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Abstract

In this paper we introduce the notion of injective vector valued
semigroups. Then we show that the class of injective vector valued
semigroups is larger than the class of free vector valued semigroups,
and give a necessary and sufficient condition for injective vector valued
semigroups to be free vector valued semigroups. All this gives a way
for checking if a given vector valued semigroup is free.
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1. Preliminary notions

We start with several notions and definitions.

The set of positive integers is N = {1,2,3,...}, and the set of the first
m positive integers is N, = {1,2,3,...,m}. Moreover, Ng = N U {0}, and
Nk,o = N; U {0}

For a given set Q # @ , and ¢t € N, let Q! be the cartesian product
of t copies of Q. If x = (ay,as,...,a;) € @Y, then, for short, we write
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x = a!, and moreover we identify x with the word aja3...a;. For such an
x we say that its length |x| is ¢, and its contents is the set cn(x) = {ala =
a; for some a; in the word x = ajas...a;}. Let @ be the union of all the
cartesian products Q°¢, for ¢t € N.

For the rest of the paper, let n,m,k € N, n = m + k be given.

For a set @ # 0, let Q™* = {x|x €Q*,|x| = m + sk,s € N}.

We recall the following definitions, given in [1, 2]. A pair Q = (@Q, f)
for a map f : Q™ — Q™ is called an (n,m)-groupoid, i.e. a vector valued
groupotd, written in short as VVG, and the map f is called (n, m)-operation.
A VVG, i.e. an (n,m)-groupoid Q = (Q, f) is called (n,m)-semigroup, i.e.
vector valued semigroup, written in short VVS, if f(xf(y)z) = f(uf(v)w)
for any xyz=uvwe Q"% y v €Q", i.e. if the associative law holds for the
(n, m)-operation f. Because of the associative law, the operation f can be
extended to an operation, denoted by the same letter, f : Q™* — Q™ such
that for each xyze Q™F*, and y €Q™F, f(xf(y)z) = f(xyz). The notion
of (n,m)-semigroup is introduced in [5] and is examined in more details
in (1], while a convenient construction of free (n, m)-semigroups is given in
[4]. It is obvious that a (2,1)-semigroup is a usual semigroup, and that an
(n, 1)-semigroup is an n-semigroup.

A VVG (@, f) can be considered as an algebra with m n-ary operations
fi + Q" — @, where j € N,,,. These operations can be extended to an
infinite family of operations f;, : @Q™*** — @ for s € N, where for a
given s, there are more than one operation f;,. In the semigroup case, for
each s € N, there is only one operation f;; : Qmts*k — @, whose union is
amap f; : Q™F — Q™. The above discussion shows that all the notions,
(such as generating set, (n, m)-subsemigroup, homomorphism, a free (n, m)-
semigroup), in a variety of algebras hold in the variety of (n, m)-semigroups.

Let Q = (Q, f) be a VVS, and let x €Q™F*. We say that x is: reducible,
if x = x'yx", where y = f(z) for some z €Q™*, and irreducible, otherwise.
Usually, we denote the set of all the irreducible words by R(Q).

For a given VVS Q = (@, f), let P(Q) = @\ U enf(x), where the union
is over all x €Q™*. The elements of P(Q) are called prime elements of Q.

2. Free vector valued semigroups

Below we will give a construction of a canonical form of a free VVS, slightly
different from the construction given in [4]. Let B # 0 , and for each
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j € Np., let p? be a symbol interpreted as an n-ary functional symbol.
Let F = (F;pl,p?%,...,p™) be the free algebra with the basis B, of type
Q = {pl|j € Ny, 7 > 1}, where pi € Qpy,k. So, the elements of F are all the
elements of B, and all the elements of the form pi(x), for x €F™+7% r > 1,
By choosing different letters, if necessary, for the elements of B, we will have
that no element of B is of the form p7(x). From now on we are not going to
write the lower index. Two elements p?(x), p!(y) € F are equal if and only
if 7 = t, and x=y. For each u € F we define the norm of u, denoted by
|u{, to be 1 for u € B, and by induction ]pj(u;”+’k)| = ;’1;1’]“ |u¢|. Thus,
|p? (uT"7%)| is the number of appearances of elements from B in p?(uT+"%)
We define also the norm of an element x € F*,x = uf, to be [us] = Y7_; |w].
We say that an element u € Fis reducible if it has the form u = p’(xyz), such
that xyze F™* y €F™ )y = y*, and y; = p’(w) for some w. Otherwise,
we say that u € F is irreducible. Let F(B) be the set of all the irreducible
elements in F. For an element x = 7™ € Ft+, we say that is irreducible
if all the u; are in F(B), and p'(uT*"*) is in F(B), which is equivalent to
pj(uT+’k) € F(B), for each j € N,,. For each j € N,,, we define a map
f;  F(B)™* — F(B) as follows:

If u €F(B)™* is such that p*(u) € F(B), then f;(u) = p?(u).

