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ADMISSIBLE SOLUTIONS OF A SYSTEM OF
COMPLEX HIGHER-ORDER DIFFERENTIAL
EQUATIONS !

Gao Lingyun?

Abstract. Using Nevanlinna theory of the value distribution of meromor-
phic functions, we investigate the problem of the existence of admissible
meromorphic solutions of a type of a system of algebraic differential equa-
tions,which has hot been discussed previously.
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1. Introduction and the main result

This paper needs some familiarity with the Nevanlinna theory,see,e.g.[1] for
notations and basic results.

Recently, several authors have investigated the problem of the existence of
admissible solutions or m components-admissible solutions of a system of alge-
braic differential equations and have obtained some results (see [3-8]). However,
they have not considered the system of algebraic differential equations of the
form

Z a(z)(z) "'kli(w )z“ . (w,gn))ik:"‘ — Hl(z,wl),

2
‘ (yer kHI
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where {a(;)(z)} and {b(;)(2)} are meromorphic functions,/, J are two finite sets
of multi-indices I = (ilo,’iQQ, cen ,i]n, izn) for a(i) 7é Oand J = (j](),jg(), . ,jln-,
Jan) for by # O respectively, Hy(z,w;) is the quotient of entire function in
variables z and wy, H(z,wq) is the quotient of entire function in variables z
and wa.

N. Steinmetz(|2]) had considered first the differential equation:

(2) Za(i)(z)wi" (W) ... (w™) = H(z, w),
(%)
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where the letf-side of (2) is a differential polynomial with meromorphic coeffi-
cients, H(z,w) is a quotient of entire function in variables z and w.

In this paper we consider the system of algebraic differential equations (1)
using Steinmetz’s idea. Obviously, there is an essential generalzation of the
equation (2).

For differential polynomial 3 a(;)(2) H wit (wy ) ...('Ll),g'l))i*"' .we adopt.

(i)erl
the notation:

Ak = ma.)({iko + 7:k:l + ...+ ikn}; Up = max{ikl + 2ik2 + ...+ '”-'ik'u. }1

Ay = max{igg + 2ig1 + ...+ (n+ Viga}.(k=1,2)

2 _ Y - —
Similarly, for >~ b(;(2) TT wi (wp )+ ... (w,(c"))“"- ,we can note \p, W Ap.(k =
(et

1,2)
Definition. Let

S3(T ZT(T a(.b) + ZT(T b(])
&)
S1(r) = T(r, Hi(z. c13)), S2(r) = T(r, Ha(2, ¢c2i)), c; € C.

E\ = {c1i}, B2 = {c2i}(€ C, E1NE2 = ) be two finite accumulation sets,(w ., wg)
be a meromorphic solution of (1). For every such c;; € Ey, (I =1.2), if the fol-
lowing conditions are satisfied:

S3(r) + S1(r) = o(T(r,ws)), S3(r) + S2(r) = o(T(r, w;)).

possibly outside a set of r of finite linear measure, we say that w; s an admissible
component of solution of (1).

Our main result is:

Theorem 1. Let (wy,w3) be a meromorphic solutions of (1).If the following
condition is satisfied:

(3) deg,,, Hi(z,w1) > Ay,
deng HZ(za w?) > A

then both w, and wg are either admissible, or inadmissible.

Remark. If (wy,wz) is an entire solution of (1), then it ought to replace the
deg,,, Hi(z,w1) > A1, deg,,, Ha(z,wz) > A by the condition (3) of Theorem 1.
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2. Proof of Theorem 1

Let (w,,ws) be a meromorphic solution of (1) and let

2

Y aw (@) [ wie ) () =
(el k=1
2 - |
— 1, 3 by (@) [l @) . () = 9.
(j)EJ k=1
For c1; € Fj,set
N ~ Hy(z,e11) % Hi(zen)

