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RICCI TYPE IDENTITIES FOR BASIC
DIFFERENTIATION AND CURVATURE TENSORS IN
OTSUKI SPACES !

Svetislav M. Min¢ié?

Abstract. In the Otsuki spaces use is made of two non-symmetric affine
connection: one for contravariant and the other for covariant indices. In
the present work we study the Ricci type identities for the basic differen-
tiation and curvature tensors in these spaces.
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1. Introduction

T. Otsuki has defined and investigated [6] the so-called regular general con-
nection consisting of two affine connections: contravariant'T’ and covariant part
"T. Besides, he introduced a tensor field P of the type (1,1) (det(P}) # 0), with
the condition ([6], (3.13))

(1) Pjp+" Ty PP ='T% P =0,
where the comma signifies usual partial derivative, i.e. P; b= 8Pj /0.

In space with this connection one defines the so-called basic covariant deriva-
tive, for example
(2) Vi = Vie +/ TVy =" T3V,

and non-basic covariant derivative, for example

) ViVi = PPIVE

and the corresponding differentials

(4) DV} =V},da*, DV} =V, V/da"
The relation (1) is equivalent to

(5) Vsz- =0,
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Apart from T. Otsuki the cited spaces have been investigated also by A.
Moér [3], M. Prvanovié [7], [8], Dj. F. Nadj [5] and others.

2. Ricci type identities for basic differentiation of the first
and second kind

2.0. The Otsuki space Oy is defined as an IN-dimensional differentiable
manifold on which, with respect to local coordinates z‘(i = 1,2,...,N), is
given a tensor field P}(det(P}) # 0) and the connection coefficients ‘T, "T";,
which are non-symmetric in general case and the relations (1) is in force.

Since the connection coefficients 1"; p and I‘j  are generally non-symmetric
with respect to j, k, one can define two kinds of basic covariant derivative for a
tensor V of the type (u,v):

ERZT iy fa - 11D jﬁ
(7) Vi SV Zr ( ) .—Z F]Bm<p>v__,

By 7 /i . 1P ]5
() Vi =V, Z Lo ( ) - me<p>v.,,,
where we have used the designations

p 7 za Plot1 - Tn
0 (P) =g

ia

(10) (if) V= Vh JZB 1PJg+1""Jv”
From here, for the Kronecker symbol we have

(11) 5;’,1% =T, = "I,

(12) 5;’_% =T}, —"Th.;-

In order to form the Ricci type identities, we can observe the differences

(13) Vi oy ’

JiJu ym,mn j1-~-jupnlm

having 10 different cases:
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M\ wrw)e{(1,1;1,1),(2,2;2,2),(1,2;1,2),(2,1;2,1),
(14) (1,1;2,2),(1,1;1,2),(1,1;2,1),(2,2; 1,2),
(2,2;2,1),(1,2;2,1)},

which we are to study.

2.1. In the cited works, only the first kind of covariant derivative were used
and it has been proved that (see [6], eq. (7.15), or [5] eq. (0.7))

u
i1eeeia T REm - ! ia p o
Vi Ve = RV
JiJvypmn J1Jumygm 1 1

a=

o
v .
(15) - 5221 "R (j]f > VI =T VI
where
(16) ’ R n = Timn = T + T8, Ts = T8 T,

and " R is in the same manner expressed by ”T", while [mn] signifies the anti-
1

symmetrisation with respect to m, n without division by 2, that is

(17) "y =T = "

(mn] =

The identity (15) we call the first Ricci type identity for basic differentiation
in Oy, while the thensors ' R, ” R are curvature tensors of the 1°t kind in Oy,
1

obtained by 'T’, respectively "T.

