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ON A THEOREM OF ZABCZYK FOR SEMIGROUPS
OF OPERATORS IN LOCALLY CONVEX SPACES

Mihail Megan', Alin Pogan'!

Abstract. The purpose of this paper is to extend a stability theorem of
Zabczyk to the case of semigroups of operators in locally convex topologi-
cal vector spaces. Obtained results generalize the similar theorems proved
by Datko, Pazy, Rolewicz and Littman for the case of Cp-semigroups of
operators in Banach spaces.
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1. Introduction

Let X be a locally convex space whose topology is generated by the family
of seminorms {| - |, : v € I'}. The space of all continuous linear operators from
X into itself will be denoted by B(X). For all A € B(X) and for all 3,7 € T
we shall denote

[Allg.y = sup{| Az, : [z]s <1}

It is obvious that A € B(X) if and only if for every v € T' there exists § =
B(7) € T such that | 4|5,y < 00.

Recall that a family S = (S(¢))¢>0 of continuous linear operators from X
into itself is a Cy-semigroup on X, if

s1) S(0) = I (the identity operator on X);
s2) S(t+s) = S5(t)S(s), for all t,s > 0;

s3) }1_{% |[S(t)r — x|y =0, for all z € X and all y € T".

For details about Cp-semigroups in locally convex spaces see for instance [2]
and [5].

In what follows we denote by ® the set of all functions ¢ : Ry xI' — I' with
the properties

¢1) ©(0,7) =7, for all y € T
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p2) p(t+s,7) =@t p(s,7)), for all
t,s>0andall yeT.
(Ry =[0,00), R =(0,00).)

In this paper we consider a particular class of Cy-semigroups defined by

Definition 1.1 A Cy-semigroup S = (S(t))i>0 is called ®-semigroup, if there
exists ¢ € ® such that

1Sl pty),y <00 forall (t,y) € Ry xT.
Hence if S is an ®-semigroup, then there exists ¢ € ® with
‘S(t)xh < H‘S’(t)“w(t,v),7|x‘¢(t,v)'
Definition 1.2 An ®-semigroup S = (S(t))i>0 is said to be

(i) exponentially bounded (and denote e.b.) if there exists ¢ € ® and M,w :
I' — R% such that

IS gty < M) forall (t,7) € Ry x T

(ii) uniformly exponentially bounded (and denote u.e.b.) if there exist the func-
tions M and w from (i) satisfying the conditions:

My(7y) :=sup M(e(t,7v)) < oo and wo(y) :=supw(p(t,v) < oo for all v €T.
>0 >0

It is obvious that if S is u.e.b. then it is e.b.

Remark 1.1. If X is a Banach space then every Cy-semigroup S is an P-
semigroup with u.e.b. (see [6]).

Definition 1.3 An ®-semigroup S = (S(t))i>0 is said to be
(i) stable (denoted s.) if there are p € ® and M :T' — R% such that

1S(®) gty < M) for all (t,7) € Ry x T

(i) uniformly stable (denoted w.s.) if it is stable and the function M from (i)
satisfies the condition

Mo () == sup M(p(t,7)) < oo forall ~v€eT;
t>0

(iii) exponentially stable (denoted e.s.) if there are ¢ € ® and N,v :I' — R
such that

1Sl oty < N@)e ™) forall (t,7) € Ry x T



On a theorem of Zabczyk for semigroups . .. 61

(iv) uniformly exponentially stable (denoted u.e.s.) if it is e.s. and the func-
tions N and v from (iii) satisfy

No(7) :=sup N(p(t, 7)) < oo and vo(v):= inf v(p(t,7)) >0 forall yel.
t>0 >

Remark 1.2. It is obvious that

uwes. = us. = u.e.b.

I ¢ ¢

e.s. = S. = e.b.

In Banach spaces we have that

ues. & es. = Ws. & s
In stability theory in Banach spaces a well-known result due to Zabezyk ([8])
is

Theorem 1.4 Let S = (S(t))i>0 be a Co-semigroup on the Banach space X
with the norm ||-||. S is u.e.s. if and only if there exists a strictly non-decreasing
continuous convez function R : Ry — Ry with R(0) = 0,such that for allz € X
there exists a(x) > 0 with

/R(a(z)HS(t)zH)dt < 0.
0

We observe that from Theorem 1.1. results the following corollary.

