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A NOTE ON n-GROUPS FOR n > 3

Janez Usan!

Abstract. A part of Theorem 1.4 in [2] is the following Proposition:
Let n > 3 and let (Q, A) be an m-semigroup [:1.2]. Then (Q, A) is
an n-group [:1.2] iff for arbitrary i € {2,...,n — 1} for every af € @
[:1.1] there is exactly one 2 € Q such that the following equality holds
A(at™, x,a77) = a, [:1.1). In the present paper the following proposi-
tion is proved: Let n > 3 and let (), A) be an n-groupoid. Then (@, A)
is an n-group iff for an arbitrary 7 € {2,...,n — 1} the following condition
hold: (a) the (i — 1,)-associative law holds in (@, A); (b) the (4,¢ + 1)-
associative law holds in (@, A); and (c) for every af € Q) there is exactly
one z € Q such that the following equality holds A(a}™*, 2,47 ™) = an.
In addition, for n = 3 [i = 2] the conditions (a) and (b) are equivalent to
the condition that (Q, A) is a 3-semigroup [:1.2].
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1. Preliminaries

1.1 About the expression a}
Let p € N, g € NU {0} and let a be a mapping of the set {i| i € NA{ >
pAi< g} into the set S; ) € S. Then:

Qp, .. .,04; p<q
aj stands for ap; p=gq
empty sequence (= 0); p > q.
Besides, in some situations instead of ag we write (a;)7_, [briefly: (a;)j].
For example:
(Vzi € Q)]

for ¢ > 1 stands for
VCL‘] € QV.Lq EQ
[usually, we write: (Vz; € Q)...(Vag € Q)], for ¢ = 1 it stands for
Y, € Q
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[usually, we write: (Vz; € Q)], and for ¢ = 0 it stands for an empty sequence

(=0).
In some cases, instead of af only, we write: sequence al (sequen(e al over
a set S). For example: ... for eve1y sequence aj over a set S . And if p <gq,

we usually write: al € S.

1.2 On n-group

Let n > 2 and let (Q, A) be an n-groupoid. Then: (a) we say that (@, A) is
an n-semigroup iff for every .7 € {1,...,n}, i < j, the following law holds

A(:Lll 1 A( itn— l) 3_7:”1):A(m{—l’A($§+n—l)’w§1;—ll

[: (i,7)-associative law|; (b) we say that (Q, A) is an n-quasigroup iff for
every i € {1,...,n} and for every a} € (Q there is exactly one z; € @ such that
the following equality holds

(c) we say that (Q, A) is a Dornte n-group [briefly: n-group] iff (@, A) is an
n-semigroup and an n-quasigroup as well.

A notion of an n-group was introduced by W. Dérnte in [1] as a genel alization
of the notion of a group.

2. Result

Theorem:Let n > 3 and let (Q, A) be an n-groupoid. Then the following state-
ments are equivalent:

(i) (Q, A) is an n-group [: 1.2]; and

(ii) For arbitrary i € {2,...,n — 1} the following conditions hold: (a) the
(¢ — 1,4)-associative law holds in (Q, A); (b) the (i,i + 1)-associative law holds
in (Q, A); and (c) for every a} E Q [+ 1. 1] there is exactly one x € @@ such that
the following equality holds A( 2,6 = a,.2
Proof. 1) =:

Let (i) holds. Then the implication (i) = (ii) holds tautologically.

2) «:

Let (ii) holds. We prove respectively that the following propositions hold:

1° (Q, A) is an n-semigroup;

2° For every af € Q@ there is exactly one ¢ € @ such that the following
equality holds A(z,a7™ ') = ay,;

3° For every a} € Q@ there,is exactly one y € Q such that the following
equality holds A(a"_ ,Y¥) = ax; and

2For nn = 3 [i = 2| the conditions (a) and (b) are equivalent to the condition that (Q, A) is
a 3-semigroup.
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4° For every a,b,c € Q, for every sequence a}~ 3 over Q and for every
jef{l,...,n— 2} there is exactly one z € @ such that the following equality
holds A(a,al™, z,a77%,b) =c &

Proof of 1°:

a) Let 7 be from (ii) { € {2,...,n — 1}] and let k € N satisfying

(1) i<k<n-—1.

In addition, suppose that the (k, k + 1)-associative law holds in (Q, A) [for k =/
it holds: (b)]. Then, by (b) and (c), we conclude that for every a>"~!, 0%~ €
the following sequence of implications holds:

A(al ! A(ak+n l) aiinl) A(a’i’,A(a'Ei’f) ‘12171“) =
A(B, Ala1 ™, A(ag™™ 1), a0, 00) =
A(b A(allc,A(al’fi;l) i171+1) b:1+11)
AT, Abi, b, AT, 6l 2), a2, D) =
A(b"l A(bi,af, A(@iT), ain %), azn, BIT) =
Albi,ay ™, Alag ™), 610 = Albi ok, A(allD), afn5 ),

whence we conclude that: if the (k, k + 1)-associative law holds in (@, A) and
k € N satisfies (1), then also the (k + 1, k + 2)-associative law holds in (Q. A).

b) Let i be from (ii) [i € {2,...,n — 1}] and let | € N satisfies the following
condition

(2) 2<1<i.