2.2. In the same way one proves that in Oy is in force the second Ricci type
identity for basic differentiation

u
i1, i _ Z/ io PNy,
V. ] | V i - Rpmn . V
JiJuvgMmgn J1 " JugMom 2

a=1 la
" =3 B () T
where
<19) lljﬁmn = Tiﬂ]’,n - T;J}m + Tfan;p - Tﬁjlrfﬂp’
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and in the same manner R by "T". The quantities 'R, "/ R are curvature tensors
2 27 2

of the second kind in Oy .
2.3. For the third case, by virtue of (13) and (14), we have the next theorem:

Theorem 1. In the space Oy the third Ricci type identity for basic differenti-
ation s valid:

Vi Vi =
JiJoimyn Jl"'Jv1n2m
1" AP
Vh + V?1 ?u + //Fp Vil'”iu
Ji- _] <[mn]> J1jo<[mn]> [mn] ¥ ;.. Juip
where 4 .
(21) /Iﬁzmn = IF;m n /F;n m + lr\?mlrz IF;D Irjnpv
" i " N al) // " " "
(22) éjmn - ij n P]n m anj Fp Pp Fpm7
i . I p . 1P jﬁ
@3 Viicmns = D Thom) (Z()Vn Z om) <p>V~-m’
a=1 p=1
u—1 u ) s
Vi icmns = D D (T T = T3 r’f*)(? ) ( )V.::' -
a=1 B=2 ta/ \'3
(a<B)
= - ia TS ITia TS p ]B
(24) =Y (ri,Ts,, — T PW)(Z )(S>v +
a=18=1 o
v—1 v ] j
117p 118 1P 1S a B
+ Z ( F] m F”]B ija F]Bn) ( > < s ) V .
a=1 p=2 p
(a<B)

Proof. We shall prove (20) for the tensor V]’}jl, from where one can anticipate
the general formula (20). So,

hi h h

‘/]kll‘l ijkl m I]-—‘pm‘/ﬁczl /]'—W;m‘/;kll7

(25) /Tp Vpkl Nt Vapl "T7, Vykp
Further, we have
_ hi / h y/si 1
Vkl‘m;n = kil m )‘ (Vkl|7n) Do ki lm + T, Vkl‘

1S _n hi " hi s hi

(26) - sz‘ Fnkvjsl{m - ngs lm — anvjkz‘ls'
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Substituting into (26) by virtue of (25), one obtains

— pi hp
Vkl‘m‘n Vkl‘n‘m Apmn‘/]kl—’_ Apmnv;kl

2
" P hz " hz "
(27) - Ajmn pkl — A kmn ]pl A Ilmn jkp

hi
ijkl<[mn ijkl< [mn]> +/Ir?mn Vo l| ’

where
h % h
‘/jk:l<m’ﬂ> - /F[ ]‘/ﬁcl n /F[pm]v}kzl)n -
1P 117 P 1P
I‘[jrn]vvkl n F[km Vpl n r [m]Vkp ny
h i h i s h s h s %
‘/jkl<mn ( F IP /]‘—‘mp/]‘—‘sn)‘/jl;el - (/Fpm//rnj - /Fmp/lrjn)vil -
( Fh ”F /F'ﬁnp//rz )‘/;Z;Zl ( FZmHF:Ll - /F};mp”l—‘? )V]IZS -
( ”Ffzj - /F;lp//rj )‘/;}ILCII) - ( F;m//rik - Irinp//rzn)v;}?l)
3 s h K £
( ”Fs - /anpllrln)‘/]ki (HF?mHF:ﬂc - I/anj//rlscn)v sl T
(//Fp /IFS //anj/ll—wzs )‘/;jks (Ilrzm/lrfﬂ _ //ank/ll—\l )V]ZL)ZS

We see that (27) is a particular case of (20). So, for the tensor V;kl the equation
(20) is valid. The cases of vectors

i % _ / IR0 // %
V‘lmi’n_vl‘ném_ Apmnv + F[pm]‘/:ﬁ— F{pn]‘/:p Fpmn]v‘ )
__n p "1pP // D // D
Vitmin = Vingm = = AgmnVe = iy Von + T Vom + 7T Vi,

are included in (20), which can be verified directly. In the case of a vector, the
expression (24) is zero.
Also, by direct calculation we obtain that

