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Abstract

We define certain special elements of bisemilattices, such as distrib-
utive, neutral, absorptive, and so on. After giving some properties of
these elements we consider two kinds of ideals and filters of bisemilat-
tices and their connection with special elements. We prove structure
theorems for bisemilattices as generalizations of the well known struc-
ture theorems for lattices. Finally, we give an application related to
bisemilattice identities satisfied on a bisemilattice and a consequence
of this result for lattices are given.
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1. Introduction

Bisemilattices were introduced first by J.Plonka in [6] under the name of
quasi-lattices. Padmanabhan in [5] called it bisemilattices. Bisemilattices
were investigated by many authors (see [1], [4-8], {10], and the references
there in).

A bisemilattice A = (A4,+,0) is an algebra of the type (2,2), where
(A,+) and (4, o) are semilattices. Therefore, a lattice is a bisemilattice with
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absorption laws. Various classes of bisemilattices have been investigated,
such as distributive bisemilattices, bisemilattices with a distributive, and
with an absorptive law, with generalized absorptive laws, Birkhoff systems
(bisemilattices which satisfy z + (yoz) = (z + y) o z), and so on.

There are two kinds of orderings corresponding to a bisemilattice (A4, +,0)

[1]:

z<yyifandonlyifz+y =1y

and
zr<,yifandonlyif z oy = x.

The notion of a filter in a distributive bisemilattice was defined by Balbes
in [1] in the following way: a filter F' in (A, +,0) is a nonempty subset of A
which satisfies:

ifz <, y, then € F implies y € F

and
ifz,y€ Fthenzoy e F.

An ideal was defined dually (i.e. where o and <, are replaced with +
and <, respectively). '

We shall use here only the principal ideals and filters. The following
definitions and notations will be used:
z 1o is a o- filter generated by x and defined by:

zTo={y |z <oy} =[2)o
T ], is a o- ideal generated by x and defined by:
zlo={yly <oz}
z T4 is a +- filter generated by x and defined by:
zli={yle <y} = (24
z |4 is a +- ideal generated by x a,ﬁd defined by:
z |+={yly <4z}

If we consider distributive bisemilattices, all kinds of principal ideals
and filters are sub-bisemilattices of the bisemilattice, which is not true for



On Special Elements of Bisemilattices 85

bisemilattices in general. Filters and ideals are only subsets of the underlying
set.

In the paper [8], A. Romanowska and J.D.H. Smith defined a pointed
bisemilattice (4, +,0,0) as a bisemilattice with an element 0, which sat-
isfies the following property:

0 <oz, and 0 < z, for every z € A.

We will call the element 0 the bottom element, and the element 1 with
the dual property the top element, if it exists.

2. On a class of special elements of bisemilattices

In this part, certain special elements are defined for bisemilattices. They
have their analogues in lattices, but do not have analogous properties.

Let (A, +,0) be a bisemilattice.
Element a € A is distributive if and only if for every z,y € A

a+(zoy)=(a+z)o(a+y).

If an element satisfies the dual law, then it is called codistributive.
Element a € A is costandard if and only if for every z,y € A

g+ (aoy)=(z+a)o(z+y).

If an element satisfies the dual law, then it is called standard.
Flement a € A is neutral if and only if for every z,y € A4

(zoa)+ (aoy)+(zoy)=(z+a)o(a+y)o(z+y).
Element a € A is cancelable if and only if for every z,y € A

ifae+z=a+yand aozr =aoy then z = y.

If A =(A,+,0,0,1) is a bisemilattice with bottom and top elements,
then an element y € A is a complement of z € A if

zoy=0andz+y:1.
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Lemma 1. If a € A is a costandard (standard) element of a bisemilattice
A =(A,+,0,0,1) having a complement, then this complement is unique.

Proof. Let y and z be two complements for a. Then y = y+0 = y+(aoz) =
(y+a)o(y+2)=1lo(y+z)=(2+a)o(y+2)=z2+(acz)=2+0=2 O

Lemma 2. Ifa € A is a cancelable element of a bisemilattice A = (A, +,0,
0,1) having a complement, then this complement is unique.

Proof. Straightforward. O

Lemma 3. If a is a codistributive element of a bisemilattice A = (A, +,0)
then a T, and a |, are sub-bisemilattices of A.

Proof. let y,2 € a To. Thena <, y and a <, 2, i.e. aoy = a and
aoz = a. Obviously, yo 2z € a T,. Since a is a codistributive element,
a=aoy+aoz=ao(y+z),and y+z € a T,. The proof for a |, is similar.
g

The dual statement is also satisfied:

Lemma 4. If a is a distributive element of a bisemilattice A = (A, +,0)
then a T4 and a | are sub-bisemilattices of A. O

Proposition 1. Let A = (A, +,0) be a bisemilattice and a € A. Then the
following conditions are equivalent:

(i) a is a distributive element of A;

(ii) the filter a 14 is a sub-bisemilattice of A and the mapping f: A —
a 1+ defined by f(z) = a + z, is a bisemilattice homomorphism.

