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Abstract

In the framework of the Pap g-calculus the notion of double g-
integral has been introduced. In [2] A. Markova and B. Riecan has
presented the Fubini theorem, the integral transformation formula and
the Green theorem. We will extend their means to the triple g-integral,
the Gauss-Ostrogradsky theorem and Stokes theorem.

AMS Mathematics Subject Classification (1991): 28E10
Key words and phrases: g-integral, Gauss-Ostrogradsky theorem, Stokes
theorem

0. Introduction

The g-calculus of E. Pap ([4], see also [5]), is based on a function g : [a,b] —
[0, 00] which is stricly monotone, bijective and such that either g(a) = 0,
or g(b) = 0. The g-integral of a measurable function f : [a, 8] — [a,b] is
defined by the formula

3 8
[ f@ya=g7| [g(s@)de
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In [2] A. Markova and B. Riecan is defined the double g-integral by the
formula

/7 f(z,y)dedy = g! (// g(f(a;,y))d:cdy) )

D D
and the curvilinear g-integral

/ea f(@,9)ds = g~ ( / g(f($,y))dx) .
C C ‘

Since the curvilinear integral does not need to be non-negative, although
g is non-negative, they extend the range of the function g to [—oc, 00] (for
more information see [2], [1] and also [3]). In addition to the curvilinear
integral we will also use the surface integral therefore, and we also have to
work with a generator g specified as follows: g : [a,b] — [—00, 00].

1. Preliminaries

Let be given a generator g : [a,b] — [—00, 0], which is a bijective map-
ping, decreasing or increasing. We define on the interval [a, b] three binary
operations :
the pseudo-addition by the formula

udv=g""(g(w)+g(v),
the pseudo—multiplication by the formula

u®v=g7" (g(u)g(v)),

and the pseudo-difference by the formula

uev=g""(g(u)—g(v)).

The associativity of a given pseudo-addition and a pseudo-multiplication
allows us to extend them (using induction) to n-ary (n € N) operation in
the following way :
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@zn: U= (U DUz ® ... Buy) =g " (zn:g(wc))

k=1 k=1

®ﬁ ug = (uq ®u2®...®un):g'1 (ﬁg(uk))
k=1

k=1

2. Properties of the integral

Proposition 1. Let D be a measurable set, f1, fo : D — [a, b] be g-integrable
functions on D, « € [a,b], D1, D, be measurable, nonoverlapping sets with
DU Dy = D. Then

//EB/ filz,y, Z)dmdydzﬂa//@/ fo(z,y, z)dzdydz = //@/ [filz,y,2)® fa(z,y, 2)]dzdyd=
D D D
a®//®/ fi(z,y, z)dzdydz = //@/ o ® fi(z,vy,2)|dzdydz
D D

//@/ fi(z,y, z)dzdydr = //@/ filz,y,z)dzdydz ® //@/ fi(z,y, z)dzdyd-=.
D Dy 4

Proof. The proof is analogous to the proof of the corresponding proposition
in [2] O

Theorem 1. Let D be an elementary region defined by the equality:

D ={(z,y,2) € R c<z<d; ¢(z) <y <y(e); r(z,y) <z <s(z,y)},
where ¢, be continuous on [c,d], ¢(z) < ¥(z) for all z € [c,d] and r, s be
continuous on D* = {(z,y) € B% ¢ <z < d; §(z) <y < 9(2)}, 7(2,9) <
s(z,y) for all (z,y) € D*. Let f be continuous on D. Then f is g-integrable
on D and

@ @ @

[[f ezt~ [ | ] (el
D

[c,d] [¢(1")r¢(1‘)] [r(z‘,y),s(m,y)]

Proof. The proof is analogous to the proof of the corresponding proposition
in [2] O.
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3. Gauss-Ostrogradsky theorem

Let S be a piecewise smooth simple oriented surface, L, M, N be real func-
tions such that their domains contain S, L,M,N : § — [a,b]. Then we

define
/7 L(z,y, 2)dydz = g™ ( / g(L(z,y,z))dydz)
S/]e M(z,y, 2)dzdo = g~ ( J[ sty dx)

Proposition 2. If g(L(z,y,2))i+ g(M(z,y,2))j + g(N(z,y, 2))k is inte-
grable on a piecewise smooth simply oriented surface S, then

D D @D
J[ veviydze [[ My 2)dzdee ([ Mo,y 2)dady =
S S S

= g_l (//g(L(:E, y,z))dydz + g(M(x, Y, Z))dde + g(N(x’ y,z))d:z;dy) :
S

Proof.

5 D (32}
// Lz, y, z)dydz & // M(z,y,z)dzdz & // N(z,y,z)dzdy =
S S S

=g [g ( !7Ldydz) +g ( jMdzdx) +g ( S//@Ndxdy” -
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(o o)
(o)

-1 (//g(L)dydz+ //g(M)dzdw+ //g(N)dwdy) -
S S S

=gt ( [[ 92,y 20)dydz + 9(M (2,9, 2))dzde + g(N (e, w))dwdy) -
S

C

In the next Proposition we will prove the formula which allows us to
compute the surface g-integral with the aid of the double g-integral. Let
S be a surface given by the equations in parametric form, i.e., F(u,v) =
[#(u,v), (u,v), x(u,v)]. We will deal with a piecewise smooth surface, i.e.,
partial derivates of functions ¢, 1, x with respect to all coordinates are con-
tinuous and

i j k
|FuXFu|: ‘¢u wu Xu 760
Gv Yy X

In our particular case we should assume

Pu

G| o

(1)

Proposition 3. Let S be a piecewise smooth simply oriented surface, given
by the funetion P = F(u,v), (u,v) € B (B C R? is a closed bounded simply
connected region whose boundary 0B is piecewise smooth). Let F(u,v) =
(#(u,v), Y(u,v), x(u,v)], i.e. the surface S is given by the equations in para-
metric form:
z = o(u,v), y = P(u,v), z = x(u,v), (u,v) € B
which satisfy (1) for all (u,v) € B and N be a real function continuous on
S, N:8 —[a,b]. Then
) dudv.

