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NOTE ON INTERSECTIONS OF MAXIMAL CLONES
Rade Doroslovaéki!, Jovanka Pantovié¢!, Gradimir Vojvodié?

Abstract. We investigate some interesting properties of the intersections
of maximal clones which partially describe lattice of clones in P, for
k£ > 3. These intersections are very important for investigation of relative
completeness with respect to min(z,y) and T=k -1 —z.
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1. Notation and preliminaries

Denote by N the set {1,2,...} of positive integers. For k,n € N, E;, =
{0,1,...,k — 1}, denote by P{™ the set of all maps E' — Ej, and P, =
U P,g"). We say that f is an ¢-th projection of arityn (1 <i<n)if f € PISH)
neN
and f satisfies the identity f(z1,...,z,) = x;. We say that f € PAE") is es-
sential if it depends on at least two variables and it takes all values from
Ey. Let n' denote the i-th projection of arity n, and let II; denote the set

of all the projections over Ey. For n,m > 1,f € P,g’l) and g¢1,...,9, €

P,gm), the superposition of f and gy,...,¢gn, denoted by f(g1,...,9n), is de-
fined by f(gh e 1gn)(a17' o 7am) = f(gl(ala' o 7a'm.)7 e 7gn(a1a e 7a1n)) for
all (ay,...,am) € E*. Aset F C Py is a clone of operations on Ej, (or clone for
short) if [T C F and F is closed with respect to the superposition. For F C P,
{F)cr, stands for the clone generated by F. We say that the clone F is mazimal
if there is no clone G such that F C G C P.. F C P, is complete if (F)¢gr, = Pi.

Let ¢ C E,’C‘ be an h-ary relation and f € P,Sn). We say that f pre-
serves g if for all h-tuples {(a11,...,a1n),...,(@n1,...,0np) from o we have
(farr, ... an1),--+, f(aih,...,ann)) € o. Polg is the set of all f € P, which
preserve g. For F C Py, Inv F denotes the set of all the relations preserved by
each f € F.

It is interesting to consider the followig problem: What are the maximal
clones on a finite universe not containing a given clone C; or, equivalently, what
are operations to add to C to make it complete (or primal)?
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The following concept of relative completeness was introduced in [3].

Let C be a clone on Ej and F C P.. F is complete relative to C (or
C-complete) if (FUC)er = Py.

The following theorem gives a necessary and sufficient condition for F to be
C-complete. It is analogous to the Post completeness criterion.

Theorem 1.1. [3] Let C be a clone on Ey,. F C Py is complete relative to C if
and only if F\ M # § for every mazimal clone M containing C.

Therefore, the problem of determining whether a set F' is complete relative
to C, reduces to determining all the maximal clones that contain C.

This paper heavily depends upon the famous Rosenberg characterization of
maximal clones. The following special sets of relations are considered:

R, - the set of all bounded partial orders on Ej;

Ry - the set of selfdual relations, i.e. relations of the form {(x, s(x)) : & € Ey},
where s is a fixed point free permutation of prime order (i.e. s? = id for
some prime p);

R3 - the set of affine relations, i.e. relations of the form {(a,b,c.d) € E} :
a * b= c*d}, where (Ey, *) is a p-elementary Abelian group (p prime);

R4 - the set of all nontrivial equivalence relations on Fy;

Ry - the set of all central relations on Fy;

Rg — the set of all h-regular relations on Ey. (h > 3).
Theorem 1.2. [2] A clone M is mazimal iff there is a ¢ € Ry U ... U Rg such
that M = Pol .
2. Some properties of intersections of maximal clones

Let M; = Polg;, Irt C; be the center of the relation g; € Rgz), M = P\M,
M;M; = M; N Mj, N =1{1,2,..k} and let p102 = 01 N 02.

Theorem 2.1. If pyo2 = 03, 01,02, 03 € Ry, then My My C M.

Proof. Suppose that f € MM, and let ¢; € g3 for all i € N,,. Then,
03 =002 = €@ ANci€gn > flc)ea A flc)eo = f(g)e
o102 = o3 le. f€ M. O

Theorem 2.2. If 91,02 € Rg,2), 03 € Rél), 03 C Co and
(1) (a,0)¢o1= (Ve Ex\es)(a,c) € 02 V (bc) & o2, then
Mlﬂ/fz C M;
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Proof. Suppose that f € MMM 5. Because f € M; there are a,b € E}
such that (a;, b;) € ¢ for all i € N,, and (f(a), f(b )) ¢ o1. If f € M3, then
there exists ¢ € E} such that ¢; € g3 for each 5 € N,, and f(c) & o03. On the
other hand, g3 C Cy and f € My, which implies

(ai,ci) € o2 A (biyci) €02 = (f(a), flc)) €02 A (f(b), f(c)) € o2
for all ¢ € N,,, which is a contradiction with (1) O

Theorem 2.3. If the relation pg € Rgl) is a union of some equivalence classes

of o1 € Ry, 03 C o2, 03 € Rél) and (Ya; € g2) (3b; € 03) (a;,b;) € 01, then
MMz C M.

