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Abstract

We consider weighted block designs and complete Steiner systems,
and compare them with totally symmetric (n,m)-quasigroups. We
show that a complete Steiner system S(2, k,v) is equivalent to a to-
tally symmetric (2, & — 2)-quasigroup, and that any complete Steiner
quadruple system S7(3, 4, v) is equivalent to a totally symmetric (3, 1)-
quasigroup.
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An incidence structure is a triple D = (V,B,I), where V and B are
disjoint sets and I € VxB. The elements of V are called points, and the
elements of B are called blocks. If A is a point of V, the set of all blocks
incident with A is denoted by (A). Thus, (A) = {b| b € B, AIb}. Moreover,
for Ay, Aa,..., A, the set of all the blocks incident with all the points A; is
denoted by (A1, A,,...,A,). Thus,

(A1,A2,...,An) = {b] be B, A;Jbfor all i € N, },
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where N is the set of all positive integers and N, = {1,2,...,n}. Dually,
for b,by,by,...,b, € B, (b) = {4| A € V, AIb}, and

(b1,ba, ..., by) = {A] A€ V,AIb; forall i € N,,}.

We consider only the incidence structures where distinct blocks have
distinct sets of points. We identify each block b with the set (b) and identify
the incidence relation with the membership relation €.

Definition 1. A finite incidence structure D = (V,B, €) is called t-design
with parameters v, k, A € N, if:

(T.1) V] =,
(T.2) |(A1,A4g,...,A)| = A, for any ¢ distinct points 4,1, 4,,...,4: €V,

(T.3) |(b)| = &, for any b € B.

A 2-design with parameters v, k, A, is usually called block design with param-
eters v,k, A. A t-design with parameters v,k,1 is called a Steiner t-system,
and is denoted by S(t,k,v). A Steiner 2-system S(Q,k,v) is called only
Steiner system with parameters v, &, 1.

The following definition generalizes the notion of t-design.

Definition 2. A finite incidence structure D = (V,B, €) is called weighted
t-design with parameters v, k, A, if for any b € B thereis amap f : (b) — N,
such that:

(WT.1) |V] =,
(WT.2) |(A1, Ag,...,As)| = A, for any t distinct points Ay, Ag,..., At €V,
(WT.3) ky = k, for any b € B, where:

(a) the image f;(A) is denoted by tap, and is called the weight of the
point A in the block b,

(b) for A € V,its weightis t4 = ) 4¢p tas, and

(c) for b € B, the number k;y = } ;1 ap is called the size of b.
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Every block design, i.e. 2-design with parameters v,k, X is a weighted
block design, where for all A € b, 4, = 1, for all b € B, ky = k, and forall
A€ V,ty =r, where 7 = |(A)| is the number of blocks containing A.

Definition 3. A weighted ¢-design D’ = (V/,B,€) is an exztension of a
weighted ¢-design D = (V,B,€), if V C V' and for each b € B there is
b" € B’ such that (b)C (b'), and for each A € (b), tap = tas.

Definition 4. An extension (V’',B’, €) of a Steiner system (V,B, €) with
parameters v, k, 1, defined by

(a) V! =V,
(b) B’ = BUB” where B” = {{A}| A € V}, and

(c) for each A € V, t4 = r + k, where r is the number of blocks in B
containing A,

is called a complete Steiner system with parameters v,%,1, and is denoted
by S'(2,k,v).

A Steiner 3-system with parameters v,4,1, i.e. 5(3,4,v), is called a
Steiner quadruple system.

Definition 5. Let (V,B, €) be a Steiner quadruple system. An extension
(V',B’, €) of (V,B, €) with parameters v,4, 1, defined by:

(a') VI = V’

(b) B = BUCUP, where C = {{A}| A € V} and P = {{A4,B}|A #
B eV}, and

(c) foreach A € V,t4 =744+ 2(v—1), where r is the number of blocks
in B containing A,

is called a complete Steiner quadruple system with parameters v, 4,1, and is
denoted by S'(3,4,v).

