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Abstract

We investigate the connections between different types of conti-
nuity of the null-additive fuzzy measure m (monotone set function
which vanishes at the empty set and such that m{B) = 0 implies
m(A U B) = m(A4)) as continuity from above, continuity from below,
autocontinuity from above, autocontinuity from below, continuity with
respect to other fuzzy measure. A Lebesgue type decomposition the-
orem for continuous and autocentinuous from above fuzzy measure is
proved.
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1. Introduction

Fuzzy measures were introduced and investigated by Sugeno [22]. Monotone
set functions which vanish at the empty set were investigated before Sugeno
by G.Choquet [3] under the name capacity. These set functions have many
important applications in different fields, for example [1], [2], [8], [19], [21],
[22], [27].
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Definition 1. A fuzzy measure m,m : ¥ — [0,00], is a non-negative ez-
tended real-valued set function m defined on o-ring ¥ and with the proper-
ties:

(FM]) m(@) = 0,
(FM3) EcCPF = m(E) < m(F).

In some papers ([23],[25],(26]) fuzzy measures have two continuity properties
more:

(FMs) E1CEC.. LE,€® = mU>, Ey)=limy o m(E,),

(FMy) E,DE;yD .. ,E, € ¥ and there exists ng such that
m(Eny) < 00 = pu((ozq Er) = im0 m(Ey).

In this paper we shall call the properties (FM3) and (F'My) of m the con-
tinuity from below and the continuity from above, respectively.

We shall investigate the connections between different types of continuities
of special fuzzy measures, the so called null-additive ([18], [20], [24], [25],
[26]) fuzzy measures.

2. Continuity

Throughout this paper ¥ always denotes a o-ring of subsets of the given set
X.

According to Wang [25] we have

Definition 2. A set function m, m : £ — [0, 00], 1s called null-additive, if
we have
m(AU B) = m(A)

whenever A,B€ X, ANB =0, and m(B) =0.

Example 1. A generalization of 1-decomposable measure ([14]-[18],[22],[27])
is the € - decomposable measure m : £ — [a, b] ([9],{11],[19]). Let [a,b] be
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a closed (in some cases semiclosed, see [19]) real interval. The operation @
(pseudo-addition) is a function & : [a,b] X [a,b] — [a,b] which is commuta-
tive, nondecreasing, associative, and has a zero element denoted by 0, which
is either a or b. A set function m : ¥ — [a, b] is a @-decomposable measure
if there hold m(#) = 0 and

m(AU B) = m(A) & m(B)

whenever A,B € ¥ and AN B = (. Then, m is null-additive,.

There are null-additive set functions which are not fuzzy measures.
Example 2. A set function m : ¥ — [0,00) is said to be k-triangular for
k> 1if m(0) =0 and

m(A) — km(B) < m(AU B) < m(A) + km(B),

whenever A,B € X, An B =0 ([6], [7], {12], {13]).

More generally, for a uniform semigroup S (with a neutral element 0) valued
set function g : ¥ — § is said to be k-triangular if the preceding inequality
for m;(A) = fi(u(A)) (i € I) holds, where { f;}ier is the family of triangular
functionals, i.e. such that

| fi(z) — fily) |< filz + 9) < fi(e) + fi(y) (z,y € S) and f;(0)=0,
defined by
di(z,0) = fi(z) (z€9),

where {d;};cs is the family of pseudometrics which generates the uniformity
in § ({12], {13]). It is obvious that a k-triangular set function m is always
null-additive, although it may not be monotone.

For other examples see [18].

Definition 3. A set function m is called autocontinuous from above (resp.
from below) if for every € > 0 and every A € X, there exists § = 6(A,€) > 0
such that

m(A)—e < m(AUB) < m(A)+e€ (resp. m(A)—e < m(A\B) < m(A)+e)

whenever B € X, AN B =0 (resp. B C A) and m(B) < § holds.
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By Proposition 3 from [25] any set function which is autocontinuous from
above (below) is null-additive. Wang proved in Theorem 1 from [26] that for
a finite fuzzy measure which is continuous from above and continuous from
below, the autocontinuity from above is equivalent to the autocontinuity
from below. We examine now this relationship in more detail.

Theorem 1. If m is a finite fuzzy measure which is autocontinuous from
below and continuous from above, then it is autocontinuous from above.

Proof. Suppose that the theorem is not true. Then there exist € > 0, a set
E from ¥ and a sequence {F,} from X such that

m(F,) < % and m(EUF,)>m(E)+e¢ (neN).

Since m is autocontinuous from below there exists a subsequence {F,, }
of {F,} such that

k+1
(1) m(E U (Fg, \ U F.,)>m(E)+e¢
i=s+1

for s = 1,2, ..., k. Since m is a fuzzy measure we have

@  mEUUEN U ) zmEUEN U F).
i=s i=s+1 i=s+1

By the continuity from above of m and (1) it follows

m(E U (Fy, \ G F..))>m(E)+e

1=s+1
Hence by (2) we obtain
m(EU (|J(Fe \ | Fu)))>m(E)+e
i=s i=s+1

Since m is continuous from above, taking s — oo in the last inequality we
obtain the contradiction

m(E) > m(E)+ e
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Theorem 2. If m is a finite fuzzy measure which is autocontinuous from
above and continuous from below, then it is autocontinuous from below.

Proof. Suppose that the theorem is not true. Then there exist ¢ > 0, F from
Y. and a sequence {F,} from ¥ such that

(3) m(F,) < % and m(E)>m(E\F,)+¢ (né€N).

Since m is autocontinuous from above there exists a subsequence {Fy, } of
{Fn} such that

| —

k
m(|J Fu) <= for s=1,2,..,k.