14 : [P VZ\ | = A mnvp " Apmnvl +
J 1m2n Jimom 1P J
/ i P _ 1P // ¥4
<28) + Ff ] J n FEP"]VYJ" F[]m]v;n F[jn]‘/:nzm
171 "ms i s It s It s " 7
(_ Fpm Fnj + Fmp an Fpn ij - an ij)‘/sp Ffmn]v \ 3

and this is obtained from (20) too.
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In order to prove (20) by induction method, suppose that (20) is valid, and

prove that the corresponding equation is valid for a tensor W;ll ;:;;Ll
Observe the tensor

(29) Vzl zu :WH 1u1u+1UJv+1

J1Jv J1 - JuJu+1 T tutl

Applying (20) to this tensor (of the type (u,v)), we get
i1y 21 iy 01 by budgl Frio+1
v Jredulmin Jl Gulnlm T Z Apmn< ) Wi,.. [ Uzu+1>

BTyl l Trivt1
Z/,Ag[gmn( >(ng Jv]vil Ul Il) (WU)<[mn]>+

(W U )<[mn]> +I/Fp

[mn]

(W U+ WU ),

where we have taken into consideration that for the basm differentiation the
Leibniz rule is valid.
Based on (23,24,29), we obtain

(WU mms = Tlo < ! )(WnU + WU, -
a=1 «

(31) —Z”rpﬁm](]ﬁ)(w WU A WU,
=1

(WU gmnz = [2 S (T Tl — T rlﬁ)(.p )(s)w

a=1 =2 ta/ \!8
(a<B)
u v .]
7,a 118 ITia TS Jé3
(32) S, i (1) (2w
a=1p=1 o
v—1 v J j
// P TS _npp o s «@ I6]
#3300, () () )
=l 25

On the other hand, based on (29), we have

Vil = Vi, = (WU 1 Yy =
= W2y U+ W U W U WU Yy =
= W = W DU WU, =T )+
(33) + (W, U+ W .gnU | ) fmn]
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Applying the identity (28) to the tensor U; J ! at the second brackets, calcu-
lating the covariant derivatives in the third brackets substituting the expression,
(31,32) into (30) and equilizing the right sides of the equations (30) and (33),
after longer arranging one obtains

U]v+1 ( Wi1"'iu,+1 _W71 Tyt )_
Putl Jidutt fmin Jiederrinim

u+1 v+1
= Ul {Z Afian ( > Z " AG s ( > W+
u+1 v+1 jﬁ
B (S

B=1
u u+1 ) s
30 S et et (2) (D)we -
a=1 pB=2 la g
(a<pB)
u+1 v+1 D j
o I i ! B
_ ZZ Ty, T, — Tis Fjﬁ”)<za)<s>w“ +
a=18=1
v v+1 . .
33 e, e () (w4
a=1 p=2
(a<B)

“*1 is an arbitrary tensor of the type (1,1), the last equation, in

view of (23, 24) becomes

Because U

u+1
(SRR USRERL 2 :
W Al ‘u+1 | | _ W u+1 Apmn
J1Ju41Mon JiJu+1 1n2m
v+1

I 4D jﬂ 7
-2 éjzsmn<p>w'“ W > + Wiz + T W,
B=1

i.e. (20) is valid for the tensor W of the type (u + 1,v + 1) too, and Theorem
is proved. O
The following theorems (Th. 2 - Th. 8) are proved in a similar way.