Let u = «T"*™* € F(B)™* be such that p'(uT*"¥) ¢ F(B). Then,
P (uTt*) ¢ F(B) for every t € Ny, and there is p,0 < p < rk, such that
Upti = p'(V), for some v € F(B)™F and each ¢ € N,,. Let p be the smallest
such number. Then, by induction on the norm of elements in F(B)*, we
define:

fi(u) = f(uft ) = fi(ldvaltR .

Next, we define f : F(B)™* — F(B)™, by f(x) = fi(X)f2(x)... fm(x).
The proof of the following theorem, is by induction on the norm and using
the above definition. '

Theorem 2.1. F(B) = (F(B), f) is a free (n, m)-semigroup with basis B.
Further, we will state several properties of F(B), whose proof follows

from the definition of F(B) using induction on the norm. These properties
led us to the notion of injective VVS.

Theorem 2.2.

(1) The set of prime elements in F(B) 1s B, i.e. P(F(B)) = B;
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(2) The set R = R(F(B)) of all the irreducible elements in F(B) consists
of all x e F(B)™* such that p'(x) € F(B);

(3) If x €R, then p’(x) € F(B) for each j € N, ;

(4) For each x € F(B)™* there ezists y €R, such that f(x) = f(y), and
for each j € Ny, f;(x) = p’(y);

(5) If x €ER = R(F(B)) then for each j € N.,,|p’(x)| = |x|;

(6) If f;(x) = fi(y) for some x,y €F(B)™*, then i = j and for each
t € N, fi(x) = fu(y)-

(7) Ifx,y €R, then f(x) = f(y) implies that x=y.

(8) F(B) = BUim fiUim fo U...Uim f,,, where the union is disjoint.

At the end of this part we note that in the case n = 2,m = 1,k = 1:
F(B) = BU {p(x)|x €Bt\B}, i.e. after replacing p(x) by x, we obtain the
well known description of the free semigroup (B, -) with the basis B.

3. Injective vector valued semigroups

The above properties of free VVS led to a class of VVS called injective VVS5.
Let Q = (Q, f) be an (n, m)-semigroup, n = m + k and let R(Q) be its set
of irreducible words. We call Q injective VVS if:

(Inj.1.) If f;(a) = f(b) for some 7,5 € N,, and a,b €Q™*, then i = j and
f(a) = f(b),

(Inj.2.) For each j € N,,, if x,y €R(Q), and f;(x) = f;(y), then x = y,
i.e. the restriction of each f; on R(Q) is an injection.

The conditions (Inj.1.) and (Inj.2.) are equivalent to the conditions
"(Inj.1.) and (Inj.2’.)., where: '

(Ing.2.) If x,y € R(Q), and f(x) = f(y), then x =y, i.e. the restriction of
f on R(Q) is an injection.

Theorem 2.2 implies

Proposition 3.1. A free VVS is an injective VVS.
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For a binary, i.e. a (2,1)-semigroup, (@, ), an element is prime if it is not
a product of two elements, and a word of elements, i.e. x €Q7 is irreducible
if it is a word of prime elements. A semigroup (&, -) is injective if and only
if for irreducible a%,b! € Q+,a;-az-...-ax = by -by-...- b, implies k = ¢
and of = b¥ in Q.

It is easy to check that a semigroup is free if and only if it is injective
and is generated by the set of prime elements.

The following main theorem in this paper is a generalization of the pre-
vious fact.

Theorem 3.2. A VVS is free if and only if it is injective and is generated
by the set of prime elements.

Proof. Proposition 3.1 and Theorem 2.2, imply that a free VVS is injective
and is generated by the set of prime elements.