The continuity from below implies

> 1
F,)< - N).
(4) mUFE)<S (e
Since m is a fuzzy measure we have
oo OO o0
m(ﬂ U Fp) < m(U F)
s=1li=s i=s

Hence by (4)
(5) m({) | Fu) = 0.

s=1i=s

By the continuity from helow of m we have
lim m(B\ (] ) = m(E\ ﬁ U )
i=s s=1i=s
Hence by, the null-additivity of m and (5) we obtain (Proposition 2 (4),[25])
(6) slinolo m(E\ [j F,;) = m(E).
Since m is a fuzzy measure we have

m(E\ Fo) > m(E\ | Fa,).

i=s
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Hence by (3) and (6)
m(E) — e > m(E).

Contradiction.

Theorems 1 and 2 imply

Corollary 1. (Theorem 1,{26]) If m is a finite fuzzy measure which is con-
tinuous from above and continuous from below, then the autocontinuity from
above and the autocontinuity from below are equivalent for m.

3. Lebesgue decomposition

Definition 4. Let m and g be two finite fuzzy measures. If E € £,9(F) =10
implies m(E) = 0, then we say that m is absolutely continuous with respect
to g.

Definition 5. Let m and g be two finite fuzzy measures. If for every ¢ > 0
there is a 6 > 0 such that E € ¥,g(E) < 6 implies m(E) < ¢, then we say
that m is absolutely e— continuous with respect to g.

Theorem 3. Let m and g be two finite fuzzy measures such that they are
continuous from above and continuous from below. If g is autocontinuous
from above, then m is absolutely continuous with respect to g iff m is abd-
solutely e—continuous with respect to g.

Proof. 1t is obvious that if m is absolutely e-continuous with respect to g,
then m is absolutely continuous with respect to g.

Suppose now that E € ¥, g( E) = 0 implies m(E) = 0. If the theorem would
not be true, then there would exist € > 0 and a sequence {E,} from ¥ such
that

(7) 9(En) < % and m(E,) >¢ (n€N).

Since g is autocontinuous from above there exists a subsequence {E,, } of
the sequence {E,} such that

k
8) a(|J En,.)<% for s=1,2,..k

=5
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By the continuity from above of g we have
(9) S]i{gog(UEn;):g(ﬁ UEn,')-
=8 s=1i=s

Since g is continuous from below we obtain by (8)
o0 k 1
g(U En;) = k]f{.log(u En) < P

Hence by (9)

which implies

m(ﬁ DEm) =0.

s=11i=s

On the other hand, we obtain by the continuity from above and conti-
nuity from below of the fuzzy measure m and (7)

[c ol e 9] o0

k
m([) U En) = lim m({J En,) = lim Jlim m(U E..) > m(E,,) > c
s=11=s 1=5 1=3

Contradiction.

Theorem 4. Let m be a null-additive fuzzy measure which is continuous
from above and continuous from below. Then there exists a set A from ¥
such that

(10) m(A) = sup{m(FE),E € L},

m(E\ A)=0and m(E)=m(ENA) (FeX).

Proof. We shall choose a sequence {A,} from ¥ which will generate the
desired set A. Let Ag = 0. We take A; from ¥ such that

m(A1) = sup{m(E): E € I}.
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This is possible by the continuity from below of m. We choose A, from ¥
such that
m(Az) =sup{m(E): F C X\ 41}.

Repeating this procedure, we choose a sequence {4, } such that

(11) m(Ay) =sup{m(E): F C X\ “01 Ai;E € X}
=0

holds. We take A = [J24 A;. Then by the construction (10) holds. The
continuity from above of m implies

(12) lim m(E \ () 45) = m(E\ A).
i=0

By (11) we obtain

lim sup m(A,) > lim m(E\ U A;).
oo e =0
Hence by the exhaustivity of m (Proposition 1, [18]) and (12) m(E\ 4) = 0.
Hence by the null-additivity of m

m(E) = m((EN A)U (E \ 4)) = m(EnN A).

Definition 6. Let m and g be two finite fuzzy measures defined on ¥.. The
fuzzy measure m is called singular with respect to g, mig, if there exists a
set A from ¥ such that

m(E\A)=g¢g(E)=0 (E €X).

Remark. By Theorem 4, if for null-additive fuzzy measures m and g, which
are continuous from above and continuous from below, m_Lg holds, then we
have g L m too.

Now we have the following two theorems of Lebesgue decomposition
type. ‘

Theorem 5. Let m and g be two null-additive fuzzy measures on X. Then
there ezist two null-additive fuzzy measures m. and my such that m.(E) =
m(E \ A) and ms(E) = m(E N A) for a set A € ¥ and m, is absolutely
continuous with respect to g and mg is singular with respect to g.
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Proof. The family
Y1={FeX:g(F)=0}
is a o0— subalgebra of the o— ring . By Theorem 4 the restriction of m on
Y, has a set A € ¥y such that m(£\ A) = 0 and m(E) = m(E N A) for
E € 3. We take
me(E) = m(E\ A)

and

ms(E) = m(EN A)
for each £ € 3. It is easy to check that m,. and m; are null-additive fuzzy
measures and that m. is absolutely continuous with respect to g, and m; is
singular with respect to g.

Theorem 6. Let m and g be two autocontinuous from above fuzzy measures
on %, which are continuous from above and from below. Then there exist two
autocontinuous from above fuzzy measures m, and mg such that m.(F) =
m(E\ A) and ms(E) = m(E N A) for a set A € ¥ and m, is absolutely e—
continuous with respect to g, and my is singular with respect to g.

Proof. We take the same m_ and m; as in the proof of Theorem 5. Then by
Theorem 3. m, is absolutely ¢—continuous.
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