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LINEAR AND BILINEAR HILBERT TRANSFORM
Aneta Buckovskal

Abstract. General definitions of the Hilbert transform and bilinear
Hilbert transform in appropriate Colombeau algebras G2 X Gp~ are given.
The relations of distribution of the Hilbert and bilinear Hilbert trans-
forms with the corresponding definitions in Colombeau algebras are given
through special regularizations.
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1. Introduction and preliminaries

There are many paper related to the Hilbert transform (HT) in various
spaces of generalized functions. As a simplest singular integral and a prototype
of a pseudodifferential operator, it is used in many branches of analysis. We
refer to the monograph [11] for the study of HT of Schwartz distributions and
its subspaces.

Recently, the bilinear Hilbert transform (BHT) on L? spaces has attracted
considerable attention. Important papers of Lacey and Thiele [6]-[8] has strongly
stimulated the investigations in this direction. In 3] is given the extension of
BHT onto distributions.

The problem of multiplication in distribution spaces and (because of that)
the inconvenience of distribution spaces for nonlinear problems, motivated Co-
lombeau to construct an algebra of generalized functions in which the multipli-
cation of a smooth function is the usual multiplication and in which the distri-
bution spaces can be embedded and then multiplied. For this theory we refer
to [4,5], (2], [9,10] and [12]. Distributions are embedded into the Colombeau
algebra under a process of regularizations using special delta nets.

In this paper we are concerned with the definition of HT and BHT in
Colombeau type algebras. For this reason, we consider the weighted Colombeau
algebras G ». With suitable regularizations we analyze the relations between the
embedded HT (resp. BHT) of a distribution (resp. distributions) and the HT
(resp. BHT) of embedded distribution (resp. distributions).

Breafly, the content of the paper is: In first section we give a general defi-
nition of HT for f € D’. When f € D},, p > 1 this general definition of HT
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equals with Pandey’s definition of HT. Then we define the HT in Colombeau’s
algebra and prove the association of H(f * 4.) and H(f) * d..

In the second paragraph we define BHT in Colombeau’s algebra Gz x Gpo.
We use the results of Lacey and Thiele in [6]-[8] and Buckovska, Pilipovié in [3]
for definition and properties of the bilinear HT. Then we prove the association
of Hy(f x8.,ax4d.) and HZ(f,a) * 4.

In the sequel for 1 < p < oo we will write ¢ = F—Ll and denote by D}, the
dual of the space Dy.. We will not recall the definitions (cf. [14], [11]).

At the end of introduction, as a note, we will relate the distributional HT
and the most general one in the spirit of sequential approach [1].

More precise: For f € D', we define

Hf = lim(f + 6.) ¥ pom (1)
=0 €T

if this limit exist for every delta net ¢, ? and prove that when f € D},, p> 1,
then (1) exist and equals with the Pandey’s definition of Hilbert transform [11].

2. Hilbert transform in Colombeau algebra G-

We refer to the monographs given in the literature for the definitions and
properties of general Colombeau type algebras. Here we will recall definitions
of those algebras needed in the sequal. They are introduced by Biagioni in [2]
and Oberguggenberger in [9].

Let Q be an open set of R". Denote by £[(] the set of nets (F;)., € € (0,1),
of smooth functions on Q.

Definition 2.1. The set £1,[Q] consists of all nets (F.). € E[Q] with the fol-
lowing property:
For every a € N} there exist a > 0 and ¢ > 0 such that

IE] < c-ee.

The set of all L? - null functions Np»[Q] consists of all nets (F,). € E1»[Q)
such that for every o € N§ and every a > 0 there exist ¢ > 0 such that

IE ], <c-e”.
For the sake of simplicity, we will write F; instead of (F.)..

Theorems 2.1 and 2.2 which are to follow, are proved by Biagioni and Ober-
guggenberger.

2If ¢ € D, and f]E é(z)dz = 1, then ¢:(z) = l()b(%), e € (0,1) is a delta net: limO Pe = 4.
e~

€
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Theorem 2.1. &1 [Q] and Np»[Q] are vector spaces and algebras under the
pointwise multiplication of representatives. Moreover, with the differentiation
defined by the differentiation of the representatives:

[F.]®) = [F{)], @ € N,
they are diﬁefential algebras. Np»[€] is an ideal of £1,[€1].
Definition 2.2, The space of generalized functions on Q, Grr{§2) is defined by
Grr () = Ee[Q/ N[
Elements of Gr» will be denoted by f = [F.], ¢ = [G¢], ...
Theorem 2.2. G,-() is an algebra under multiplication [F.] - [G:] = [F: - G.].

Definition 2.3. Let f = [F,], ¢ = [G:] € D},. It is said that they are associ-
ated if

/(F5 -G =0
ase =0, ¥ € Dya.

It is well known that if f € D},, then F. = f* ¢, € Dp»r, and (cf. [11]) if
i € Dy» then
NG, < Cp - 16PN, VE €N (2)
Theorem 2.3. If F. € Epp then H(F.) € Ers.
Proof. Let F. € Er». Then (2) implies
H(H(Fe))(a)”p < Cp- H(FE)(Q)HP <ec-e7% g€ (0,20)
It follows now that H(F.) € Er». a

Theorem 2.4. If F. and F. are the representatives of f € G» then H(F: —
Fs) S NLP .