Conversely, let H = (H,h) be an injective (n, m)-semigroup generated
by its set of prime elements P(H)=P. Let R(H) = R C H™F be the
set of irreducible words. Let B = P, and let F(B) = (F(B), f) be the
free (n,m)-semigroup as constructed in Theorem 2.1. Let £ : B — H
be defined by £(b) = b, and let ¢ : F(B) — H be the homomorphism
extending €. We extend the map ¢ to a map 9 : F(B)™* — H™k,
by: #(z™*) = @(z1)e(2)...o(Tmysk). Then, for each a = pi(u) €
F(B),¢(a) = hj(®(u)). Since ¢ is an extension of £, which is in fact the
identity map from B = P to P, and since H is generated by P = B, it
follows that the map ¢ is a surjection. In order to show that H = (H,h) is
a free VVS, it is enough to show that the map ¢ is an injection.

First, by induction on the norm of the elements in F(B) and F(B)™*
we will show that for each ¢ € N:

(a) If x €R = R(F(B)) and |x| <t, then 9%(x) € R(H); and
(b) If w,v € F(B) and |ul,|v| <t, then ¢(u) = ¢(v) implies u = v.
For t = 1, the condition is trivially true, since the elements in R have

norm bigger than 1. The condition (b) is true by the definition of ¢, which
is an extension of the identity map &.

Next, let (a) and (b) be true for each ¢ < ¢ — 1.
Prove first (a) for ¢t = q.

Let x €R = R(F(B)),|x| = ¢,x = z"*** and let 9(x) ¢ R(H). Then,
there is 0 < p < sk, and ¢ € H™F, such that ¢(z,4:) = hi(c), for each
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i € N, ie. (x) = 9(aD)h(c)b(z] % ). Since @(zpti) = hi(c), for each
i € Ny, it follows that ¢(z,4;) § P = B, and so, z,4; ¢ B for each i € N,.
This implies that for each 7 € N,,, there is v; € R = R(F(B)), such that
Tp+i = pP(vy), for some j € N,,. Then, hi(c) = @(zpsi) = h;(1(v;)) and
(Inj.1.) for H, imply that j=i. Hence, for each i € Ny, z,4; = p'(Vvy) €
F(B), and by Theorem 2.2.(5),|v;| = |2p4i| < |x|,i.e. |vi| < g—1.

Then, hi(c) = @(zpt:) = ©(p*(v;)) = hi(¥(v;)), and (Inj.1.) imply that
for each ¢ € Ny, h(c) = h(%(v;)). Further, since |v;| < ¢—1and v; € R =
R(F(B)), the induction hypothesis for (a), implies that ¥(v;) € R(H), for
each ¢ € N,,. Now, (Inj.2.) together with the equalities

h(e) = h(¥(v1)) = h(¥(v2)) - .. = R(¥(vm)),

implies that ¥(v1) = ¥(va)... = ¥(vnm). Then, for z,47 = pl(vy) and
y = p'(v;) in F(B), we have, |z,,1] < ¢—1 and |y| = |v;] < ¢ — 1, which
by the inductive hypothesis for (b) and the fact that ¢(zp41) = by (¥(v1) =
hi(¥(v;)) = ¢(y), implies that z,.; = y, i.e. p'(vy) = p*(v;). The last
equality shows that for each j € N, vy = v; = v €R(F(B)). This implies
that 27" = f(v), i.e. that x = sz(x)z;’f,:él is not irreducible, i.e. that
x ¢ R(F(B)).

Now we prove (b) for t = ¢.

Let u,v € F(B), v = p'(x), v = p/(y), x,y €ER(F(B)), x = z;”"'s’c,
y = o7, x| = Jul < g, |yl = [o] < g and let @(u) = (v). Since
x,y €ER(F(B)) and [x| <q,|y| <g, the part (a) implies that ¥(u),¥(v) €
R(H). Further, since hi(¥(x)) = ¢(u) = ¢(v) = hj(¥(y)), (Inj.1.) and
(Inj.2.) for H = (H, ), imply that i = j, h(¥(x)) = h(2(y)), and ¥(x) =
¥(y) as words. But this implies that s = r and for each 1 < p < m + sk,
o(zp) = ¢(yp). Now, by the induction hypothesis, since |z,|] < ¢ — 1 and
lyp| < ¢ — 1, it follows that z, = y,. Hence, x =y, and so u = v.