Corollary 1.5 A Cy-semigroup S on the Banach space X is u.e.s. if and only
if there exists a strictly increasing continuous convex function R : Ry — Ry
with R(0) = 0 such that for all x € X there is a(z) > 0 with

o0

> Rla(@)|S(n)zl) < oce.

n=0

Firstly, we observe that in contrast to the case of Banach spaces Theorem
1.1. and Corollary 1.1. are not valid in locally convex spaces.

Example 1.1. Let X be the space of all complex continuous functions on R
and I' = R%.
The family {| - |, : v € I'} given by

|z|y = |z(y)| forall yeT
determines the structure of a locally convex space on X. It is easy to see that

9: Ry xT =T, ot,y)=e*
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belongs to ® and S = (S(¢));>0 defined by
S(t)x(s) = e 'x(se*) forall (t,s) e Ry xR} andall z€ X,
is an ®-semigroup with
1Sl p(ty)y =€ " forall (t,7) € Ry xT.

Hence S is u.e.s. We observe that for z(s) = s we have that

/R(a(x)|5(t)m|7)dt = /R(a(x)’yet)dt =00
0 0

and
Z R(a(x)|S(n)z|,) = Z R(a(x)ye™) =00 forall ~veT, a(x) >0,
n=1 n=1

and for all strictly increasing, continuous, convex functions R : R, — R,.

Example 1.2. Let I' = R and let X be the space of all complex continuous
functions x with the property that there is M, > 0 such that

|x(t)| < Mylt| forall teR.
The family {| - |, : v € I'} defined by
2l = [o(y)| forall yeT
determines the structure of a locally convex space on X. The function
@Ry xT =T, oft,y)=ryet
belongs to ® and S = (S(t)):>0 defined by
S(t)x(s) = e'x(se ) forall (t,s) € Ry xR andall z¢€ X,

is an ®-semigroup on X.
Because
1S®)]lp(y),y =€ forall (t,7) € Ry xT,

it follows that S is not u.e.s., even if
/|S(t)x|7dt: /\etx(we_%ﬂdt < M,;|v|/e_tdt: M, < o0
0 0 0

and

o0 o0
Z [S(n)x|y < || M, Z e "< |y|M, < oo forall (t,v,2) € Ry xT x X.
n=1 n=1
To obtain a new characterization of the u.e.s. Cy-semigroups in Banach
spaces we prove
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Lemma 1.6 Let f: R, — Ry be a non-decreasing function with f(0) =0 and
f(t) >0 for allt > 0. Then

t
FiRe— R F(0) = [ £(6)ds,
0

is a continuous, convex and strictly increasing bijection.

Proof. We observe that F(0) = 0 and F' is a non-decreasing function. If there
exists t1 < to such that F'(t;) = F(t2) then

to
0=F(ts) — F(t1) = /f(s)ds
ty
which is a contradiction because f(t) > 0 for all ¢ > 0. Hence F' is strictly

increasing.
Since tlim f(t) > 0, it follows that

t—o0

lim F(s)ds = /f(s)ds = 0.
0

which shows that F' is a continuous bijection.
If ty,t5 € R+ then

t1 4+ to

F(2

)Pt = [ fe)s =3 [ 15 e <

<3 [ foa =TT

and hence
t1 +t2 F(t1) + F(t2)

2 2 ’
which shows that F is convex. O

F( ) <

Theorem 1.7 A Cy-semigroup S on the Banach space X is u.e.s. if and only
if there exists a non-decreasing continuous function R : Ry — Ry with the
properties:

(1) R(0) = 0;
(i1) R(t) >0 forall t>0;
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(i) 3 R(IS(m)]) < oc

Proof. Necessity. It is a simple verification for R(t) = t.
Sufficiecy. We will prove that

sup |[|S(n)|| < oo.
n>0

If the inequality does not hold then there is a strictly increasing sequence
(kn)n>o0 of natural numbers such that

lim ||S(k,)|| = oo.