In addition, suppose that the (I — 1,[)-associative law holds in (Q, A) [for I =i
it holds: (a)]. Then, by (a) and (c), we conclude that for every a2*~ b} ! € Q
the following sequence of implications holds:

Aa7% A(e?T72) 6l L)) = Al Al Y, 0l =
A(bz—Q A(a1—2 A(al+n—2), ’211111) bn 1) —

AGT2 A A, ef ) 6 =
A(b?, a1, Aah, Aal*T2), B, bisa) 7 1) =

A2 ay, A(dS7, A(alt Y, a,z_tnl,bi_l) ) =
Aay?, A(@T72), ek bi) = Alag Y Al 7Y, 6 bia),

whence we conclude that: if the (I — 1,!)-associative law holds in (@, A) and
[ € N satisfies (2), then also the (! — 2,1 — 1)-associative law holds in (@, A).

3By (c) from (ii), this holds starting with n > 4.
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Proof of 2°:
a) By the fact that the sequences c1 Uand ¢~ 1 over Q are not empty
[ e {2,. ~—1}; 1.1] and also by 1° and (c) [flom (i1)], we conclude that for

all z,y,a]” 1 c?"l € (@ the following sequence of mplications holds:

Az, al” 2 ap_ 1,a‘1 1 = Ay. al” 2 a1, (1’1 Ho

A(c’l_l,A(a:,a;_ ,a,,_l,al ), e b=
A AW a0 ), 67 =
A(ci—lpw,a?-z,A<an_1, ai” ) =
Ay, a2 Aap—1, a7, ) =
=1y,
whence we conclude that the following statement holds
(3)  (Va; € Q)17 (Ve € Q)(Vy € Q)(A(w.al™") = Ay, a7 7") = & = y),
e., taking into account the monotonicity, that also the following statement

holds:
(4)  (Vai € Q)77 (Ve € Q)(Vy € Q)(A(z,a} ™) = A(y. a7 ™) & =y).

Further on, by (4) we conclude that for all z,al, ci'™ ! € Q the following equiv-

alence holds
A(z,al 1, ai_l) =a, <

A(c’i“1 a2 yA(an—1, a’ ! 1Y) =A(c7: )Gy €1 1).

T

whence by (c) [flom (11 )] we conclude that for every af € @ there is at least
one 2 € ( such that the following equality holds

(5) A(z,ai™") = an

[} ! over Q is arbitrary]. In addition, by (3), the equation (5) over the unknown
z for every a7 € @ has at most one solution. Hence: the statement 2° holds.
Similarly, it is possible to prove the statement 3°.
Proof of 4°:
Let j € {2,...,n—1}. Then by 1°-3°, we conclude that for every ', y. a7~ !, cp™t €
@ the following sequence of implications holds:

A(a{_l,w a?™ ) = A(a ,y,a;’ h=

Ut ]
A( n—1 A(al ,a;1-1)7ci~1):A(c;zﬂl A( s Uy ; l)ac{—l):>
AAG ™ a] T 2) 037 T = AAG T el Ty g T T =
A a]z) = A o] ) =

T =y,
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whence we conclude that for an arbitrary 7 € {2,...,n — 1} the following state-
ment holds

(Va; € Q)7 (Vo € Q)(Yy € Q)(A(a] ™" 2,07 71) =

A y,al ) > 2 =),

(6)

whence, taking into account the monotonicity, we conclude that for every t €
{2,...,n — 1} the following formula holds:

(Va; € Q)T (Vz € Q)(Vy € Q)(A(al™" 2,0771) =

A y,ap ) =)

(7)

Further on, by (7) and by 1°, we conclude that for an arbitrary j € {2,...,n—1}.
for every z,a},c} ! € Q the following sequence of equivalences holds:

A(a'{_], T a"“l) =a, &

z,a
Al Al z,af ), AT = AT a7
AACS Y el 2),ar T = A an 7Y,

1.e., the following equivalences

A@]™ z,a? ) = an &

AAE ol 2), el dh) = A an, d 7Y,
whence, by 2° and 3°, we conclude that for every a} € @ there is at least one
z € @ such that the following equality holds

(8) A(a{—l,m,a;.’_l) = ay,.

In addition, since (6) holds for any 5 € {2,...,» — 1}, the equation (8) over
the unknown x, for every a} € () has at most one solution. Hence: for every
i€ {2,...,n—1}, for every 'a’]; € @ there is exactly one = € (Q such that the
n—1

following equality holds A(ay™",z,a; ") = an.
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4Since t € {2,...,7 — 1} and n > 3, the sequences a'i_l and af"l over @ are nonvoid.



