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SEGMENTS OF SCORE SEQUENCES
Moméilo Bjelica!

Abstract. We give characterization of segments and subsequences of
tournament score sequences. These characterizations generalize Landau
criteria for score sequences and yield bounds for the tournament size.
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A tournament T, is a graph having vertices 1,2, ..., n, such that each pair
of distinct vertices ¢ and j is joined by one and only one of the oriented edges
either ij or ji. The score or outdegree of vertex i is the number s; of vertices
that i dominates. The score vector s of T}, is the ordered n-tuple of scores

(s1,82,-.., ), where the vertices are labeled in such a way to make a nonde-
creasing sequence s; < 8y < --- < s,. A transitive tournament has the score
sequence

0<1<---<n-1.

A regular tournament R,, has the scorcs as nearly equal as possible

lel=-=lej<fel = =[], e=@m-1/2
/2] [n/2]
The Landau theorem [6, 8] gives characterizations for a score sequence: A
sequence 8; < s2 < .-+ < 8, of non-negative integers is the score sequence of

some tournament, 7T, if and only if

(1) gs,z(g) 1<k<n, Z"=(;)

i=1

The number s(n) of different score sequences of size n can be computed by
recursion.

Hrady, Littlewood and Pélya [3] introduced the term majorization relation.
Let a and b belong to R®, then a is majorized by b

n

k k n
a<b if Zamsz:bm, 1<k<n, Z(l[i]:Zb[i],
i=1

i=1 i=1 i=1
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where €] 2 €2 2 ... 2 ¢}, denotes the nonincreasing permutation of ¢, ¢, . . .,
¢n. The same authors [2] proved that z < y if and only if for each convex function

¢ it holds
n n
D (i) <D blya)-
i=1 i=1
Lorenz [5] firstly used the majorization relation in economy, while [7] concerns
with many other applications. By this concept the Landau condition (1} can
take a condensed form

(8, 8n—1,.--,81) < (n—1,n—2,...,0).

Theorem 1. Lett; <ty <---<t, be a sequence of nonnegative integers, and
s1 < 83 < --- < 8, be the score sequence of tournament T,,, where m < n. Then
the following properties are equivalent:

J ;
Py : Yti>(3), 1<j<m;
i=1
Py s; = t;, 1<j<m, for some T,;
Py Skyj = tj, 1<j5<m, for some T,, and k;
Py sk; = tj, 1<j5<m, for some T, and ky < ky <:-- <kp.

Proof. One digraph of the proof is the implications cycle: P, = P, = P; =
Py = P.

P, = P; = P,. This is obvious.

P, = P, i =2,3,4. This follows from the Landau theorem

J J .
Dot s> (;) 1<j<m.
i=1 i=1
P, = P,. Define the supersequence s; < s3 < --- < s, which contains ¢ and

which satisfies the Landau condition (1)

e, 1Lk<m
%k = tn, m<k<n

In order to determine n and s,, consider the inequality
2 ty+ -+t + (k—m)t,, > k(k - 1)/2.
This quadratic inequation is strict for m < k < kg, it becomes equality for

_ 2tm +1+ \/(2tm + 1)2 - B(mtm ) S tm)
B 2

and it is strict converse inequality for k£ > kp. Hence we can take

ko

)

n) —ty — =ty — (B — )ty

n=v=kol, sn=tm+(2
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Obviously, s,—1 < s, and s; + ...+ s, = (}). By the Landau theorem there
exists a desired tournament 7, with the score sequence s and, therefore, the
score subsequence ¢. O

Theorem 2. Lett; < t; < --- < t,, be non-negative integers which satisfy P,.

Then there exists a tournament T, which satisfies P,, and the minimal size of
such a tournament is :

1 1\* = m
v = tm+§+ (m—tm—i) +2[§ti—<2>:l

Proof. Suppose that T,, where ¢ < n, is a tournament with score sequence
u; < ug < --- < uy such that u; = ¢;, where 1 <4 < m. Let s be the score
sequence defined in the proof of Theorem 1. Then w; > u,, = t,, = s,,, where

m <i<gq, and
4 4
G-Era5e()
i=1

i=1

This is a contradiction and therefore g > n. )

For m = lone obtains v = 2¢; + 1. If P, becomes equality for j = m, then
v = m and the initial score segient becomes the whole score sequence from the
Landau theorem.

Letting ¢ be the score subsequence of some tournament 7,, then ¢ is also the
score subsequence of some tournament T of size ¢ for all ¢ > 1. An example of
such a tournament is the extension of T;, with the vertexset 1,...,n,...,¢, and
with arcs 1§ whenever ¢ > j and ¢ > n. A tournament is reducible if it is possible
to partition its vertices into two nonempty sets B and A so that all the vertices
in B dominate all the vertices in A [8]. A characterization of reducibility of
a tournament is the equality in (1) for some k& < n. Consider some questions
when score subsequences become seginents.

Theorem 3. Lett; <t < ... <ty satisfy Py ond

m

>u=(7)

;= ]

Jj=1 2
Then s; = t; for all 1 < j < m. Morcover, if ky > for some l, then s = ... =
Sm = ... = Sk, -
Proof. From t; = sy, > s;, where 1 < j < m, and the Landau theorem

m m m m m
(3)=St=2m=2nz2(3)

=1 Jj=1
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follows -7", s; = () and s; = ¢; for all 1 < j < m. Letting k; = j, where

1<j<l!landk > 1, oneobtains t; = s, < --- < s, = and sp = ... = sp,.
Further we have kjyy >k > !+ 1andso kpq >0+ 1. Hence sjpy = --- = Skyyy
and the proof concludes by induction. O

Theorem 4. Lett) <ty <--- <ty be the score subsequence of the tournament
T,.. Then, t is the score sequence of some subtournament Ty, of T, if and only

i Xt = (%)

Proof. Necessity follows immediately from the Landau theorem.

Sufficiency. Let 51 < 52 < --- < s, be the score sequence of T),. If m = n
then £ = s is a score sequence itself. If m < n then by Theorem 2.3 one
obtains t; = s;, where 1 < j < m. Hence, T}, is reducible with the partition
A={l,...,m}and B ={m+1,...,n} and subtournament T,, on the vertex
set A is a desired subtournament. ]

Theorem 5. Let integers t| < ty < --- < t,, satisfy Landau condition and let
n > m. Then there exists a tournament T,, with a subtournament T,, such that
t is both the score subsequence of T,, and the score sequence of T,,.

Proof. Follows immediately from the Landau theorem with the reducible 7,,. 0O
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