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Abstract

An n-quasigroup (@, f) is cyclic if f(z1,...,2n) = zn41 <
f(z2,...,zn41) = 1 for all z1,...,2041 € Q, and it is called me-
dial if f(31,...,9n) = f(z1,...,2n), where ¥ = f(@i1,...,Tin), zj =
f(z1j,...,znj), for all z;; € @, i,j € {1,...,n}. Some properties of
medial cyclic n-quasigroups and n-loops are determined, and a com-
plete description of medial cyclic n-quasigroups is given. Some suf-
ficient conditions for the existence of self-orthogonal medial cyclic n-
quasigroups are obtained. It is proved that every medial cyclic n-loop
is a commutative n-group. .
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1. Introduction and Definitions

A quasigroup is called semisymmetric if it satisfies the identity z(yz) = v,
and it is called idempotent if the identity zz = « holds. Cyclic n-quasigroups
defined in [8] represent a generalization of semisymmetric quasigroups. Some
classes of cyclic n-quasigroups are equivalent to Mendelsohn designs.

A quasigroup satisfying the identity (zy)(uv) = (zu)(yv)is called medial.
Mediality is an affine property and it serves as a characterization of affine
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geometries among Steiner systems. Mediality is also related to mean-value
theory [1]. Generalizations of mediality to n-quasigroups were considered
by Belousov V. D. [3],[4].

In this paper, medial cyclic n-quasigroups and n-loops will be considered.
We shall give characterizations of such n-quasigroups and n-loops and obtain
some results on the existence of some classes of these n-quasigroups.

First we give some basic definitions and notations.

The sequence Z,,Tym+1,-.., 2, we shall denote by z or {z;}, . If
m > n, then z7. will be considered empty. The sequence z,z,...,z (m
times) will be denoted by Z. If m <0, then 7 will be considered empty.

An n-ary groupoid (n-groupoid) (@, f) is called an n-quasigroup if the
equation f(a}"!,z,al ) = b has a unique solution z for every a},b € Q and
every i € {1,...,n} = N,.

An n-quasigroup (Q, f) is called idempotent if for every z € @ f(:%) = z.

An n-quasigroup (@, f) is called an n-loop if there exists an element

e € @ such that f(iél,:v,ne_z) =z forall z € Q and all : € N,,, and e is
called a unit of that n-loop.

An n-quasigroup (Q, f) is called (i,j)-associative if the following identity
holds

F fae), et = fleg 7 f ), 23,

An n-quasigroup which is (i,j)-associative for all 7,7 € N, is called an
n-group.

An n-quasigroup (Q, f) is medial if f(y7) = f(2}), where y; =
f{=zi}i=1), 2 = f{wij}ey) for all 235 € Q, 4,5 € Ny,

By S,, we denote the symmetric group of degree n.

If (@, f) is an n-quasigroup and ¢ € 5,41, then the n-quasigroup f°
defined by

FPHzs(}ie1) = To(nar) & f(27]) = Tnia
is called a o-parastrophe (or simply parastrophe) of f.
An n-quasigroup (Q, f) is called
a) totally symmetric if f = f° for all 0 € 8,41,
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b) cyclicif f = f7 forall 0 € C, where C' is a subgroup of S, ;1 generated
by the cycle (12...n + 1) ([8],[10)).

c) commutative if f = f? for all ¢ € S,41 such that o(n +1) =n + 1.
An n-quasigroup (@, f) is cyclic iff the following identities hold

f(:c?_i_l,f(:z:?),m'i_l) =25, 1=1,...,m.

The transpose of a quasigroup (&),-) is the quasigroup (@, *) where x
is the binary operation defined by z * y = yz. A quasigroup (@Q,-) is self-
orthogonal if it is orthogonal to its transpose, that is, for all a¢,b € @ the
system zy = a, 2y = b has a unique solution. The self-orthogonality of
semisymmetric quasigroups was considered in {2],[5],[6],{7], and some of these
results were generalized in [10].

