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Abstract

It is obvious that the clone Pol{f"} is both a maximal clone and a
primitive-positive clone if f is a constant unary map, a regular permu-
tation or f(z,y,z) = z — y + z for some p-elementary Abelian group
(A,+,—,0), p-prime. In this paper we show that other maximal clones
are not primitive-positive clones.
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1. Notation an_d Preliminaries

By N we denote the set of positive integers: {1,2,3,...}. Given h € N, let
N, denote the set {1,...,h}. We shall now introduce the standard clone-
theoretic notation. Let A be a finite set with at least two elements.

Operations. Off) is the set of all the n-ary operations f : A™ - A (n €
N). O4 = Upen Off) is the set of all the finitary operations on A. Given
f € Og4, ar(f) denotes the arity of f. If f € OS‘) satisfies the identity
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f(z1,...,2n) = z; (i € Ny), we call it the i-th n-ary projection and use
the notation #. II4 is the set of all the projections on A. Operation
he O/(‘lm) is a superposition of g € O/(f) and f1,...,fn € O/&m) (m,n € N) iff
h(z1,. .-y Zm) = g(f1(Z1,- -« s Zm)s-- s fulZ1,. ., T)) for all z1,...,2n, €
A. The usual notation is: h = g(fi,..., fn). For F C Oy, let F(® denote
the set of all the n-ary operations in F: F(") := {f € F : ar(f) = n}.

For f € OSI) let f% = {(z1,...,Zn, f(Z1,...,Tn)) : T1,...,2n € A}
be a (n + 1)-ary relation referred to as the graph of f. For F C Oy,
FP = {fR:feF}. ®4=04".

Operation f € O%m) commutes with g € O‘(,f) iff

f(g(xs_l)? e 7‘7:511))5 L. ’g(zgm),‘ .- 7‘7:57,"1)))
= g(fV,..,z{™),..., D, ...,zm)),

for all :z:z(j) €A(i=1...n,j=1...m). F*is the set of all g € Oy that
commute with each f € F.

For a € A, ¢, : A — A is the constant mapping c,(z) = a. Const(A)
is the set of all the constant mappings. RP(A) is the set of all the fixpoint

free permutations of prime order. L(A) is the set of all f € Of) such that
f(z,y,2) = ¢ — y+ 2z for some p-elementary Abelian group (4,+,—,0)

(p—prime).

The clone of operations. C C Oy is a clone of operations on A (clone
for short) iff II4 C C and for all g € C™, fi,...,fn € C™ we have

g(fl:--'afn) eC.

Relations. Rff) denotes the set of all the nonempty h-ary relations on A:
Rff) =PAM\{0}. Ifp € Rff), we set ar(p) = h. Specially, ar(@) = 0.
Ry = (UheN Rff)) U {0} is the set of all the finitary relations on A. For
S CRjand h € N put S(h)={Q€S:a.r(g)=h}.

Let h € N and let ¢ be an equivalence relation on Nj. h-ary e-diagonal

on A is the relation defined as follows: §6(A4) = {x € A" : (i,j) € ¢ =
(i) = x(j)}. Let D4 stand for the set of all the diagonals on A.

A relation p € Rﬁ') is called totally reflexive iff |{a1,...,ap}| < h implies
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(a1,...,a) € p, for all (ay,...,ay) € A*. A relation p € R,(f) is called
totally symmetric iff for all (a1,...,an) € o and all permutations o of Nj
we have (aq(1),---;8a(n) € 00 0 € Rff) is called central iff p is a totally
reflexive and totally symmetric relation, it is not equal to A* and has the
following property: there exists a ¢ € A such that {c¢} x AP~! C .

Let h be an integer such that 3 < h < |A| and let © = {¥1,...,3}
(£ € N) be a set of equivalence relations on A. We say that © is h-regular
. iff for all 4, ¥; has exactly A equivalence classes and for every aq,...,a; € A,
Nf_,a;/9; # 0 (a/9Y is a corresponding equivalence class). g € Rff) is called
an h-regular relation iff there is an h-regular set © = {1, ...,9;} such that
(a1,...,an) € o iff (Vk € Ng)(34,5)(i # j A (ai,a;) € ¥;). Note that every
h-regular relation is totally reflexive.

Pol and Inv. Given g € Rff) and f € 054”) we say that f preserves

o iff for each n h-tuples (agl),...,ag)), ey (ag"),...,afln)) € p we have

(f(agl),...,agn)),...,f(agll),...,agln))) € p.