2.4. To the fourth case from (14) is related

Theorem 2. Applying two kinds of covariant derivative in the inversed order
of that in the previous case, we obtain the fourth Ricci type identity in Oy for
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basic differentiation:

i1l _ Y/ti _
Vieegadmln = Visodnlm =
vy 1 Jv My
u P v j
_ I 41 I 4D Jé]
a=1 « B=1
_ Yt _ Vlllu _"TP Vil"'iu
Jiju<[mn]> J1-ju<[mn]> [mn] "y, Lp’
where
o4 It i P It 1P i
(35) fé]mn - ij,n - I‘nj,m + ij Fpn - Fnj Fprru
"4 i i PP i Hp i
(36) Xj}jmn - ij,n - Fnj,rn + ij an - an F17"Lp'

2.5. Further, we have

Theorem 3. In Oy is valid the 5" Ricci type identity for basic differentiation:

V’il"'iu _ Vil"'iiA, —
J1odulmlin J1gu bnlm

u p v J

_ ! pla I 4D Iéi

(37) => ‘S‘Zmn(i )V —~ éjﬁmn<p>v.. +
a=1 « B=1

i1t i1t 17

+ Vj11‘“ju<(mn)> + lel“-ju<<s(mn)>> - ann(vip - Vép)v

where we have designated

I 41 I Al / i / Al
(38) Afmn = Timn = Tagom + T Tpm = T T

jm,n jm - pn mp>s
(39) " é;mn — /Irgm’n _ //I‘\:"Lj’m + //F,]r)njllrilp _ //I‘l?nl/ri)m.
u—1 v ) ) P s
Viliiicsmns = > (Ty/ T = Tig, Tol) ( ) ( >V'::. -
a=1 6=2 ta/ \18
(<)
~\ P\ (J
b ex o B
(40) - Z (/F;anllr§,3n - /Finp/]'—\fzjfg) (Z > < s ) V +
a=1p=1 a
v—1 v . .
FX S O () ()
=1 h

while (m,n) designates the symmetrisation of the corresponding expression over
m,n (without division with 2).
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2.6. Theorem 4. In Oy is in force the 6! Ricci type identity for basic
differentiation:

Vil“'iu _ Vil"'iu —
Jideimln jl--m‘lngm
v .
JB
(41) - Z Apmn< ) - Néfgmn(p)‘/ +
B=1
V“ J <mn> V“ ]v<mn>>’

where
(42) ! é;mn = /F;m n Ir;n m T Ffm/F;m /Fp /F’;npﬂ
(43) //éémn — //F;m " I/F;n m + l/l‘\fnjlll—\;n _ ”Fé‘)nHF;m

i lo T p S
lel J1,<mn>> = Z Z F IF?:LJFIF lr[sm])<ia) < )V -

a=1 pB=2 13
(a<p)
u v p j
/ la NS / l”// s 6]
= S ST T+ T ) (1) ()
a:lﬂ*l «
// P I"s NP s ja jﬁ
(44) * Z Z Lljam) Tign + Tion F[jﬁm])<19) (S>V___.
a=1 B=2
(<)

2.7. Theorem 5. In Oy is valid the 7" Ricci type identity for basic differen-
tiation:

Vil'“iu _ Vil"'iu —
Jude fmin j1~~~j1,‘2nlm
(45) - Z A,,mn( ) Z owm”< )V.z:' +
+ ijlll Jv<nm ijal o <nm>> (I/Fﬁfm‘/...\lp - HF?LmV::gp)a
where we have designated
(46) lé§m7z = /F;m n ,F'Zn_] m + lrﬁ)m/r;n /Fp ,F;)'nw

(47) " é};mn — //1’\1 I/FZ + III\‘Zij//Filp _ //F‘]j)n//r;m

jm,n ngj,m
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2.8. To the following case from (14) is related

Theorem 6. In Oy is valid the 8" Ricci type identity for basic differentiation:

11ty i1ty —
‘/jl---j lmln n ‘/j -] Inlm
vy v1M2
(48) = § Apmn E : jgmn V-
12
pB=1
zl 1"p __ Hupp
V j <nm> + ] <smn> + F'mnv \ anv \ p’
where
/ i 1A I / Y2 A at 12 nY 24 n!]
(49) éjmn - Fmg n an m ij Fn F Fmpa
1 7 _ i _n 7 nyp N npp e
(50) éjmn - Fm] n F]n m Tt ij Fpn - Fnj F17’Lp

u—1 v
i io ITB e T8 p S .
Viiicomnz = 2 D (TipTiag + Ty Pm8)<io<) ( )V

a=1 B=2 Zﬁ
(a<B)
(51) - u i( FM "ps 4 /Tia /TS ) p Js Voo
a=1p8=1 ol (ol =mis/\q, J\s )"
v—1 v ] ]
nyp N 1"p s «a I6]
+ Z Z ("Trnja F[”JB] + F["]a] Fm]ﬁ) (p) (S >V .
a=1 B=2
(<)