Proof. (i) — (it)

The first part follows from the previous lemma. Since f(zoy) = a+(zoy) =
(a+z)o(a+y)=f(z)of(y)and f(z+y)=a+z+y=f(z)+ f(y),fis
a homomorphism.

(i¢) — (4) Since f is a homomorphism, for every z,y € A, a + (z o y) =
foy)=f(z)o fly)=(a+z)o(aty) O

The dual proposition is also satisfied:
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Proposition 2. If 4 = (A, +,0) is a bisemilattice and ¢ € A, then the
following conditions are equivalent: '

(i) a is a codistributive element of A;
(ii) the ideal a |, is a sub-bisemilattice of A and the mapping f: A —

a |, defined by f(z) = a oz, is a bisemilattice homomorphism. O

There are propositions which are valid for lattices, but the analogous propo-
sitions are not valid for bisemilattices. For instance, if an element of a lattice
is neutral or even standard, it is cancelable as well, which is not the case for
bisemilattices.

Example 1.

Let A = (A, +,0) be a bisemilattice, such that A = {a,b, ¢} and operations
4+ and o are defined with: e +b=b,a+c=a,b+c=b,and z0y = b,
for # # y. Then, the element b is distributive, codistributive, standard,
costandard, neutral, but it is not cancelable, because:

b+a=b=b+candboa=b=0boc, but a #c.

3. Absorptive elements of bisemilattices

In this part we define a class of special elements which do not have their
analogues in lattices, that is, various types of absorptive elements. Clearly,
when bisemilattice 4 = (A, +,0) is a lattice, then all elements from A are
absorptive.

Let A = (A, +,0) be a bisemilattice, and a € A, then
a is +—absorptive if for every z € A :

a+(zoa)=a;
a is o—absorptive if for every 2 € A :

ao(z+a)=aq
a is +—coabsorptive if for every z € A :

z+(aoz) = z;
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a is o-—coabsorptive if for every z € A :
zo(a+z)==z.

If an element a is +— and o— absorptive then it is called absorptive. If an
element a is +— and o— coabsorptive then it is called coabsorptive.

Lemma 5. Let A = (A, +,0) be a bisemilattice, and a € A. The following
is satisfied:

(i) if a is o—coabsorptive and standard, then it is cancelable;

(#) if a is +—coabsorptive and costandard, then it is cancelable;

(iti) if a is o—absorptive and has at least one of the following properties:
distributivity, codistributivity, standardness, costandardness, then it is +—
absorptive as well, i.e. absorptive;

(iv) if a is standard and absorptive, then it is distributive;

(v) if a is costandard and absorptive, then it is codistributive;

(vi) if a is absorptive, then from z € a T4 and y € a |, it follows that
yS+$ a’ndySo T.

Proof.

()Hae+2z=a+yandaoz =aoy, then
r=zo(a+z)==z0o(at+y)=(zoa)+(zoy)=(yoa)+(zoy)=yo(atz)=
yo(a+y)=uy.

(ii) Dual to (i).

(iii) If a is, for instance, distributive, then we have,

ifao(a+z)=a,then: a+(aoz)=(a+a)o(a+z)=ao(a+z)=a.
(iv) (a+z)o(a+y) = ((a+z)oa)+((a+z)oy) = a+(aoy)+(zoy) = a+(zoy).
(v) Dual to (iv).
(vi) Let @ <; z and y <, a. Since a + z = z and a o y = y, consequently
z+y=(a+z)+(aoy)=a+z =2z,and zoy = (a+z)o(acy)=aoy=y. O

4. Structure theorems for bisemilattices

Theorem 1. If A = (A, +,0) is a bisemilattice and a € A then the following
conditions are equivalent:

(i) a is distributive, codistributive and cancelable;

(i) a T+ and a |, are sub-bisemilattices of A and the mapping g : A —
a T4 xa |, defined by g(z) = (a + z,a 0 ) is an embedding.
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Proof. (i) — (4t) The first part follows from Lemmas 3 and 4, and hence
a T4 Xa |, is also a bisemilattice. Since a is distributive and codistributive,
9@ +y) = (a+(z+1),a0(z+y) = ((a-+8)+(a+y),(a05)+(aoy) =
g(z)+g(y) and g(zoy) = (a+ (voy),ao(zoy)) = ((a+z)o(a+y)(ao
z)o(aoy)) = g(z)og(y). Obviously, since a is cancelable, g is an injection.
(i) — (%) Since ¢ is an injection, a is cancelable. Since g is a homomor-
phism, following the proof for (i) — (¢i), it is simple to prove that a is
distributive and codistributive. O

Corollary 1. If A = (A,+,0,0,1) is a bisemilattice with top and bottom
elements and a € A, then the following conditions are equivalent:

(i) a is distributive, codistributive, cancelable, absorptive and has a comple-
ment;

(i) a T+ anda |, are sub-bisemilattices of A and the mapping g : A —
al4 Xa |, defined by g(z) = (a+ z,a0 ) s an isomorphism.