Proof. Suppose that f € M{M3Mq. f € My implies that there exists a € E}
such that a; € g0 for all i € N,, and f(a) & ¢2. Now, from g3 C g2 follows

f(a) & os.
If b e E} such that b; € p3 forall i € N, and (a;,b;) € oy (it

is possible because (Va; € 02)(3b; € p3) (a;,b;) € p1), then f € M3 implies
f(b) € p3 C p2. Now, f(a) & g2 and f(b) € g2 implies (f(a), f(b)) &€ o1

(because g5 is a union of the equivalence classes of ¢;), but we get a contradiction
since (a;,b;) € g1 implies (f(a), f(b)) € 0. O

Theorem 2.4. If the relations p1,00 € Réz), 01 C 02, 03 € 04 and pg € Rél)
satisfying the following condition:

(1) (a,b) ¢ o1 = {a,b} & Co,
(2) (a,b)eor ANad€oas = (3c€ ) (a,c)€pz A (bc)epa and
(3) (a,b)d o1 A (a,c)€p03 ANc€Eoa ANbgCa = (c,b) & o2

then M2M3M4 C M.

Proof. Suppose that f € MoM3sM,M;. From f € M, follows that there exist
a,b € E! such that (a;,b;) € g1 for all i € N,, and (f(a), f(b)) & o01. By
(1) f(a) €Ca or f(b) &Cy. Let f(b) & Cy (The case f(b) & Ca is analogous).
We shall define vector the ¢ € Ef in the following way:

(a;,b;) €01 Co2 N a; €04 = ¢i=ay
2
(as, i) €Eor A a; & o4 2 (3ci € 04) (aivc;) € 03 A (bi i) € 02
for all 7 € N,.
In this way we obtain that (a;,¢;) € g3, (bi,¢i) € g2, and ¢; € g4 for all
i1 € N,. Now, f € MyM3M, implies -

(f(a), f(e)) € 3, (f(b),f(e)) € g2 and f(c) € o4

However, (f(a), f(b)) ¢ o1, (f(a).f(c)) € @3, f(c) € os, f(b) & Cy
and the condition (3) implies (f(c), f(b)) & 92, which is a contradiction with

(f(c), f(b)) € o2 a.
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Theorem 2.5. If for the relations gy, 02 € Rél), 02 C 01, 03.04€ R_(r)z) 02 C
Cy holds

(1) (a,b) & 03 = (Yc € g1\@2) (a,¢) € 94 V (b,c) & 04 then MMM 3 C My,

Proof. Suppose that f € M{MyMs. If f € M3, then there are a,b € E? such
that (a:,b;) € g3 for all i € N,, and (f(a), f(b)) & p3. If f € M. then there
exists ¢ € Ef,such that ¢; € gp for all i € N,, and f(c) & g2. From g2 C 0y
and f € M follows that f(c) € g1, i.e. f(c) € o1\ g2- The condition (1) implies
(f(a), f(c)) & o4 or (f(b), f(c)) & g4, while 93 C Cy4 implies that (u;,c;) € 04
and (b;,c;) € o4. It means that f € M. 0

Theorem 2.6. If p; € Rél) s an equivalence cluss of g1 € Ry, CiNos £ B
and if for the relations o3, 04 € R§2) holds:

(1) (a,b) € 03 = (Vce€ Ex\o) (a,c)€os V (b.c) € o4
then M1H2_]\7[3 C 7\74.

Proof. Suppose that f € MyMaM3. If f € Mo then there exists a € E} such
that a; € g2 for all i € N,, and f(a) & ogo. If we choose b; € 0, NCy # W,
from f € M, follows that for all b € E} such that b; € gy, ¢ € NN,, we have
(f(a), f(b)) € 1. But f(a) ¢ o2 and (f(a), f(b)) € o1, implies f(b) & os.
Since f € M3 there are ¢,d € E} such that (c;,d;) € g3 for all i € N,, and
(f(e), £(d)) & o3. The condition (1) implies (f(c), f(b)) & o4 or (f(d), f(b)) 9-‘
04. So, f € M4 because (c;, b;) € o4, and (d;, b;) € 4.