2.9. Also we have

Theorem 7. In an Otsuki space Oy is in force the 9" Ricci type identity for
basic differentiation:

i it
gl ~ VI
vom Jiduenim
_ § AP
a=1 B=1
Z1 i1-
- V <mn> + V jv<snm>’

where

(53) lAzmn - /F}m] n /F’ZI’LJ m + Irij/ri /Fp /Fl
13

pm>
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(54) " é;mn — //Fl _ //FZ + ”F?m/lrip _ //I\Zjllrzr'np

mj,n ngj,m

2.10. For the last case from (14) we have

Theorem 8. In Oy is is valid the 10" Ricci type identity for basic differenti-
ation:
i1y i1y

Jiedeimbn g inm

_ . I 4P j,B
(55) Z A;mn( )V _52 éjﬁmn<p>v,__ _
"p . o .
I m(V ‘p ___2\1,)’
where
0 7 _ Oy 01 0 O 0 O _
(56) Ajmn_ F]mn_ FnJm+ Fp an Fp Fpm’ 9_/’/,'

15

The equation (55) can be written in another form. Namely, counting the
difference in the last addend, we obtain another form of the 10" Ricci identity
for basic differentiation in Op:

i1y _ it —
Jieeduimn J1odubnlm

a=1 « B=1
where
0 i _ 0 7 " 0 _rn
(58) ]é%jmn = {%jm” re.. F[m]’ 0="".
is the curvature tensor of the 3"® kind in Oy, determined by the connection
9F7 ] :/7//.

Remark. The quantities 9A§mn (0 =""; t=1,---,15) are not tensors and
t

we call them curvature pseudotensors of the space Oy of the 1% to 15" kind
respectively. For example, from the particular case of (41)

_ _ M ,D 1P
Vitmin = Vilnlm = = 45mnVp +7T

[mj]

Vo

we see that " A is not a tensor, because V), , = 9V, /0z" is not a tensor.
8
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3. The Ricci type identities for basic differentiation of the
third and fourth kind

One can define in Oy two new kinds of basic covariant derivative (in place
of (7)):

"1 i1 Mia . " jﬁ
( >VJ1 ]v;m le Jv Z F < > 72 Fﬁq]ﬁ(p)vm,

=1

Gy 4 ITia . 11D jﬂ
00 V= i T (Vi = 3w (D)
B=1
From here, it follows that
(61) §t, ='T%, —"T! 5;’_ | =T = "T

jlm Jjm mj>

Analogously to (14), we can obtain 10 new Ricci type identities in Oy . For
example,

Vil“'iu, _ E R _
J1go kmin 31 11,3713m pmn

o N JB e NP By
(62) ﬂz;l Jjjﬁmn(p)V... T Vi

u
V.ll ,7‘“'| | - V“ .lu‘ | - § Rlp(;nn . V -
J1Jugmgn J1 o Jugmgm 2

_ " P e NP 11Ty
() S () = TV

u
Vz,l l.u\ | _Vv,l1 ,Zu\ L= A;ﬁnn . V.-
JiJugMmymn J1Ju g ygm 1

a=1 la

(64) _ - " AP Js V...+Vi1~~-iu +VL‘1...iu 3

4 Jsmn D J1eJo<[mn]> G1e g <[mn]>

5=1
_ e i1ein
[mn] jl"'jv:‘;p,
where
—i1 ey, . hl I ia P op ]ﬁ

(65) le"'ju<'mn> B Z F[pm] (Za>v)n B Z F[’m]ﬁ] (p)VJu

B=1

a=1
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u—1 u

T _ i 118 e iy [ P S
le"'juf’”"Z - 2—:1 ;( Fpm Dns — Fmp FS”) <io¢) <Z,@)V -
o<
~\ P\ (J
ITia 1S i 1S B
(66) a Z Z( Fpm Fjgn - Fmp Fnjg) (l ) (8 )V +
a=1p3=1 @
v—1 v j j
1P VIARY 117p VIARY « 3
3 Y =) () (T
a=1 B=2
(a<B)