n—oo

By (iii) lim R(]|S(n)|]) = 0 wich implies that lim R(||S(k,)||) = 0. It follows
that
R() < lim R(IS(k)]) =

which is a contradiction.
Let M =sup||S(n)|| and R; : Ry — Ry, defined by
n>0

t

Ryi(t) = /R(s)ds.
0

By Lemma 1.1 R; is a strictly increasing, continuous, convex bijection with
R;1(0) = 0.
For z = 0,a(z) = 1 we have

ZRl 2)[[S(n)z])) =

For z # 0, a(z) = ﬁ we have

ZR1 z)[[S(n ZRl a)[Sm)|[[l]) <

<> Ri(lIS(n) Z ISm)IR(IS@)) < MZR 1S ()] < oo.
n=0 n=0 n=0
By Corollary 1.1. it follows that S is u.e.s. o

In this paper we generalize this theorem for the case of u.e.b. ®-semigroups
in locally convex spaces. Thus we shall extend results of Zabczyk [8] in two
directions. First, we shall consider the case of ®-semigroups in locally convex
spaces and second, we shall not assume the convexity of R. The obtained results
can be regarded as generalizations of the well-known result of Datko [1], Pazy
[6], Rolewicz [7] and Littman [3].
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2. Preliminaries
We start with the following
Lemma 2.1 IfS = (5(t))i>0 is an ®-semigroup then
(1) 15(t + 8)llp+sm < IS [15)lo(sowm)ee
for all (t,s,7) € RZ x I';
(i) 1)t < T IS otst 2 o610

for all (t,n,v) e Ry x N* xT'" (N={0,1,2,...},
; N*=4{0,1,2,...}.

Proof. (i) We observe that
1S(t+ s)zly = [S(B)S(s)zly < SOt vS(8)Zl o) <

< ||S(t)||go(t,'y);y||s(s)||<p(s.,g9(t,'y)),ap(try)|$|<P(S,<P(t»’v)) =
= IS lp(t,7),v

1S ()| p(t-5,7) 0 (61 | Z|ip (t45,7)

and hence

||S(t + 5)||<p(t+sw),v < ||S(t)Hso(t,'y),'yHS(S)Hap(tJrS,'y),cp(t,'y)
for all (t,s,7) € R% x I
(ii) It follows from (i) by induction.

Lemma 2.2 If S is an ®-semigroup with u.e.b. then

1S+ Dllper12. < Mo(1)e* IS (5)ll(s.) .+
for all (t,s,v) € RL x T with s € [t,t + 1].

65

Proof. Indeed, if t > 0,7 € T and s € [t,t + 1] then by Lemma 2.1. and

Definition 1.2., we have that

HS(t + 1)||<p(t+1,“/),7 S HS(S)H@(S”Y)W

|S(t+1— 8)||go(t+1,v),w(s,v) <

< M (p(s,7))eH M 5(s) <

||LP(57'7)7’Y —

< Mo()eNS(5)lps,) -

Lemma 2.3 Let S be an ®-semigroup with u.e.b. If there exists P : N* x I' —

Ry such that
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(D) |S()lp(n,r),y < P(n,7y) for all (n,y) € N* xT';
(i) lim P(n,y) =0 for ally €T;
n—oo
(iii) (i) P(n, ¢(s,7)) < P(n,v) for all (n,s,v) €e N* xRy xT’
then S is u.e.s.
Proof. Let A:T — P (N*) be the function defined by
A(y) ={n €N*: P(n,y) < e '}.
From (ii) it results that A(~y) is non-empty for all v € I.
If we denote by n(y) = min A(y) then from A(y) C A(p(t,v)) and (iii) it

results that
n(p(t,7)) <n(y) forall (t,7) € Ry xT.

For all (¢,7) € Ry x I there is a p € N such that pn(y) <t < (p+ 1)n(y).
If p =0 then

||S(t)||<p(t,'v),'v < M(’Y)etw(y) < MO(W)en(W)w"('Y).
If p > 1 then

||S<t)||w(tn)w < ||S(Im(7))||<p(pn(v)ﬁ)ﬁ||5(t _p”(’Y))||<p(m),<p(pn(v)ﬁ) <

p
< M(p(pn(y),))et =P @enm TT S (1) g2 e (- 1yn()m) <
k=1

< Mo()e" 0 T P(n(v), ((k — Dn(v),7)) <
k=1

P
< My(y)eMwo) H P(n(y),7) < My(r)e"Mwo=p <
k=1
< MO(,y)en(v)wo(v)JrleftV(v) - N(,y)eftl/(v),
where

N(v) = Mo(7)e"M*o 0 and  v(y) = —.