A direct application of (b) implies that ¢ is an injection, and so it is
an isomorphism. Hence, H = (H,h) is a free (n, m)-semigroup with a basis
P=B. O

4. Examples

The following examples will show that the class of injective VVS is larger
than the class of free VVS.
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Example 4.1. Let ¥ = (F(a), f) be the free (n, m)-semigroup generated
by one element a, and let m > 2. Let Q = F(a)\{a}, and let g, as an (n, m)-
operation on (), be the restriction of the (n, m)-operation f on F(a) Then
Q =(Q,9) is an injective VVS, but is not free. In this example, the set of
prime elements is not empty, but it is not a generating set.

For example, if n = 3,m = 2, then z; = p(aaa), y; = p'(aaaa),i = 1,2,
are four different elements in Q, and: gi(z122m192) = p'(acaaaaa) =
9i(y1y2x122), which implies that Q = (@, g) is not a free VVS.

In the above example the non free injective VVS is a vector valued sub-
semigroup of a free VVS, which is injective. The following example shows
that it is possible to have a vector valued subsemigroup of a free (and so of
an injective) VVS, which is not injective.

Example 4.2. Let F = (F(a), f) be the free (n, m)-semigroup generated
by one element a, and let m > 2. For the elements of F(a) we have defined
their norm. In this example, |a| = 1, and |p*(z})] = S¢_, |2:]. Let Q € F(a)
be the set of all the elements whose norm is > 4. Thus, a € @, p*(aaa) €Q.
Let g, as an (n, m)-operation on ), be the restriction of the (n, m)-operation
f on F(a). It follows directly from the definition that Q = (@, g) satisfies
(Inj.1.) We will show that it does not satisfy the condition (Inj.2.) Let x =
pY(p(aaa)p*(aaa)a)p?(aaaa)a, and let y = p'(aaaa)p?(p'(aaa)p?(aaa)a)a.
Then x #y, and they are irreducible in Q = (@, g), although they are
reducible in F = (F(a), f). The definition of g implies that g;(x) = fi(x) =
p'(aaaaa) = fi(y) = g:(y),i = 1,2, i.e. g(x) = g(y). Hence, g is not an
injection on the irreducible elements.

The next two examples are similar. The VVS in both of these examples
are injective VVS, but they are not vector valued subsemigroups of a free
VVS. In the first one, the set of prime elements is empty, while in the second
one the set of prime elements is not empty, but it is not a generating set.

Example 4.3. Let Q = (Q, f) be a (3,2)-semigroup with the presentation
< a,b|f(aaa) = ba >,

le. a (3,2)-semigroup generated by two elements a and 6 with the relation
f(aaa) = ba. We will give a short description of Q = (@, f). Let Ag = {a, b},
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and let A, be defined, We say that an x £A7,n > 3, is not "good” if it has
one of the following forms;

x'aaax”; x'pl(u)p?(u)x"; x'ab*ax" k> 1,

where in b* = bb...b, the element b appears k times. Otherwise, we say
that x is "good”. Next we define:

Apy1 = Ap U {pi(x)|x €AZ,n > 3,1=1,2, and x is "good”}.

Let @ = U%,A;. We have the same notion of "good” elements in Q%! .
We define the norm |z7| of an 2} € @™, for n > 1 as follows:

lal =16l =1; [2f[ =) lail; [P/(x)] = [x|
i=1
We also define a size [z}] of an 27 € @, for n > 1 by:
[W=1; [b]=2 [P(x)]=[x]
and '

[271= D (a7 + 1) - [=d],
1=1

where by definition Im? = 0. Then, it can be checked by induction on the
size, that Q = (Q, f) is a (3,2)-semigroup, where f : Q%! — Q? is defined
by v ‘

(d.1) f(aaa) = ba;
(d2) F(x'pH(w)pP(u)x") = F(x'ux"), if not (d.1);
(d.3.0) f(x'aaax") = f(x;bax”), if not (d.1) and (d.2);

(d.3.k) f(x'ab*ax") = f(x'bkaax"), for k > 1, if not (d.1), (d.2) and (d.3.5)
for0< 7 <k