Proof. (i) — (it) Considering the previous theorem, the only thing left to
prove is that g is a surjection. Let b be a complement of the element a (which
is unique, due to the cancelability), and let (z,y) be an arbitrary element
from a T4+ xa |o . We show that g(z o (y+ b)) = (z,y). (zo(y+b)+a=

(z+a)o(y+bdb+a)=(z+a)o(y+1)=(z+a)ol=2z+a=z,and
(zo(y+bd)oa=a0((yoa)+ (boa))=zo((yoca)+0)=20yoa=
(a+z)oaoy=aoy=y.

(#7) — (¢) Distributivity, codistributivity and cancelability follow from the
previous theorem.

There exists a unique element b € A such that g(b) = (b+a,boa) = (1,0).
Since ¢(0) = (a,0), g(1) = (1,a), g(a) = (a,a), (1,0) belongs toa T4+ xa |o,
and

(a,a)+(1,0) = (1,a) and (a,a)o(1,0) = (a,0),
the element b is a complement of a.

For z € A, and b a complement of a, ao (2 +a) = loao(z+a) =
(b+a)o(z+a)oa=((boz)+a)oa=(bozoa)+a=00zx+a=0+a=a,
and by Lemma 5(iil), a is absorptive. O

Theorem 2. If A = (A,+,0,0,1) is a bisemilattice with top and bottom
elements then there is, up to the isomorphism, one-to-one correspondence
between all decompositions of A into a direct product of two bisemilattices
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and all elements of A which are distributive, codistributive, cancelable, ab-
sorptive and have a complement.

Proof.

By the previous corollary, to every distributive, codistributive, cance-
lable, absorptive element @, having a complement, corresponds the decom-
position of A into bisemilattices a T4 and a |,.

Conversely, if 4 = B x C, for bisemilattices B and C, then B and C both

have top and bottom elements. Indeed, if 1 = (b1,¢1) € B x C, then for all
(z,y)€ BxC,
(z,y)+(b1,¢1) = (b1,¢1) and (z,y) o (by,¢1) = (z,y). Since z + by = by and
zoby =z, for all z € B, by is the top element of the bisemilattice B. In the
same way, ¢y is the top element of C, and considering the element (bg, ¢o),
such that 0 = (b, cp), we conclude that by and ¢p are bottom elements of B
and C, respectively.

Further, we consider the elements a and a’ from A, such that a = (b, ¢1),
and a’ = (b1, cp). It is not difficult to prove that the element a is distributive,
codistributive, absorptive, cancelable, and have a complement a’, and also,
that B is isomorphic to a T4, i.e. to (bg,¢1) T4, and C is isomorphic to a |,
i.e. to (bg,c1) Jo-

This completes the proof. O
Example 2.

Let A = (A4,+,0,0,1) be a bisemilattice with top and bottom elements,
where A = {0,1,z, y, z, u,v,w} (Fig. 1).

The element v is distributive, codistributive, cancelable, absorptive and
has the complement y, i.e. satisfies the conditions of Corollary 2. The
bisemilattice .4 is isomorphic with the direct product of v T4 and v |,.

Remark. Naturally, a picture of a bisemilattice consists of two Hasse di-
agrams, one for each ordering. We use the convention that if 2 <4 y and
z <, t, we draw z below y, and z below ¢ in the corresponding diagrams.

Corollary 2. If a is a distributive, codistributive and cancelable element
of the bisemilattice A = (A, +,0) then an arbitrary bisemilattice identity is
satisfied on A if and only if it is satisfied on a T4 and a |..
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Proof. Straightforward, by Theorem 1. 0O

(4,+)

(4,0)

Fig. 1

5. Comnsequences for lattices

Since a bisemilattice whose all elements are absorptive is a lattice, and
all ideals and filters in a lattice are sublattices, we obtain the following
statements which are consequences of Theorems 1-2 and Corollaries 1-2.

Theorem 3. ([3]) If £ = (L, A, V) is a lattice and a € A, then the following
conditions are equivalent:

(i) a is neutral;

(i1) the mapping g : A — a | x a | defined by g(z) = (aV z,a A z) is an
embedding. O

Theorem 4. ([3]) If £L = (L,A,V,0,1) is a lattice with top and bottom
elements and a € A, then the following conditions are equivalent:

(i) a is in the center of L;

(ii) the mapping g : A — a | x a | defined by g(z) = (aV z,a A z) is an
isomorphism. O

Theorem 5. ([3]) If L = (L,A,V,0,1) is a lattice with top and bottom
elements then there is, up to the isomorphism, one-to-one correspondence
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between all decompastitions of L into a direct product of two lattices and all
elements belonging to the center of L. O

Theorem 6. ([9]) If a is a neutral element of the lattice L = (L, A, V),
then an arbitrary lattice identity is satisfied on L if and only if it is satisfied
onal anda |. O
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