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Abstract. For a finite set A an analogue of the Slupecki criterion [6] is
obtained for the set of partial hyperoperatons This result is of the same
type as the one in [3] for the set of partial operations.
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1. Preliminaries

Let A be a nonempty set. For a positive integer n, the mapping from A"
into the family P(A) of all subsets of 4 is called a partial n-hyperoperation on
A. Denote by ’Hg,") the set of partial n-hyperoperations on 4 and by H,, the set
of all partial hyperoperations on A i.e. H, = UnZOHL"). Amap feH={f|f:
A™ = P(A) \ {8} } is called hyperoperations [5]. (H C H,)

If we suppose that there is no difference between an element a € A and
the corresponding one element subset {a} of A, then every n-ary operation
f : A™ > A can be considered as a special partial hyperoperation. Partial
operations f : dom(f) — A, where dom(f) C A™, are also special partial
" hyperoperations. If A is a set, then |A| is the cardinality of A. Namely, f € H,,
with |f(z)] < 1 for all £ € A™ de facto is a partial operation on A.

For a positive integer n andfor 1 <i < n, el isa partial n-hyperprojection
if eP(z1,...,2,) = {@;} for all z1,...,2, € A. (If we do not make difference
between a and {a}, then a partial n-hyperprojection is usual n-ary projection.)

For n,m > 1,f € 'Hf,") and ¢1,...,g9n € 'Hf,m), the composition of f and
g1, -.,9n, denoted by f(g1,...,9,) € H§,’"’, is defined by

f(gl’---agn)(wly---azm): U f('ylw--ay'n)

¥i€gi{=1.-.., zm)
1<i<n

1University of Novi Sad, Faculty of Engineering, Trg D. Obradoviéa 3, 21000 Novi Sad,
Yugoslavia, e-mail ftn_dora@eunet.yu, pantovic@uns.ns.ac.yu

2University of Novi Sad, Institute of Mathematics, Trg D. Obradovié¢a 4, 21000 Novi Sad,
Yugoslavia, e-mail ratosic@Qunsim.ns.ac.yu, vojvodic@unsim.ns.ac.yu

ZE
e 2

e
Th

7

A
2
E}

2

3



16 R. Doroslovacki, et al.

for all (zy,...,z,) € A™.

The set C' C H,, is a clone of partial hyperoperations on 4 if C is comnposition
closed and C contains all partial n-hyperprojections (for short projections).

For F C Hp, {F)cL stands for the clone of partial hyperoperations generated
by F.

We say that f : A™ — A depends on its ¢-th variable if there are ;.. .., a;_1,
Qit1,-..,ay such that h: A = A defined by the setting
hiz) := f(ay,...,a;_1,%,a:p1,...,ay) for all z € A is non-constant.

Usual n-ary operation f : A" — A is essential if it results in all values from
A and depends on at least two variables. An analogue of the hyperoperation
f: A® = P(A)\ {8} where |f(z)] = 1 is called essential if [im(f)| = | 4] and
depends on at least two variables,

A subset F of H, is complete (or primal) in H, if (F)cr, = H,.

2. Slupecki-type criterion

Let M; = H = U en{f € HY" < |f(2)| 2 1 for all z € A"},
O4 =U,en{f €HY :|f(2)] =1 for all z € A} and

Pa=U,en{f € MY 1 |f(2)] <1forall z € A7),
It is clear that the previous sets are clones of partial hyperoperations.

Lemma 1 If f € H, \ (PaUM), then (OaU floL = Hy.

Proof. Tt is obvieus that (04 U f)cr, € Hp. Now we shall prove that (04 U
fcr D Hp. Let f € Hy \ (PaU M) be an n-ary function. Then, there exist
a=(ay,...,a,) € A%and b = (by,...,b,) € 4™ such that f(a) = @ and f(b) =
{co,-..,cp-1}, where p > 2. Let h € H™ . We define fi,..., fn € Oﬁ{"’ and
g€ Oxn+€). If h(ylv cee 7ym) =@ then (fl(yla cee 7ym)7 cee 1f'n-(y1: s ,ym)) =
({a1},....{an}) and g(n,... ,Ym Z1,-..,2¢) is arbitrary for all z,...,z¢ €
A. If h(yr,--.,ym) = {do,d1,...,dg—1},g 21  then

(fl(yla oo )ym)v s fn(yla e )ym)) = ({bl}» sy {bn}) and

.g(yly"'$y1nac()7"'1cﬂyc()) = {d()}
- g(yly-")ym’cﬂa--',cﬂacl) = {dl}
g(yla---’ym;cp-la---,Cp—lycp—l) = {dq—l}

where £ € N is a number such that p*~! < ( max th(ya, ... ym)l < .
: Yiseees Ym "

More precisely (Y1, .-« YmsCiyy--->Cip_ys Cie) = {di} where

cf aptT a2 igp® f Gt Hiap™ 4 ip® < g1
T 1 g-1  else
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Now we can prove that h = g(ef*,...,e™, f(fi,..., fa)s -+, F(fi,---, fn)), which
implies h € (O4 U f)cL. For h(y,...,ym) = 0 the statement is obvious and for
h(y1,...,ym) = {do,d1,...,dy—1} follows:
g(e{",...,e,',’:,f(fl,...,fn),...,f(fl,...,fn))(yl,...,ym) =
g({yl},...,{ym},{co,...,cp_l},...,{co,...,cp_l}) =g(W1,..,YmsCo,..-,C0)U

U(WUls-+ s Yms>€C0y..vrC0s€1) Unnn ... Ug(yi, .- s YmsCpa1,-. 1 Cp1,Cpi) =
= {do,dl,...,dq.kl} = h(yl,...,ym).
(€) It is obvious, since f € H, and O4 C H,. a

Theorem 1 Let A be finite. If F C H, satisfies the following three conditions
1. F contains an essential operation,

2. F generates all unary operations, and

3. F contains partial hyperoperation f € H, \ (P4 U M),

then F is complete.

Proof. By the Slupecki criterion from 1. and 2. follows O4 C (F)cr,, and by
the previous lemma and by 3. we obtain H, = (Oa U f)cr, C (F)cr, C Hp, ie.
(Fer = Hp- o

In the opposite direction the previous theorem is not valid because it is
easy to prove that (P4 U M;)cL = Hp, or more precisely, we can prove that
(04U {g}U {h})cL = Hp, where g € M1 \ P4 and h € P4\ M;.

Corollary 1 Let A be finite and f € H,. Then, {f} is complete if and only if
f € Polig\ (P4UM;) and (f)cL contains all unary operations and at least one
essential operation.
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