Proof: We will denote R, = F, — Ii and let B, € Np». Then
HCH(R) | < Cp - [1(B) ]y < 6%, ¢ € (0, 20)
so we get that H(R,) € Np». 0
This theorem directly implies the following definition:
Definition 2.4. Let f € Gpv. Then

Hf = [HF.].
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2.1 Embeddings

The space D}, is embedded into Grr» by the use of a special net of mollifiers,
which is a delta net, but constructed via a function with special properties. We

will denote it by 4.
Let g €S, [¢=1, [¢z* =0, for k£ > 1. In the sequel we will put

1, - ‘
de = Eqs(g)v €€ (Oa 1)

Regularizations of elements in D, by this delta net will lead to the embeddings.
Let f € D’,. Then the corresponding element in Gp» is denoted by Cd f
and it is defined as

Cd f=[f +&].
Then 1
H(Cd f)=[H(f*é:)] = [(f*&s) *p.v‘;]‘

Theorem 2.5. Let f € D},. Then Cd Hf is associated with H(Cd f).

Roughly, "the Hilbert transform of a regularization and regularized Hilbert
transform are associated”.

Proof. Let f € D/,,. Then, for every ¢ € Dy, we have
(H* ) = (7, ~Hy) = lim(f, ~(H) »5.)
= lim(f + 6., ~HY) = T (H" (/ +6.), ).
On the other hand
(H" £,4) = lim(H* £, #0.) = lim((H" ) 8., ).

Finally we get
H*f = lim H*(f*(ss) = hm(H"’f) * 0,
e—0 e—0

which completes the proof.

3. Bilinear Hilbert transform in Gy2 X Gre

Definition 3.1. Let F, € £12 and A € Epw. Then
" dt
Haa(F.) = p.v./ F.(z ~1)Ac(e +al) 3, a€R\{-1,0}.

It was proved in [3] that if a € Dy~ and ¢ € Dya then,

1)l < €3 (1)1 1ol YmeRn. (@
k=0
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Theorem 3.1.

(i) Let F, € E12 and A, € Ep-. Then Ho 4, (F.) € Ep2.

(ii) Let R, € NL? and A, € 1. Then Ha,A,(Rc) = NLz.
(iii) Let A, € Ny and F. € Eps. Then Ho a,(F.) € Npa.

Proof. (i) We have to prove that for every m € Nj, there exist b € R, 4 > 0
and €o such that:

H( aa. (Fe M)H <A-e7h £€(0,¢0).

Using (3) we obtain

||(Ha,A.(Fe))(m)”2

IA

( )\F”" - AP

< A-e‘b, £ < £o.

IA

(ii) Similarly to the proof of (i), we have to prove that for every m € N,
and for every b € R there exist B > 0 and £g such that:

(m),

“(H“H‘l-(R ) | < B-e® ¢€€(0,¢0).

Using (3) we obtain

J(nn) |

IA
Q)
[
—~
= 3
~—
=
3
z
=
=

< X (TZ)CI cg® ey T ™

< B-€’, e <eq.

(iii) Now we have to prove that for every m € N, and for every b € R there
exist B > 0 and ¢¢ such that:

[(Hon () || < B2, <€ (000)

Using (3) we have

|(Hoa ) ™|, < €30 () HE 1AL
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Now we can define the bilinear Hilbert transform in Gyz x Gje.
Definition 3.2. Let f € Gy2 and a € Gp~. Then
Half,0) = [Ha(F., A,)).
In the theorem that follows we will use the same notations as in section 2.1.

Theorem 3.2. Let f € D},, a € Dyw. Then Cd H} ,f is assoociated with
Hyo(Cd f).

Proof. Let f € D} ,, and a € Dy~. Then, for every 4 € Dp» using Th.2 (ii) in
[1] we get

(Hiof) *0o,0) = (HSof %% d0)
<f7 Hoz,a(¢ * 6&))

Then 'S
}%(fﬁ I{a,a(u’ * 65) = <H;,af, d)>

On the other hand we have:
<H01,ﬂ(f*55)’w> = <~Hil—a,a(-f*65)ﬂ1/)>
= <f *Jea —H—l—a,a¢> = <f1 (_fI—l—a¢) * 65),
and if e —» 0 we have
lim<f, "H—l—a,a'lZ’) = <_Hi1-—cyyaf) (lp)'
e—0
So, we prove the above assertion. a
In a similar way we can prove the next assertion.

Theorem 3.3. Let f € D}, and a € D, then Ho(Cd f,Cd a) is associated
to Cd H,(f,a).

The generalized function [Jf] is an element of the algebra Gr», 1 <p <

oo. This generalized function is not assoc ated with any Schwartz distribution,
because if that is the case it must be 42, for which we know that is not in 7’.

We will denote by 62 = [62} .

£

Example: Let a € D) ... Then

H. (6% a) = [p.v./&f(:c—t)a(a:+a)
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