in D’. By definition of a bounded
set in D', it follows that there exists M, such that

(T(z + h)/e(h), (8 * @)(eN| < My, h € T.

¢) — a). For a ¢ € D we have
(T (z + h)/e(h), () = | lim (T(z + h)/c(h), (6, * $)(z))]

= Tim (T 8.)(z + h)/e(h), p(x))| < My, h €T,

We shall give, now, a sufficient condition for the §—boundness. Let e

be a positive function defined on R™ and such that for every compact set

K € R™ there exists Cx > 0 such that e(z + h)/c(h) < Ck, z € K and
hel.
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Proposition 1. A sufficient condition that the distribution T is S —bounded
relative to e and to the cone I' is that for a §—sequence {6,} there exists
M > 0 such that

(T + 6,)(h)/c(hR)| <M, neN, h€e K+T

for every compact set K C R™.

Proof. By Theorem 1 it is enough to prove that from the suppositions of
Proposition 1 it follows the statement c¢) of Theorem 1. This is a consequence
of the relation

(T2, o@))) = | from T ) o(a) de|

e(h) e(z+h) e(h)

< MCg [y lp(z)ldz < 00, heT,

where suppy C K.

Remark. The sufficient condition in Proposition 1 that T is §— bounded
is not, at the same time, a necessary condition. To show it, let H be an
unbounded function which belongs to C*°(R™) N £1(R™). The regular dis-
tribution defined by H is 5— bounded relative to ¢ = 1 because of

[ 1+ mpt@sl < paxle)] [ |H@ds < o,

where ¢ € D. Consequently, 1 + H is §—boubded, as well. But (14 H)*§,
does not satisfy condition of Proposition 1. Since 1+ H € C*®°(R™) and é,
defines distributions such that suppé, C B(0,1), n > ng, by the property
of convolution we have

lim (1+ H)*6,)=1+H in C®(R™).
Hence, for every compact set K C R™ and ¢ > ( we have
[(1+ H)*6,)(h)| > |1+ H(h)|—€¢, n>mno(e) h € K.

It follows that the sequence {(1 + H) * é,,} can not satisfy conditions of
Proposition 1 because we supposed that H was an unbounded function.

The second problem we shall discuss in this paper is to find the ”nat-
ural” subspace of distributions to which belongs a distribution T being
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S—bounded. Since the S—boundness is a local property (see [6]) we shall
suppose that 7" has its support in the cone T'.

In [6] we proved the following theorem which will be used in the proof
of Theorem 2. ’

Theorem A. T € D' is S—bounded in D' relative to ¢ € P and to the
cone T' if and only if for every ball B(0,r) = {z € R™ : ||z|| < r}, r < o0,

T=3 DF; on B(0,r)+T,
i<k

where i = (i1, im) € NI, |i| = 3 ix and D' = DU..D'm. The func-

k=1
tions F; are continuous on B(0,7) + T and the sets {Fi(z + h)/c(h), z €
B(0,r), h € T} are bounded for every i, |i| < k.

Theorem 2. Suppose that T € D', suppT C T and that T is S—bounded
relative to ¢ € P and to the cone I'. Let w be a positive and continuous
function such that 0 < ¢ L w(z) < Q < oo, T € R™.

a) Ifc=w, then T € B'.
b) If c(z) = (1 + ||z||*)?*w(z), p> 0, z € R™, then T € S".
c) If c(z) = w(z)exp(k||z|]), where k € Ry, z € R™, then T € K';.

In all these three cases T 1is also S—bounded in the subspace of D' to
which it belongs.

Proof. By Theorem A

T=> D'F, on B(0,r)+T,
lil<k |

Since suppT C T', then suppF;, |i| < k, belongs to a neighbourhood ., € <
r,of I' (£, is an open set such that d(Q,T') < ¢). Let f; denote the function
F;/c, |i] < k. The functions f; are continuous and bounded on R™, and T
can be written in the form

T=Y D'(cfi) on R™

i<k
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Now a), b) and c) follow from the structural theorems for the spaces B/, S’
and K’y (see [1] and [7]).

To prove the last part of Theorem 1, we denote by A one of the spaces
D1 (case a) ), S (case b) ) or Ky (case c) ).

In all these three cases (c(z +h)/c(h))®(z) € LYR™), i e N*, he T
and ¢ € A. In case a) this is obvious because ¢ € Dr1 and ¢ = w. In the
case b), ¢ € § and

e < () )

= ;(Hznz + 122 e(2)| € LYR™),

where h € T and =z € R™.
In the last case ¢ € K1 and

h) ‘

*Suppose now that ¢ € A, then

(T(z + R)/e(h), p(2))] < D / |Fi(z + h)/e(h)||o) ()| dz

l7]<k

< [ ine+m 0@t < o, ner.
i<k

This completes the proof of Theorem 2.
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