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Abstract

It is known that for arbitrary transformation monoid M on a set
A the clones C on A with CY) = M form an interval Int(M) in the
clone lattice. The problem is [5]: for which transformation monoids M
on Fy, k> 2,

(a) Int(M) is finite,
(b) |Int(M)| = 2807

In this paper we show that there are continuum of clones containing a
Picar function ([3], theorem 9, p.54) and |Int(M)| = 2% where M is a
given special transformation monoid.
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1. Notation and Preliminaries

Let A be a set. By an operation we will always mean a finitary, non-nullary
operation. For integers n > 1 and 1 < i < n, the i—th n—ary projection on
A is the operation defined by

eni(@1,...,a,) = @; for all a1,...,a, € A.

If fis an n—ary and g¢,...,¢9, are k—ary operations on A, then we define a
k—ary operation f(g1,...,9-) on A, called the superposition of f,g1,..., gn,
as follows:

f(gl’“ -agn)(al’- . '7a'k) = f(gl(a'la' "aak)7' "7gn(a'17- . '7ak))

for all a1,...a; € A. A set of operations on a fixed set A is said to be a
clone on A iff it contains the projections and is closed under superposition.

The clones on A form a complete lattice Lat(a) in which the least element
is the clone of all projections and the greatest element is the clone of all
operations on A. For an arbitrary set F' of operations on A there exists the
least clone containing F. This clone is called the clone generated by F, and
will be denoted by (F)cr. Instead of ({f})cL we will write simply (f)cL.
For a clone C and n > 1 we denote by C( the set of n—ary operations
from C.

Given a transformation monoid (that is a monoid of unary operations)
M on a set A, the problem is to describe all clones C with C(1) = M. For
arbitrary transformation monoid M on a set A, the clones C on A with
¢ = M form an interval in the clone lattice. This interval is denoted by
Int(M).

2. The Number of Clones Containing a Unary Func-
tion

1, ifz=0
Let A={0,1,...,k— 1} and h(z) = { . ot{wr'wise.

For |A| = 2 it follows from Post’s lattice that there are finitely many
clones containing h.
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Theorem 2.1. The cardinality of the set of clones containing h on a finite
set A is the continuum for |A| > 2.

Proof. We define a countable set of functions F' in such a way that for each
JeF
FE{(FN{DU{r}or.

This implies that for each G, H C F,if G # H then (GU{h})cL # (H U
{h})cL. In this way we get a set of distinct clones of continuum cardinality
each containing A. On the other hand, it is known that there are no more
than continuum clones containing h.

In the following, x = (z',...,2™) and h(x) = y means that h(z') = ¢
for ¢ € {1,...m}.

For m > 2 let us define the m—ary function f,, as follows:
0 if ({j:a/ =2} =land|[{j:2/ =0} =m—1)
1 otherwise

Im(x) = {
and let F' be the set of all these functions:

F= U {fm}

m>2

For each m > 2 we define relation g,, which is preserved by h, and we
are going to prove the independence of the set F' by showing that f,, does
not preserve p,, and all the functions f;,? # m, do preserve g,,.

Let us define the following relations g,, C A™ on A for m > 2:
om = By UCp UD,

where:

Bp={beA™:{lj:¥=0=m-1A|{7:& =2} =1}]},
Cm={ccA™ {lj:d =1} =m—-1A[{j: ¢ =2} =1}{} and
Dm ={0,1}"\{(0,...,0)}.

m

It is clear that h preserves g,, since:

h(b) € Cp if b€ Bu;
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hc)=c if c € Cp;
h(d)=(1,1,..,1)€ D,,, if d € D,,.

If we take x1,...,xXm € B, € o with mz = 2, then

(fm(zl, 2l fu(@, ., 27)) = (0,...,0) € 9m. So, fm & Polop,,.

Since I'mf; = {0,1} and i # m it is sufficient to prove that there are no
vectors Xi,Xs,...,X; € 0, such that

(f,(a*l, czh), o fileT, e 2™) = (0,...,0).
Let us suppose that there are such vectors x1,...,X; € 0,». Then the vectors,
X1,...,X; € By, because in the oposite case it is obvious that

(fz(‘c%’ 9y z) s 7f1('7:1"' » Ly ))7&(0

If i>m ie x,=x, for p,g€ {1,...,i} and sz_chen

(o filesap ol ), ) = (e il 200002, = (-, 1),

S0, 1 < m and there is a vector x; € B, such that x; does not appear
among Xy, ..., X;. Suppose that xé = 2. We have

(o fild b)) = fi(0,..,0),.. ) = (oo 1,0,

Contradiction. So, we have shown that the operations f;,i # m preserve
the relation o,,. Now we have

h € Polp,, A fm € Poloy, N fm # fi € Polp,, which implies
€ (F\{fm})U{h})cL because Polp,, O ((F\{fm})U{h})cL.

O

Theorem 2.2. Let gi(z) ==z for all z € {0,1,2},

(o1 2 {01 2 {01 2 {012
2= Vo1 1 BT 10 )Tt BT L1 2 )
If M =M, UM,UMsUM,4U Ms, where M; is the set of all functions
whose restriction is g; (i =1,2,3,4,5), then
HC :cM) = M}| = 2%,

Proof. It is easy to verify that if the relation p,, is defined as in the previous
proof, then Pol(Vp,, = M. O
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3. Conclusions

It remains to describe all the clones that contain h for [4] > 2.

If ¥ = 2, there are 6 transformation monoids and Rg clones on A. As the
clone lattice is fully known, is easy to determine the interval Int(M).

For a finite set A with |A| > 3 the clone lattice Lat(A) has the continuum
elements and little is known about the structure of the lattices in this case.
Therefore, the solution of the problem of A. Szendrei would contribute to a
better understanding of the structure of Lat(A).
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