Next we compare Steiner systems and quadruple systems with the notion
of totally syminetric (n, m)-quasigroups given below.
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Definition 6. Let Q@ # 0 , n,m € N. A map f: Q™ — Q™ is called an
(n,m)-operation of (), and the pair (@, f) is called a (n, m)-groupoid. An
(n, m)-groupoid is called (n,m)-quasigroup, if

(A) for each (ay,a2,...,a,) € @7, and each injection ¢ : N, — Nyim,
there exists a unique (by,b2,...,bnym) € @™, such that for each
1€ Np,a;, =b )and

w(t

f(bl7b27 .. '7bn) = (bn—+—1)b'n.—+—2) .- -abn+m)-

In the paper [3], an (n, m)-quasigroup is interpreted as an (n + m)-ary
relation, as follows:

Definition 7. An (n + m)-ary relation p C Q™™ is called (n,m)-quasi-
group relation, if

(A’) for each (a1,az,...,a,) € @™, and each injection ¢ : N, = Npipp,
there exists a unique (by,b2,...,bnym) € @™, such that for each
t € Np, a; = b,(;) and (b1,b2, ..., bnym) € p.

The following theorem is proved in [3].

Theorem 1. An (n,m)-groupoid (Q, f) ts an (n, m)-quasigroup if and only
if the (n + m)-ary relation defined by

(Zl, To,... ,fL‘n_+_m) cp f(fl‘l,zg, e ,fEn) = (fL‘n+1,fEn+2, SN zn—{—m)
is an (n, m)-quasigroup relation.
Definition 8. An (n,m)-quasigroup is called totally symmetric, if

f(zlv-”azn) = (zn+la--~1zn+m) <:>'f('.l,/ly---ay'n) = (yn—+—la-"ay’n+m)

for any (z1,Z2,-..,Tntm) € @*T™ and any permutation (y1,¥y2,- -, Yntm)
of (z1,22,...,&n+m). The (n+m)-ary relation p in this case is called totally
symmeltric.

Theorem 2. Every complete Steiner system (V,B, €) defines a totally sym-
metric (2,k — 2)-quasigroup relation p C Vk where

(AlaAZJ"'vAk)ep{:}{A17A27"'7Ak}EB'
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Conversely, any totally symmetric (2,k — 2)-quasigroup relation p C V*
satisfying (A, A,...,A) = (A*) € p for any A € V, defines a complete
Steiner system S'(2,k,v) = (V,B, €), where

{AI’A21"'aAk} EB@(A17A27~"aAk)Ep‘

Proof. Let 5'(2,k,v) = (V,B,€) be a complete Steiner system with pa-
rameters v,k,1, and p € V* be defined as above. From the definition it
follows that if (A;, Ag,..., Ax) € p, then either |{A1, A2,..., Ak} = k or
Ay = Ay = ... = Ay, and moreover, (A;, Ag,...,Ax) € p if and only
if (B1,B,,...,Bx) € p for an arbitrary permutation (B, Bs,..., Bk) of
(Ay, Az, ..., Ax). Hence p is totally symmetric k relation. For any two
distinct points A # B, there is a unique block containing A, B, i.e. there is
a unique (A, Az,...,Ax) € p, such that A, B € {Ay, Ag,..., Ax}. And for
any A € V, the pair (A, A) is in the unique (A4, A4,...,A) € p. Hence, pis a
totally symmetric (2, k — 2)-quasigroup relation.

Conversely, let p C V* be a totally symmetric (2,k — 2)-quasigroup
relation satisfying (A, A,...,A) € p, and let (V,B, €) be defined as above.
If (A1,Aq,...,Ak) € pand A; = A; = A for some i # j, then, since
(A,A,...,A) € p, it follows that Ay = A; = ... = Ay = A. Hence, if
(A1, Az, ..., Ag) € p, then [{A}, Ag,..., A} = kor A = Ay = ... = A,
Let B' = B\ {{A}| A € V}. Then it is easy to check that (V,B’,€) is a
Steiner system with parameters v,k, 1, and (V,B, €) is its extension. Hence,
(V,B, €) is a complete Steiner system with parameters v,k,1. O

Example 1. A projective plane (V,B,I) of order 3 is a Steiner system
5(2,4,32 + 3 4+ 1). The weighted block design (V', B’,I), where V = V'
B' = BU B", B”" = {{A}| A € V}, is a complete Steiner sistem with
the same parameters as those of (V, B,I). The relation p C V* defined by
(A],Az,Ag,/L;) € p if and only if (Al,Az,Ag,A4) € Bor Ay = Ay = A3 =
Ay, is a totally simmetric (2, 2)-quasigroup relation satisfying the condition
(A, A, A, A) € p. The number of points is |V| = 32+ 3+ 1 = 13, the number
of blocks is |B'| =13+ 13=26,and t4y =4+ 4=28,forall Ac V.