/7N(w,y,Z)dwdy = /®N(¢,¢,X)®g‘1 (
S B

Pu Yu
Pv Yy
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Proof.

/ N(z,y,z)dedy=g (//g(N(:E Y,z dxdy)
- ( J[ s, 6.0).| & dudv) =

Yy
Pu Py

(// [ (N(¢,¢,X)) g( (

$u Pu
¢u by

) Jos)-

-5t ([fo s o o (5 4 |)] ) -
= /@N(¢,¢,,x)®g‘l( b l’i’: )dudv- o

B

Theorem 2. Let S be a simply closed piecewise smooth surface, which is
oriented in the direction of outer normal. Let D is the set, which contains
points of the surface S and interior points of the surface S. Let g be differ-
entiable on (a,b), L,M,N : D — [a,b] have continuous partial derivatives
on D. Then

D & D
//L(a:,y,z)dydzé]a // M(z,y,z)dzdz & //N(z,y,z)dxdy:
S

S
@ @ @
:/// 0 L(x,y,2)  0OM(z,y,2) 0 N(a: ¥\ dedyds.
? Oz dy oy

Proof. By the definition:

dx B Oz
0P M(z,y,z2) _1 (09(M(z,y,z))
ady -9 < dy )
6@N(m,y, Z) — g_l (ag(N(.'E, y,z)))

L) _ o (D0(5..9)

0z dz
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hence

a@L(z,y,z) 9% M (z, y,z) I®°N(z,y,2)

oz dy 0z B
(09 - (B9(M (2 .y (09(N(,5, )
—gl( dz )EBgl( ay )@g < iE )_

o ()] el () oo (35
(P2 | 2001002 0N ),
oz dy 0z

Therefore

® ® ®
/// Is} L(IB,y, a M(:z;,y,z) ® 9 N(z’y’ Z) dil}dde:
oy oy

9%9(L) , 9%9(M) . 9%9(N)
(o (2R 20 )
( [ff (Zatd o 22500 224t dzdydz) S

On the other hand, by Proposition 2 and the Gauss-Ostrogradsky theorem
we obtain

/7L(z,y,z)dydz@ /7M(:v,y, z)dzdz & //EBN(:,;,y’ 2)dzdy =
S S s
-1 (//g(L)dydz+//g(M)dzdw+//g(N)dxdy) =
5
(/// (‘9%“ 3®§§/M) 3®g;N)) dzdydz) .

By the equality and (*) the stated formula is proved. Q
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4. Stokes theorem

Let C C R? be a regular oriented curve, L, M, N be a real functions such
that their domains contain C, L, M,N : C — [a,b]. Then we define

7 Lz,y, 2)dz = g7 ( / g(L(x,y,z»dw)
C

C
M(z,y,2)dy =g (/ g(M(:v,y,Z))dy)

D
N(z,y,2 (/g »y,Z))dZ) :

Proposition 4. If g(L(z,y,2))i+ g(M(z,y,2))j + g(N(z,y,2))k is inte-
grable on a regular oriented curve C, then

/
/
&)
(55} @ @
[ ote,0,2)d08 [ Mo,y )y [ N(z,y,2)dz =
C C C

: ( [ o, y,2))de + g (2, ,2))dy + g(N(x,y,z»dz) -
o

Proof. We have

/La:y, dz@/Mxy, dyéB/N:z:y,z)dz_

)l )
o E o) o)
“(fou

(o)

z,y,2))dz + g(M(z,y,2))dy+ g(N(z,y,2))dz ). O
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Theorem 3. Let S be an orientable surface with boundary C, where the
equation defining each simple smooth part of S have two continuous deriva-
tives. Let g be differentiable on (a,b) and L, M, N have continuous partial
derivatives on S. Then

D. &)
L(e,y, e [ M(z,g.2)y@ [ N(z,y,2)dz =
C ® C
& @ ) &3]
OV O iz [[(DEe 2N duace
Oy 0z J 0z Oz

@
%M O%9L
@ //( oz © _83/—) dedy.

S

m\@Q\@

Proof. By the definition

O9N(z,y,2)  09M(z,y,2) _
dy 0z
_1 (99(N(z,y,2)) _1 {09(M(z,y,2))
( Ay >6g ( 0z > =

_ g {g [g—l (89(1\7(83;, y%)))} g [g_l (89(M22,y,2))>]}

_ 1 (99(N(z,y,2)) Og(M(z,y,z))
-9 ( dy - 0z )

Then

[ (a@g(Na(x,y,z)) . a%((M(sz) dydz =
J y 0z

o { [f ] (202 _ 200020 dydz} _

- { [f (202D _ 2o ) dydz]

Therefore we can write the right-hand side of the equality, given in the
theorem, in the following way:
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- e - e
N //(agw ZI) dy}

Hence by the Stokes theorem it equals

- (/ 9(L(z,y,2))dz + g(M(z,y,2))dy + g(N(z,y, 2))d2) .
C

If we use the Proposition 4 for the left-hand side of the equality from theo-
rem, the formula written in the theorem is proved. O
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