4 - ic11) = = .
( ) (wz 611)(,01(2,611) un — C11 w —C11 w; —C1n

Because (w;,ws) is a meromorphic solution of (1),by (4),we know the zeroes
of w; — ¢11 with the multiplicity 7, are the poles of (w2 — c11)¢1(2;¢11) with
multiplicity at most 7, — 1.Now we take cy1,c12 € Ey,c11 # ¢12 and set

pa(z;c11,012) = Y |lc|2 {(w2 — c11)pr(z; en1) — (w2 — ci2)a(z; c12)}
— 0, _ 1 Hi(zen) + 1 Hi{zem)
- (wI_CII)(wI_CI2) Ci|—Cr2 wyp—cCyy Crp—C12 Wy—cCpz

1—Q2(z,w)

(wy—ci J(w—cr2)”

It is evident that they are poles of wa(z;c11,¢12) with multiplicity at most
7; — 1 when the zeroes of w; — c¢;; with multiplicity 7; are not poles of «a(;
and H;(z)(j = 1,2).

In general,we take distinct c1q,c12,...,c1x € E; and set
er(zici, . o) = g ive-1(zan,. . ee-1)
—pr-1(z5€11, - -y €1,k-2, C1k) }
k
- Q =~ _Hi(z)
(5) g + Z Lwi—c;
H(wl—cl.i) 7=1
— h=|l—Ql.-§2,w|!

k bl
[Twi—ei3)

where Qp(z,w;) is a polynomial of degree k£ — 1 in un,its coefficients are linear
combination with H;(z)(j = 1,2,...,k),e1; is a constant which depends on
c1;-By induction, it is evident from (5) that they are poles of @i (2;c11,. ... c1x)
with multiplicity at most 7; — 1 when zeroes of w; — ¢;; with multiplicity 7; are
not poles of a(;y and H;(z).

By the condition deg,,, Hi(z,w;) = k > A; and the first fundamental The-
orem of Nevanlinna,it follows that

(6) T(r,wr) = T(r,wr —cre1) +O(1)
< T(r, (w1 = e1,k41)Pk+1) + T(7, pr41) + O(1).
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Now we estimate T'(r, (w1 — ¢1 k+1)@k+1) and T(r, pri1).
™

% Qulz.wn) )+ 0(1).
jl:—_Il(wl — c1)

) +m(r, —
I;[ (w1 — ¢1 )

m(r, i) < mr,

Note that
|2 < 1+ |1+_'—| < (e (rery)
(7) ’ |
S (|w| C|1| +’

where |a|t = max{1, |a|},c = max{1 + |c1;|}.
. . (n)yi . ok wi |
(w2) o (a1 (o )on = (gt (Lyin (P2 i
wa w2

Thus

E < & lao@IT 520 - (g

H(wl ciy)

. Tt
121 Iﬂz_|13”,
T wy

. . !
(H |w|—£c|1 |)+|wzlwu+...+wu %j
J

where H |—'—| is product of i, factors H( [)* is product of k—X; —iy

wy—c¢ w c|

factors
So

) + Aam(r, we) + (Z} m(r.ag;))

'ITL(T‘, w) —c|,

m(r, —L—r) <

(8) I;I‘(M—CU)

T

Lo

+ O X m(r, w._c.,)}+0{2m( r S

k k
(9) m(r,M—) < Zm(r,——-l—)-‘r}:m(r,Hj)-‘rO(l).
j=1

: w1 — C15
Hi—ay) 2=t
j=1

By (7),(8),(9) and logarithmic derivative lemma,we have

k
m(r,pr) < 23 mir, 5rie) + dem(r, we +Zm(7 ay)
j=1
+ > - m(r, H;) + S(r,wy) + S(r, wg

(10)
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where S(r, w;) = O{log(+T(r, w;))}. Moreover,

k+1
Q wy — ¢ H;
Prri(wy — ey kqr) = T—l_ + ZCU 1 w1i+cl) iz ).
[I(w1 —c;) =1 LT
Jj=1
Note b hat
Mz < 1+ gl < (1 e — et
< c(l«w.—c.,,-| ’
and
Y
m(r, err1(wr — cre41)) < m(r, - )
I (w1 = e15)
i=1
k+1
(wl Cl,k+1)Hj(z)
+m(r, jz;m, —— )+ O(1).
Similarly,

(11)

m(r, grs1(wy —crp41)) < 2 Z m(r, wn—m ) + Aem(r,wa) + 3 m(r,ap)
J @

+ Z m(r, H;) + S(r,w1) + S(r, wa).