Theorem 2.7. If for the relations p1, 02,03 € R5 , 02 C 01. 04 € Rél) holds:

(1) (a,b) & 0o = a€ oaVbe py
(2) (e,b)€ g2 = (3c € g4)(b,c) € 03 A (a,c) € &1

(3) (a,b) € p1\o2 implies:

(Vo€ os) acos = ((b,c) € 03 A (a0) m) v (<a,c> € o1 A(bo) & 93),
then MMMy C M

Proof. Suppose that f € MiMoMM; from f € Mo follows that there exist

a,b € E} such that (a;,b;) € g3 for all 7 € N,, and (f(a), f(b)) & 02. However,

from go C 01 and f € M, follows (f(a), f(b)) € a1, i.e. (f(a), f(b)) € ai\os.
By (1) f(a) € g4 V f(b) € p4. Let f(a) € g4 (analogous for f(b) € g4).
Now we shall define the vector ¢ € E}} in the following way:

(ai,bi) € 02 (=2>) (30,’ (S 94) (bi,c,-) € o3 A (ai,ci) €0 for all 7 € N,.

From f € M Mj, we have (f(b), f(c)) € 03 A (f(a), f(c)) € ¢1. But now
we have that (f(a), f(b)) € o1\02, f(c) € 01, f(a) € 04,(f(b), f(c)) € o3 and
(f(a), f(c)) € g1, which is a contradiction with the condition (3). O
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Theorem 2.8. If for the relation o, 09 € Réz) , 01 C 02, 03 € Rél) holds:

(1) (@b)€oes v (a¢93 A b os A (a,b)egz) -
(3c € o3) ((a,c) €01 A (bc)€ g;)
(2) (ab)¢or= ((Vce 03) (a,0) € o1 = (b.) ezgl)

then MMz C Mo,

Proof. Suppose that f € M;MoMs. From f € M follows that there exist
a,b € EP such that (a;,b;) € g2 for all i € N,, and (f(a), f(b)) & o2.
Now we shall define the vector ¢ € Ef in the following way:

(@i, ;) € 01 A a; € 03 = ¢ =a;
(ai,b;) € oy A by €p3 = =
(ai, b)) € o2\o1 V (ai & 03 N b; & p3) & (Fci € 03) (a3,¢) € 01 A (biye) € 0
forallie N,,.
However, (a;,¢;) € 01, (bi,c;) € 01, ¢; € gz foralli € Ny, and f € M; M3 im-

plies (f(a), f(c)) € g1, (f(b), f(c)) € 0y and f(c) € g3, which is a contradiction
with the condition (2). d

Theorem 2.9. If for the relations 91,02 € Ry and p3 € Rgz) holds:

(1) (a,b)cpos = ((Bc,d € Ex) (a,0)€e 01 A (bd)e o1 A (c,d) € gz)
@ ((a,b) os A (ayc) € on A (bd) € 91) & (ed) ¢ o

then MMy C M.

Proof. Suppose that f € MyM,Ms;. From f € M follows that there exist
a,b € E} such that (a;,b;) € g3 for all i € N, and (f(a), f(b)) & 03. From the
condition (1) implies that there exist ¢;, d; € Ej such that (a;, ¢;) € 01, (bi,d;) €
o1 and (c;,d;) € g for all i € N,,.

However, from f € M) M; we have (f(a), f(e)) € 01, (f(b), f(d)) € o1 and
(f(e), f(d)) € g2, which is contradiction with condition (2). O

Theorem 2.10. [f the relations 91 € Ry and gq, 03 € Rgz) satisfy the conditions

(1) (a,b) € p3\o2 = (3e,d€ Ep)(a,c)€ o1 A (b.d)€ o1 A (c,d) € o
(2) (avb) ¢ o3 = (Vc,d € Ek‘)(avc) ¢ oV (b: d) ¢ o1V (Cad) ¢ 22

‘%

then MMy C M.
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Proof. Suppose that f € M MoMs. From f € My follows that there exist
a, b € E} such that (a;,b;) € g3 for all ¢ € N,, and (f(a), f(b)) & 0;.
Now we shall define the vectors ¢, d € E} in the following way:

(@i, b;) € 02 = g=a; ANdi=0b
(ai,bi) & Qg\Qz §:1>) (Echdi S Ek)((l,i,c,,;) €01 A (bi.di) €0 A ((’,'.(‘lr,;) € 02

for all i € N,,.
However, f € MM, implies (f(a), f(c)) € o1, (f(b),f(d)) € o1 and
(f(c), f(d)) € g2, which is contradiction with the condition (2). O

Theorem 2.11. If for the relations oy € Ry, 02.03 € R holds:

(1) (a,b) € ga\oz = (Ac € Ex)(a,c) € o1 A (b,c) € g9
(2) (a,b) & o3 =
(Vo€ B)((a,c) € o1 V (5,6 € @) V (Ve € B)(b,6) € o1 V (0.0) & 02)

then MM, C Ms.