(d.4) f(x) = p'(x)p*(x), otherwise, i.e. for x "good”.
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It follows directly from the definition that Q = (@, f) satisfies (Inj.1.),
and that the set of prime elements in (Q, f) is empty. A sequence x €Q*! is
irreducible if it is not of the form x’f(u)x”, which implies that x #x’bax”,
since ba = f(aaa). So, the only difference between the irreducible and
"good” elements in Q%! is that irreducible elements can have the form
x'aaax”. If x,y are irreducible and f(x) = f(y), then both of them
are "good”, or both of them are not "good”. If x,y are "good”, then
f(x) = f(y) implies x=y. If x,y are not "good” then: x = u;a*v, and
y = uyalvy, for some k,t > 3, where u; does not end on a, and v; does not
begin by a, for i=1,2, and these a* and a* are the first appearances of a® in x
and y. Then, f(x) = f(u;ba*"2vy), f(y) = f(uzba'~?vs,), and these will be
the first appearances of ba in f(x) and f(y). All this implies that uy = u,
and v; = v, and moreover that k=t. After finitely many such conclusions
it will follow that x=y. Hence, Q = (Q, f) is an injective (3,2)-semigroup.
The fact that f(aaa) = ba, implies not only that Q = (@, f) is not a free
(3,2)-semigroup, but also that Q = (@, f) is not a (3,2)-subsemigroup of a
free (3,2)-semigroup.

Example 4.4. Let (@Q, f) be a (3,2)-semigroup with the presentation
< a,b,c|f(aaa) = ba >,

i.e. a(3,2)-semigroup generated by three elements a,b and ¢ with the relation
f(aaa)=ba. A similar discussion as in Example 4.3, implies that (@, f) is
an injective (3,2)-semigroup, but it is not a free (3,2)-semigroup and is not
a (3,2)-subsemigroup of a free (3,2)-semigroup. The set P of prime elements
in (@, f) is not empty, but (@, f) is not generated by P.

5. Commutative and fully commutative VVS

For a set Q, let Q() be its symmetric cartesian product, for ¢ > 1, and let
7 : Q' — QU be the projection map. Thus, 7(x) = n(y) if and only if y
is a permutation of x. When there is no confusion we will denote m(x) by
x. Let Q(+) be the union of all the symmetric cartesian products Q®), for
t € N. We denote by the same letter = : Q* — Q) the projection map.
This definition, and the fact that @* is the free semigroup with the basis
@, implies that Q1) is the free commutative semigroup with the basis Q.

Let n = m + k, be as in part 1. An (n,m)-semigroup (@, f) is called
commutative, (denoted by CVVS) if for each x,y €Q", 7(x) = n(y) im-
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plies f(x) = f(y). If (Q,f) is a commutative (n,m)-semigroup, then
it can be described as a pair (@, f), where f : QM — Qm, such that
f(xf(y)z) = f(uf(v)w) for any xyz=uvwe Q%) y u Q™). Using the
same notion of length of x as in part 1, let QA = {r(x)|x €Q*,|x| =
m + sk}. A commutative (n, m)-semigroup can be thought of as a pair
(Q, f), where f: Q™% — Q™ such that f(xf(y)z) = f(uf(v)w) for any
xyz=uvwe Q(™*) and y,u €eQ(™*, All the notions from VVS are defined
in the same way for CVVS, replacing Q™ and Q™* by Q™) and Q(™*). The
description of free CVVS is the same as the description of free VVS, using
free commutative semigroups and symmetric cartesian product, i.e. using
the free commutative algebra ¥ = (F;p!, p%, ..., p™) with the basis B, of
type Q = {pl|j € Npp,r > 1}, F(H) FOmk) plmtrk) - p(BY+) | F(B)(™*) and
F(B)(™+7%) ‘instead of their noncommutative analogs. The definition of in-
jective CVVS is the same as the definition of injective VVS, and the same
theorem holds.

Theorem 5.1. A CVVS is free if and only if it is injective and is generated
by the set of its prime elements.

A fully commutative (n,m)-semigroup (denoted by FCVVS) is a pair
Q = (Q, f) where f: Q™ — Q™ such that f(xf(y)z) = f(uf(v)w) for
any xyz=uvw€ Q("t%) y u Q). A fully commutative (n, m)-semigroup
can be thought of as a pair (Q, f), where f : Q(™*) — Q(™) such that
f(xf(¥)z) = f(uf(v)w) for any xyz=uvwe Q"+ and y, u eQ(m*).

The main difference of VVS and CVVS from FCVVS is the fact that
in the last case there are no component operations, i.e. the fully commu-
tative (n, m)-operation f : Q" — Q(™ can not be considered as m n-ary
operations. On the other hand, there is a natural functor # from CVVS to
FCVVS, and there are infinitely many functors K from FCVVS to CVVS,
such that H o K is the identity. The functor H is defined by:

If Q = (Q, f) is a commutative (n,m)-semigroup, then H(Q) = (Q,¢)
is the fully commutative (n,m)-semigroup defined by ¢ = 7 o f, where
7 : Q™ — Q™) is the projection map.