The polymorph of a relation g € Rf‘f) is the set of all the operations on
A that preserve g: Pola{o} := {f € O4 : f preserves gp}. If S is a nonempty
subset of R4, the polymorph of § is the set of all the operations on A
that preserve every relation in S: Pola § := [,c5Pola{o}. We usually
abbreviate Polg S to Pol S if there is no danger of misunderstanding. For
every nonempty set S C Rq, PolS is a clone [1, 3].

The set of invariants of a nonempty set F C O4 is the set of all the
relations that are preserved by all the operationsin F: Invg4 F:= {9 € R4 :
F C Pol{p}}. We also abbreviate Inv4 F' to Inv F' if there is no danger of
misunderstanding.

The fundamental result of the theory of clones is that C = PolInvC
iff C is a clone (see [1, 3]). The set of relations S for which S = InvPol S
holds is often referred to as a (discrete) relational algebra. These objects
are dual to clones. For F' C Oy, put (F)cy, := Pollnv F. For S C R4, put
(SYra :=InvPol S. For F C O4 we have F* = Pol F© (see [3]).
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The matrix representation of a relation. A matrix can be associated
to every g € Rgl), h € N. Let |g| = b and let

= {(x(ll)"” ’xgl))""’(xg.b)r" 1x$zb))} .

A matrix M, associated to g is an h x b matrix the columns of which are all
the elements of g. The rows of M, are also called the rows of the relation
0. Although M, is not unique, the concept is rather useful.

CORCO N

T’ Iy :z:%
1 2 b
oo | A A b
O IO

Primitive-positive clones. Let us recall that a primitive-positive for-
mula (p.p.-formula, for short) is a formula of the form JA-atomic. Let
F C O4 be a set of operations and let F be an algebraic type such that
algebra A = (A, F) is an F-algebra. Operation f € Oy4 is p. p.-definable in
A if there is a p.p. F-formula ¢(z1,...,Zp,y) such that f(ai,...,az) =b
iff A = ¢lai,...,apn,b], for all a1,...,a,,b € A. Let (F)pp = {f € O4 :
f is p. p.-definable in A}. (F)pp is a clone for all F C O4. A clone C is a
p.p--clone iff C = (C)pp. There is a nice characterization of p. p.-clones: a
clone C is a p.p.-clone iff C® = (CP)ga N ® 4 iff C = F* for some F C O4
(see [1]).

Maximal and minimal clones. The set of all clones on A forms an
algebraic lattice with respect to set-theoretic operations. The lattice is both
atomic and dual atomic. For historical reasons, atoms of the lattice are
usually referred to as minimal clones, while dual atoms are usually referred
to as maximal clones. This paper heavily depends upon the Rosenberg
characterization of maximal clones. We shall introduce some special sets of
relations:

R; the set of all bounded partial orders on A,

R, the set of selfdual relations, i.e. relations of the form fU for some
f € RP(4),
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Rj3 the set of affine relationé, i.e. relations of the form f© for some f €
L(A),

R4 the set of all nontrivial equivalence relations on A,
Ry the set of all central relations on A, and

Rg the set of all h-regular relations on A (h > 3).

Theorem 1.1. [2] A clone M is mazimal iff there is a p € R U...URg
such that M = Pol{p}. O

Relations ¢ € Ry U ... U Rg are often called Rosenberg relations. For all
f € Const(A)U RP(A)U L(A) the clone (f)cL is a minimal clone, as well as
a p. p--clone.

2. The Result

It is obvious that the for all f € Const(A)URP(A)UL(A) the clone Pol{f"}
is both a maximal clone and a p. p.-clone. The major task is to show that
other maximal clones are not p. p.-clones.

Suppose C' = Pol{p} is a maximal clone and a p. p.-clone. Then Pol{g}
contains nontrivial functional relations. Pick a Rosenberg relation p that
does not belong to the classes mentioned above. The idea is to show that
the (o)ra has no nontrivial functional relations, or, equivalently, that (g)raN
d4 C Dy,

Lemma 2.1. Let < be a bounded partial order on A. Denote the least
element of < by 0 and the greatest element of X by 1. Let 0 € (X)Rra, let
¢ =ar(o) and let 81,...,8; be rows of 5. Then S := {(ay,...,a) € {0,1}¢:
(Vi,j € Ng)(si 28 =>a; %a;)} Co.