Proof. Suppose that f &€ M;MyM3. From f € M3z follows that there exist
a,b € E} such that (a;,b;) € p3 for all 7 € N,, and (f(a), f(b)) & 03. The
condition (2) implies

(Ve € Ex)((f(a).c) & e1V(f(b),c) & 02) V (Ve € Eq)({f(b).c) & e1V(f(a).c) & o2

Let (Vc € Ep)(f(b),c) &€ o1 V (f(b),c) & 02. (In the other case the proof is
analogous).
Now we shall define the vector ¢ € E}} in the following way:

(ai, b;) € 02 = g =a;

(ai,bi) € 93\92 (=1>) ('__‘ici € Ek)(cti,ci) €01 N (bi,ci) Sl

for all i € N,.

However, f € M, M, implies (f(a), f(¢)) € g1 and (f(b), f(c)) € g2 which
is a contradiction. |

Theorem 2.12. Ifgz € Rgl) is an equivalent class of the relation 9o € Ry, 0 €
R, 04 € Rgz), 01 C pa and holds:

(1) C is equivalent class of o1 => CNp3 # §
(2) ag o3 = (Ve€ Ep)(a.c)€o2 V (a,c) €01

then M MyMs C Mj.
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Proof. Suppose that f € M, MyMs.
From f € M3 follows that there exist a € Ep such that a; € gz foralli € N,
and f(a) & o3.

Let ¢ be a vector from E}.
Now we shall define the vector d in the following way:

¢ €03 =>d; =c
ci & 03 & (3d; € Ey)d; € o3 A (¢4, d;) € o

for all ¢ € N,,. However, f € M, and (c.d;) € o, for all i € N,, implies

(F(©), () € on.
From (ai,d;) € g3 foralli € N,, and f € M, follows (f(a), f(d)) € o2. i.c.
by (2) we have (f(a), f(d)) € o1.
(f(e), f(d)) € g1 and (f(a), f(d)) € o1 implies (f(c), f(a)) € o1 for each
c € E}. It means that for all vectors x,y € E}} (f(x), f(y)) € 01. From ¢, C ¢4
follows f € M,. |

Theorem 2.13. Let oo € Rgl), 01 € R4, 03,04 € Rgz) and holds:
(1) (0‘1 b) ¢ 03 = (VC ¢ 92)(0‘7 C) ¢ 04 V (b7 C) ¢ 94
(2) C is equivalent class of )y = CNo2 # 1
(3) (a:b) ¢ 24 A (ba C) €= (a,c) ¢ 04
(4) aeg Nbegr=(a,b)ec gy
then A/IIA_’I2H3 C M4.

Proof. Suppose f € My MyMs.

From f € M3 follows that there exist a,b € E} such that (a;,b;) € g3 for
all i€ N, and (f(a), f(b)) & ea.

From f € M3 follows that there exists ¢ € El such that ¢; € g» and f(c) ¢
¢2. The condition (1) implies (f(a), f(c)) & o4 or (f(b), f(c)) & 04.

Let (f(b), f(¢)) & 04. (Analogously for the case (f(a). f(c)) & 04).

From the condition (2) follows that there exists d; € g3 for all ¢ € N,, such
that (b;,d;) € g1 and f € M, implies (f(b), f(d)) € o1. Now we have

(F(c), f(b)) & 24 A (f(b), F(d) € o1 D (f(e) F() E o
ci € 02 N d; 692(=4>) (cirds) € 04 = f & My,

Theorem 2.14. If p3,04 € Rél), 01,02 € Rq, and

(1) (Ve € p4)(Vd € 93)(3a € Ex)(a,c) € o1 A (a,d) € o2
(2) agoz Nbgps= (Vc€ Ep)(a,c)g o2 V (be) € o

then M MoMs C My,
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Proof. Suppose that f € M;MyM3M 4. From f & M, follows that there exists
c € E} such that for all { € V,, ¢; € g4 and f(c) € ga.

From f € M3 follows that there exists d € Ef such that d; € g3 for all
i€ N, and f(d) Z o3.

The condition (1) implies that there exists a; € Ej, for all i € N,, such that
(ai,ci) € o1 and (a;,d;) € g2. However, f € MM, implies (f(a), f(c)) € oy
and (f(a), f(d)) € o2, which is a contradiction with the condition (2). O
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