Theorem 3. Every complete Steiner quadruple system (V,B, €) defines a
totally symmetric (8,1)-quasigroup relation p C V*, where

(A17A27A37A4) Ep= {A17A27A37A4} € B.
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Conversely, any totally symmetric (3,1)-quasigroup relation p C V¥, satisfy-
ing (A, A,B,B) € p, forany A, B € V, defines a complete Steiner quadruple
system S'(3,4,v) = (V,B, €), where

{A17A27A37A4) €EBs (A17A27A37A4) €p.

Proof. Let (V,B, €) be a complete quadruple Steiner system 5'(3,4,v) and
p C V* be defined as above. From the definition it follows that if we have
(Al,Ag,Ag,A4) € p, then either |{A1,A2,A3,A4}| =4 or A] = A2 # A3 =
A4OIA1:A3¢A2:A4OI‘A1—_—A4¢A2:A301‘A1:A22A3:A4,
and moreover, (Aj, Az, A3, A4) € p if and only if (Bi, By, B3, B4) € p for
any permutation (By, Be, B3, Bs) of (A1, Ag, A3, A4). Hence, p is a totally
symmetric 4-relation. For any three distinct points A # B # C # A, thereis
a unique block containing A, B, C, i.e. there is a unique (A;, A, A3, A4) € p
such that A, B,C € {A1,A,, A3, A4}. TFor any two distinct points A #
B € V, there is a unique block containing A, B, i.e. there is a unique
(A],A27A3,A4) € p, such that {A],AQ,A3,A4} = {A,B} For any A€ V,
there is unique (A, A, A, A) € p. Hence, p is a totally symmetric (3,1)-
quasigroup relation.

Conversely, let p C V* be a totally symmetric (3,1)-quasigroup relation
satisfying (A, A, B, B) € p, for any A,B € V, and let (V,B, €) be defined
as above. If (A1,A42,A3,A4) € p and A; = A; = A, for some ¢ # 7 #
s # i, then, since (A, A, A, A) € p, it follows that 4; = Ay = A3 = A4 If
(A1,A,, A3, As) € p and A; = Aj, while A, # A; and A, # A, for some
i £ j # s, then, since (A, A;, As, As) € p, it follows that {4, Az, A3, Ag} =
{A, B}. Hence, if (A1, Az, A3, Ay) € p, then either |[{A;, Ay, A3, A} =4 or
A] :A2¢A3:A4OI‘A1IA3#A2:A4OI‘A1=A4¢A2:A3OI'A1:
Ay = A3 = As. Let B' = B\ ({{A}| 4 € VIU{{A,B}| A # B¢ V}). Then
it is easy to check that (V,B’,€) is a Steiner quadruple system S5(3,4,v),
and (V,B, €) is its extension. Hence (V,B, €) is a complete Steiner system
S5'(3,4,v). O

Example 2. Let (V, B,I) be a Steiner quadruple systems 5(3,4,8). V =
{1,2,3,4,5,6,7,8}, B = {(1234), (5678), (1256), (3478), (1278), (3456),
(1357), (2468), (1368), (2457), (1458), (2367), (1467), (2358)}. The weighted
block design (V', B’,I), where V = V', B"= BUB"UB", B" = {{A}|A €
V}, B" = {{A,B}{A # B € V} is a complete Steiner quadruple systems
with the same parameters as those of (V, B, I).

The relation p C V* defined by (A;, Az, A3, A4) € p if and only if
(AI,AQ,A3,A4) € Bor A = Ay = A3 = Ay, or Al = A, # Az = Ay
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or Ay = Az #£ Ay = Agjor Ay = Ay # Ay = Az is a totally symmetric
(3,1)-quasigroup. The number of points is |V| = 8, the number of blocks is
|B'| = |B|+ |B"|+|B"| =14+ 84+ 7+ ---+2+4 1= 50. For every point
A€ Vits weightisty =8+4+7-2=26.
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