J_

Now we estimate N(r, ¢r41) and N (7, (w1 — €1,k+1)Pk+1)-
At first,the poles of ¢, may arise from the following cases:

(i): The poles of {a(;(2)},whose contribution to N(r,r41) is 3 N(r, ag))-
(iif): The poles of { H;(z)},whose contribution to N (7, ¢x+1) is 3 N(r, H;).

(iii): The zeroes of w; —cj; but not the cases (i) and (ii). According to the above
discussion,each zero with multiplicity 7; are the poles of ;41 with multi-
k+1
. - . - . 1 ; X
plicity at most 7;—1,thus, its contribution is at most ng Ny (r, m),wllele
) is the count function of zeros of w; —c¢;; and the zeroes with

N, (Ta W —
mult1phc1ty 7; count only 7; — 1 times.

(iv): The poles of w; but not any pole of wsy.In this case,if zp is a pole of wy
with multiplicity 7,then it is the poles of the denominator of @A, +1(z) with
multiplicity (A; + 1)7,but zp is at most the poles of 4 and Qa, +1(2, wy)
of the numerator of pa,+1(z), hence,zp is a zero of ga,+1(2),it follows
that the poles of w1(z) do not arise from the poles of ga, +1(2).
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(v): The poles of wy but not any pole of wy.In this case, its contribution to
N(r,¢i+1) 18 AaN(r, w2) + ua N(r, wa).

Form the cases (i)-(v), we have

k41
N(r,pr+1) < Z Ni(r, 522) + AN (r,w2) + waN (r w)
(12)
+ Z N1(7‘, Hj +ZN(7‘,CL(Z')).
i=1 )
Similarly,
(13)

k
N(r, (w1 — e k41)pk41) < Y Ni(r, m.—c., ) + Ao N{(r, w2) + ug N(r, w)
=1
k+1
Z: (’I )+ZN(7‘ a(z))

Combining (10),(11),(12) and (13),we obtain
(14)
k+1
T(r,wi) < 45 m(r, w|1cl )+ 2 Z Ny(r, —— m p—ry ) + 2Xa N (7, wy)
=1

+2ua N (r,wa) + Z Ni(r, Hy) + Y T(r,a0)) + S(r, wi) + S(r,wy).
I=1 ()

We choose 9 systems which differ from each other {e1;}(j = 1,2....,9(k +
1)),apply the inequality (14) to every system, combining the above 13 inequli-
ties,we deduce

9(k+1) 9(k+1)
9T (r,un) < 4 Z m(r ) +2 Z Nl(r,w_C )+18/\2T(r wa)

9 k+1)
+18ug N (r, wa) + 2 Z Ni(r,Hj) + ISZT(T a@y)

1
’wl—cn

. +S(r,un) + S(r, ’LU2)
By the second fundamental theorem of Nevanlinna,we have
9(k+1)
9T (r,wy) < 8T(r,w1) + 18X T(r, wp) + 18ua N (7, wq) + 2 > Ni(r Hj)

i=1
+18 3" T(r,a(;)) + S(ryw1) + S(r, wa),
(?)

ie.
9(k+1)
T(r,w1) < 18XT(r,we) + 18ua N(r, w) + 2 Z Ni(r, Hj)

(15)
+18%:T(r,a(,)) + S(r,w,) + S(r, 11)2), (k> Aq).
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In a similar fashion,we have for the second equation of (1),

_ _ 9(l+1)
16) T(r,we) < 18M\T(r,wy) + 18wy N(r,w1) +2 5, Ni(r, Hj)
16 j=1
+18 Y T(r, b)) + S(r, wr) + S(r,wy), (I > Ay).
(7)

T(ryua)

If w; is admissible,wy is non-admissible,by the inequality (15) and lim sup Toras =

T—00

0 we have
1<0.

This is a contradiction.

In a similar way, we can prove the case that wy is admissible,w; is non-
admissible.

This completes the proof of Theorem 1.
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