For any map £ : Q(™) — Q™ such that mof = id, and a fully commutative
(n, m)-semigroup Q = (Q, f), K(Q) = (Q,¢) is a commutative (n,m)-
semigroup, defined by g = £ o f.

The definitions of H and K imply that H o K = ¢d.

The notions of generating sets, subsemigroups, and homomorphisms are
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defined as usual in the category of FCVVS. The free FCVVS with the basis
B is a FCVVS F generated by B such that any map from B to a FCVVS
Q extends to a FCVVS homomorphism form F to Q. We note here that
the previously mentioned extension in almost all the cases is not unique.
Description of free FCVVS, using the description of free CVVS and the
above mentioned functors is as follows.

Proposition 5.2. If ¥ = (F(B), f) is the free commutative (n, m)-semi-
group with the basis B, then the fully commutative (n, m)-semigroup H(F) =

(F(B),n o f), is the free fully commutative (n, m)-semigroup with the basis
B.

Since for FCVVS we do not have the component operations, we will state
the notion for injective FCVVS in its language.

A FCVVS Q = (@, f) is called injective, if:

(Finj.1.) For each x,y €Q(™ in the image of f, en(x) consists of exactly
m elements, and if en(x) Nen(y) # @, then en(x) = en(y); and

(Finj.2.) If x,y €R(Q) and f(x) = f(y), then x = y, i.e. the restriction of
f on R(Q) is an injection.

It is easy to check the following:

Proposition 5.3. Let Q = (Q, f) be a CVVS and let H(Q) = (Q, g) be its
image under the functor H. Then:

(a) If(Q, f) is injective CVVS, then (Q, g) is injective FCVVS;
(b) If P is the set of primes in (Q, f), then P is the set of primes in (Q, g).

The next proposition shows the converse,

Proposition 5.4. Let Q = (Q, f) be a FCVVS, and let £ : Q(™) — Q™ be
a map, such that tof=id. Let K(Q) = (Q, g) be its image under the functor
K for the map €. Then:

(a) If (Q,g) is generated by B, then (Q,g) is generated by B;

(b) If P is the set of prime elements in (Q, f), then P is the set of prime
elements in (Q,g);
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(c) If (Q, f) is injective FCVVS, then (Q, g) is injective CVVS.

Proof. (a) If a € Q is such that a € en(f(x)) for some x € BI™*) then it
follows that a € ¢n(g(x)). Further, an easy induction implies that B is a
generating set for (@, g).

(b)If a € Q is not prime in (Q, f), then a € en(f(x)) for some x €Q(™*),
which implies that a € cn(g(x)), i.e. a is not prime in (Q,g). Conversely,
if @ is not prime in (Q,g), then a € cn(g(x)) for some x €Q(™*)  which
implies that a € en( f(x)), i.e. @ is not prime in (@, f).

(c) Let im g;Nim g; # §. Then, there are x,y €Q(™*), such that g;(x) =
9i(y)- Let u = g(x) and v = ¢g(y). Then g;(x) = ¢i(y) together with w(u) =
mofo f(x)=f(x)=aand n(v)=rofo f(y)= f(y) = b and (Finj.1.)
implies that cn(a) = cn(b). Further, since ¢n(a) and cn(b) have exactly m
elements, by (Finj.1.), it follows that a = b = f(x) = f(y) = n(u) = 7(v)
has exactly m elements. Also, u = g(x) = £ o f(x) = £(a) = &(b) =
Eof(y)=g(y)=v. If i £ j, then c¢n(w(u)) = en(7(v)) would have less than
m elements. Hence, i=j. Next, for g;(x) = ¢;(y), the same discussion as
above shows that g(x) = ¢g(y), i.e. (@, g) satisfies Inj. 1.

If x,y €Q(™*) are irreducible for (Q,9), then they are also irreducible

for (Q, f). So, if g(x) = g(y), then £ o f(x) = £ o f(y), and after composing
with 7, it follows that f(x) = Tofo f(x) = rofo f(y) = f(y). Since (Q, f)
is injective, it follows that x=y, implying that (Q, ¢) is injective CVVS. O

Now, Propositions 5.2, 5.3 and 5.4 imply the following

by the set of prime elements.
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