The set {(Q, f1),...,(Q, fn)} of n-quasigroups is said to be orthogonal if
for each (a}) € Q™, there exist a unique (b7) € Q™ such that f;(b7) = a;, i =
1,...,n. If (@, f) is an n-quasigroup such that the set {f, f1,..., fu—1} is
orthogonal, where f;; i =1,...,n — 1 are the parastrophes of f defined by
fi(2h) = f(:z:?_i_l,z’i), i=1,...,n—1,then (@, f) is called a self-orthogonal
n-quasigroup.

By ¢ we denote the identity mapping of the set ().
2. Medial cyclic n-quasigroups

Theorem 1. Let (Q, f) be an n-quasigroup. (Q, f) is a medial cyclic n-
quasigroup if and only if there exists a commutative group (Q,+) such that

(1) f(27) = pay — P ea + @z — -+ (= 1)" gt + b,
where ¢ is an automorphism of the group (Q,+), ¢! = ¢ when n is odd,
@™t = —¢ when n is even, and pb = —b.

Proof. Let (Q, f) be a medial cyclic n-quasigroup. Since (@, f) is medial by
[3] it follows that there exists a commutative group (@, +) such that

f(=?) = bz +b,
=1
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where 6;, ¢ = 1,...,n, are automorphisms of the group (@, +), 6:6; = 6,6;
for all 7,7 € N, and & is a fixed element from @.

Since (@, f) is cyclic it satisfies the identities f(zgq_l,f(x’f),zi_l) =
z;, 1=1,...,n, hence

(2) 91(€1$1 + 40z, + b) +0yz1+ - +60,z1 +b= Ty,
(3) Ozo+ -+ 0, 12, + on(011171 4+t Oz, + b) + b= 2,
and

01Zi41 + + Opin + 01 (0121 + - -+ 02, + b)

(4) +0p_iyaz1+ -+ Opzi + b=z,
fori=2,...,n-1.
Putting z; = ... =z, = 0in (2),(3) and (4), we get
Orn—it1b = b,

that is, ;6 = —b for all 1 € N,,.

From (2) for zg = ... = z,, = 0 it follows §? = —6,, and for z; = z3 =
... = &, = 0 we get 6,0, = —603. By a similar procedure, from (2),(3) and
(4) it follows that
(5) 0,0; = —0;
for all 4,7 € Ny, where k =i+ jfori+j<n, k=i+j—-(n+1)for
i+7>n+1,and p = e fori+ j=n+1.

From (5) we get that 8, = —0%, 03 = 63, 04 = —6%,...,0, = (=1)""16}
and also that 87! = ¢ for n odd, 677! = —¢ for n even.

Hence we have obtained that

f(xil) = T — (,02:52 + 903;1;3 — et (_1)n80n_1$n +b
where ¢ = 6;.
The converse part of the theorem is straightforward. O

Theorem 2. Fvery medial cyclic n-quasigroup (Q, f) defined by

f(fl??) = QT — 992172 + 303-7;3 -4 (_1)n—1¢nzn
where (Q,+) is a commutative group, ¢ an automorphism of the group
(Q,+), "t = ¢ when n is odd, "1 = —¢ when n is even, and ¢ + ¢

is a bijection, is tdempotent.
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Proof. If n is odd, then ¢"*! — ¢ = 0. Since
et —e=(pte)(—eto— Pt — T ")
and ¢ + € is a bijection, we get that
-+ —" =

Hence for every a € @
f@)=pa—¢Pat =" ot Pta=(p-¢* +- "+ PNa=a

If n is even, then ¢"*t! + & = 0, but since

P re=(pte)e—p+ et -+ "

we obtain ¢ — ¢? + - -+ — ¢" = ¢, which gives that (@, f) is idempotent. O

Since in every commutative group (@, +) the automorphism ¢ defined
by ¢(z) = —z satisfies all conditions of Theorem 1, we get the following
theorem. ‘

Theorem 3. For every v € N there ezists a medial cyclic n-quasigroup of
order v.