Proof. Pick any (a1,...,a¢) € S and let b = |o]|.
Case 1° (Vi € Ny)a; = 0: Choose f € OF) such that f(z) = 0 for al

x € A®. Obviously f € Pol{=<} C Pol{s} and, thus, (0,...,0) =
(a1,...,a¢) € 0.
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Case 2° (Vi € Ny)a; = 1: Choose f € Og’) such that f(z) = 1 for all
x € Ab.

Case 8° Let Pp={i € Ny:a;, =0} #0 and P, = {1 € Ny :a; = 1} # 0.
Choose f € O,(:) such that

_ 0, & <s;forsomei€ Py
f=) = { 1, otherwise.

We have that f € Pol{<} C Pol{c} and that f(s;) = g; for all
t € Ny. Since 81, ..., 8¢ are rows of o and f € Pol{c}, it follows that

(F(81),-..,f(8p)) = (a1,...,a¢) €E 0.

This completes the proof. O
The following lemma can be proved similarly.

Lemma 2.2. Let ¢ be a relation on A and let k = ar(g). Suppose there are
p,q € A such that p # q and {p,q}* C o. Let o € {0)ra, let £ = ar(o)
and let s1,...,8¢ be rows of 0. Then S := {(a1,-..,a¢) € {p,q}¢: (Vi,j €
Ng)(s,- =8; = a; = aj)} Co. O

Here comes another pair of twin lemmas.

Lemma 2.3. Let < be a bounded partial order on A. Denote the least
element of < by 0 and the greatest element of < by 1. Let f € O("), n €

N, and let 81,...,8n41 be rows of f9. Suppose S := {(a1,:..,an+1) €
{0, 1}"+1 : (Vi,7 € Npyp)(8s = 8; =>a; X aj)} - fD. Then f €1l4.

Proof. For a start, we shall show that (3 € N,)s; < 8p,41. Suppose, on
the contrary, that (Vi € N,)~(8; < 8p+1). Then (1,...,1,0),(1,...,1,1) €
N e’ N, e’

n n

S C fU. Contradiction.

Dually, we can show that (35 € Ny,)8,41 <X 8;. Therefore, 8; < 841 <X
8; for some 1,3 € Ny,,. This is possible iff 8; = s; iff i = j. So, 8; = 8,44,
ie. f=al€lly. O
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Lemma 2.4. Let f € OXL), n € N, and let 81,...,8,41 be rows of fC.
Suppose there are p,q € A such that p # q and S = {(a1,...,an41) €
{p, )™ : (Vi,j € Nuy)(s: = 8; = a; = a;)} € fO. Then f € Ily. O

We are now ready to prove the main statement.

Theorem 2.1. Let p be a Rosenberg relation. Pol{p} is a p.p.-clone iff
o= g for some g € Const(A) U RP(A) U L(A).

Proof. <«: QObvious.

=: Suppose p is a Rosenberg relation such that o # g° for all g €
Const(A) U RP(A) U L(A). 1t suffices to show that (o)gra NP4 C D4. Pick
any 7 € (0)ra N®a4.

Case 1° p is a nontrivial equivalence relation: Choose p,q € A such that
p # q and (p, q) € p. Lemmas 2.2 and 2.4 imply f© € II4,” C Dy4.

Case 2° p is an h-regular relation, h > 3: Choose p,q € A such that p # ¢
and apply lemmas 2.2 and 2.4.

Case 3° p is a central relation and ar(p) > 2: Let ¢ be a central element of
o, choose a € A such that a # ¢ and apply lemmas 2.2 and 2.4.

Case 4° pis a unary central relation and |p] > 2: Choose p, g € p such that
p # ¢ and apply lemmas 2.2 and 2.4.

Case 5° p is a bounded partial order: apply lemmas 2.1 and 2.3.

This completes the proof. O

Corollary 2.1. Let C be a clone such that C* is a mazimal clone. Then
C is a minimal clone. Moreover, there is a g € Const(A) U RP(A) U L(A)
such that C = (g)cL-

Proof. Suppose C* is a maximal clone. Then there is a ¢ € Const(A) U
RP(A) U L(A) such that C* = Pol{g”}. Therefore, C® C (g”)ra N @ 4.
Set D = (g)cp. D is a p.p.-clone, so D” = (D")ga N ®4. Thus, we have
C C D. Since D is a minimal clone and C #Il4, C=D. O
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