In these identities appear the same quantities R, °R, °R: ?A,---, ? A, but in
12 31 15

different distribution than in the cases 2.1-2.10. Only in the one case appears a
new curvature tensor R:
4

i1 _ Y _
J1gu kmln Ji-duhnlm

_ - ! pia p - " D Js
(67) = By <ia)v... +3 g,jﬁnm<p)v..,
a=1 B=1
where
(68) "Bjmn =" A+ Tun g

4. Derived curvature tensors. Independent curvature ten-
sors in Oy

As we have seen, the quantities 4 (0 ='"; t =1,---,15) are not tensors.
t

We proved in [1] for a non-symmetric connection I' (= ‘'T' = ”T") that from the
curvature pseudotensors A one can obtain new, so called "derived” curvature
t

tensors. We can do this in an analogous way in Oy too. For examle, adding
the equations (20) and (34), we get

Voo =V VI =V =
ymagn cegmgam ceamagn cegmym
~ i (P ~ js
(69) = 2 /Rpmn ( ViIi- 2 N??;ﬂrm( )V +
— o et p
1P -
+ F[mn](v\p ;P)’



86 S. M. Minci¢

where

(70) "R n = 1(9A+"A)? = 1("A+" A)S
1_]77171/ 2 1 3 jmn 2 2 4 ]'H'L’Vl’

is a tensor.

Adding the equations (41) and (52) we obtain

Vo Vo Vo V=
1 1 12 2 2 2 1
N o3 38\ -
(7 = YRV = 2 B () +
— = p
+ VA.Smn>> + V--<<snm2'
By virtue of (44), (51) we see that the quantity
4 ;11 ;Z<mn ijzf ]U<€mn> -
u—1 u )
— o I8 ITie /T8 i !
=2 2 (T T+ T Ty + T ¥ Cims)
= @k

ia NS ! za// i 1S
= > D (T Ton T Ton Ty + T Ty +

a=1 =1
o s .75
T Tis T) (ZQ) ( . )V +
//p s //p//s 4+/TP . TS
+ Z Z F[JQ FJB" I F[Jﬁm] Lij F[mm]
o= 3=2
! <£<<ﬂ)
1P 1178 ja jﬁ .
I‘[mJ ] Fnjﬁ)(p)<s>V.. =
_ui i IR / 1a B p S -
a=1 B=2
(a<p
. - o M ia IS ]ﬁ
o ZZ( F[Pm] F[JB”]+ 1_\[pn] F[]gm ( >( )V +
a=1 =1
v—1 j
S S /[3
@ ST T+ T T () ()
a=1 B=2
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is a tensor, and in (71) the quantities

~ 1 . .
0 _ Lo 0 0 _
are also tensors.
We call the quantities °R, °R, PR 6 ='." derived curvature tensors of the
G

space Oy . In addition to those presented here, one can obtain some other such
tensors too (see [1]).

By a procedure analogous to that from [2] it can be proved that from the
curvature tensors 91;{,. ) .,914%7 ‘9];2, 9]37 9]52 for a fixed 6 (' or ") only five of them

are independent, while the rest can be expressed as linear conbinations of these
five tensors.

If 'T ="T =T, where T' is a symmetric connection, then all Ricci type
identities reduce to the known Ricci identity, all cited curvature tensors and
pseudotensors are reduced to the Riemann-Christoffel curvature tensor of this
connection, which can be easily proved from the obtained formulas.
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