In [10], self-orthogonal cyclic n-quasigroups were investigated. In The-
orem 1 from [10] n-quasigroups defined by (1) with b = 0 were considered,
but the proof of that theorem applies also to n-quasigroups with b # 0. So,
Theorem 1 from [10] implies the following theorem.

Theorem 4. FEvery medial cyclic n-quasigroup (Q, f) defined by
f(z;‘) = QT — Qozzz + 903z3 —et (—1)"90"_1:1:n +b,

where (Q,+) is a commutative group, ¢ an automorphism of the group
(Q,+), b = —b, "t = ¢ when n is odd, p"*t! = —¢ when n is even,
and ¢ + ¢ is a bijection, is self-orthogonal.

Some results on the existence of self-orthogonal medial cyclic n-quasi-
groups can also be obtained from [10]. These results are given in the next
two theorems.
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Theorem 5. Ifn,v > 3 are odd numbers, then there exists a self-orthogonal
medial cyclic n-quasigroup of order v.

Ifn is an even positive integer, py, ..., pm primes and o, . . ., 0y, positive
integers such that p;* =1 (mod s;), where s; > 1 is a divisor of n+1, i =
1,...,m, then for arbitrary nonnegative integers 3;, i = 1,...,m, there

ezists a self-orthogonal medial cyclic n-quasigroup of the order

v =pothr pambm
Theorem 6. Let n > 2 be a positive integer and py,...,ps primes such

that p; > n+ 1,1 = 1,...,8. Then there are positive integers kq,..., ks,
1<k <n,i=1,...,s, such that, for all positive integers a;, i = 1,...,38
there is a self-orthogonal medial cyclic n-quasigroup of the order

— mE1o koas

v=p s

3. Medial cyclic n-loops

Now we shall consider medial cyclic n-loops.
Theorem 7. Fvery medial n-loop is commutative.

Proof. Let (@, f) be a medial n-loop and e a unit of that n-loop. We shall
prove that f = f(9 for every i, € N,.

Since (€, f) is medial we have the following identity
(6) f(f({zrdizn), - F{zndin)) = F(f{zat), - - F{zanlic))
If i,j € Ny, ¢ < j, and if in (6) we replace by e all variables except z;;,zj;
and zpx, k=1,...,i—1,e+1,...,7—1,7+1,...,n, we get

f(xlla sy T 11 Ty T 1 a4 1 - - s Tje1,5 =15 T ges T4, 5415+« -y znn) =

F(@11, o o Tim1,im1 Tjis Tig 1y 1s - - > Tjm1,—15 Tijs Tjt1,j410 -+ +» Tnn)-

This means that f = f() for every 4,7 € N, hence (g, f) is commutative.
O

Corollary 1. Fvery medial cyclic n-loop is totally symmetric.
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Proof. If (@, f)is a medial cyclic n-loop, by the preceding theorem it follows
that (Q, f) is commutative. Combining this and the cyclicity of (Q, f) we
get that (Q, f) is totally symmetric. a

Theorem 8. If (Q, f) is a medial cyclic n-loop, then (Q, f) is (1,n)-asso-
ciative and (1,1 + 1)-associative for all i € Np_;.

Proof. Let (Q, f) be a medial cyclic n-loop and e a unit of that =n-loop.
Then )
f(f(ml) f( 6 mn+l . 7f( € 7272714—1)) =

f(f(zh E )7 LREE f(xn—langl)7 f(xfz,n_l))’

that is,
f(f(zy az?zztll-ll _f(x?—l,f(xin—l)),

hence (Q, f) is (1, n)-associative. (@, f) is also cyclic and from Theorem 1
of [9] it follows that (@, f) is (¢,7+ 1)-associative for all 4, j € N,_;. O

Theorem 2 from {9] implies the following corollary.

Corollary 2. FEvery medial cyclic n-loop is an n-group.
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