Because



On a theorem of Zabczyk for semigroups . .. 67

No(7) = sup N(p(t, 7)) < Mo(y)e" Mo < oo
t>0

and

\%

1
vo(7y) = inf v(p(t,v)) = inf >0,

>0 t>0 n(p(t,y)) ~ n(y)
finally we obtain that S is u.e.s.
3. The main results

In what follows for every ¢ : R x I' — I we shall denote by R, the set of
all functions R : Ry x I' — R4 with the following properties

r1) R(0,7v) =0 for all v € T}
r9) R(t,v) >0 for all ¢ > 0 and all v € T}
r3) tlirgo R(t,v) = oo for every v € T';
r4) R(t,7) < R(t,(s,v)) for all (t,s,7) € R2 x I;
r5) R(s,7) < R(t,7) for all (s,t,7) € R x I' with s < ¢.
Lemma 3.1 Let o € ® and R € R,. Then for every (r,v) € Ry x T the set
Bi(7) = {t>0: R(t.7) <1}
is bounded and the function

0:Ry xI' =Ry, 6§(r,y) =1+supB,(y)

satisfies the inequality
8(r,p(t,7)) < 8(r,y)  for all (r,t,y) € RY x T

Proof. From tlim R(t,v) = oo it follows that B,(v) is a bounded set for all
(r,y) € Ry xT.

On the other hand, r4) implies
B,(p(t,7)) C By(y) forall (rty)€eR2 xT
which proves the lemma. O

The main result of this paper is

Theorem 3.2 If the ®-semigroup S is u.e.b., then it is u.e.s. if and only if
there exists o € &, R€ R, and K : T' — R% such that
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Ko(v) :=sup K(p(t,v)) < oo

t>0
and
(i)
o0
D RUSM) gy s V)t < K ()
n=1

for all v €T.

Proof.Necessity. It results from Definition 1.3. for

R(t,y)=t and K(y)=

where N and v are given by Definition 1.3.
Sufficiency. Because

R(”S(n)”ga(n,'y),'ya Z R ”S Hap(m,’y),'yv’Y) < K(’Y) < KO(’Y)a
m=1

for all v € I', by Lemma 3.1. it results that there exists M; : I' — R%,
My () = §(Ko(v),y) such that

IS@ o).y < Mi(y) and  Mi(p(t, 7)) < Mi(t,7),

for all (t,7) € Ry x T (i.e. Sisu.s.).
Let F: Ry x I' = Ry be the function defined by

F(t,y) = /R(s,'y)ds.
0

By Lemma 1.1. the function ¢t — F(¢,) is an increasing continuous bijection
for every v € I'. If we denote by f, = F(-,7)"" then from R € R,, it follows
that F' € R,

fom(8) < fy(s) forall (ts,7) € RE xT.

and

ZF(HS(n)Hap(n,fy),wV) < Z HS( qu(n'y (HS( )Hgo(n,'y),'y")/) <
n=1 n=1
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<M () Y RUS®) gm0 7) € Mi(ME(7) < Mi(7)Ko(y) = Ma(7)

for all v € T.
If we denote by
1S ()l ().
g(n, ) = e(my)y
M (v)

then for n > 1 and v € I' we have

3
Il
3
I

<> Fgm,7)Mi(e(m,7),7),7) < > FUSM) gy 7) < Ma(7)

m=1 m=1

and hence

”S(n)Hga(n,’y),’y < P(nvf)/)
for all t > 0 and v € T, where

MQ(V))_

P(n,7) = My(v) 1
It is easy to see that

lim P(n,v) =0 forevery €T

and
P(n,¢(s,7)) < P(n,v), forall (n,s,v)eN*xR. xT.
An application of Lemma 2.3. proves that S is u.e.s. |

The continuous variant of Theorem 3.1. is given by

Corollary 3.3 If the ®-semigroup S is u.e.b., then it is u.e.s. if and only if
there exists p € ®, R€ R, and K : T' — R such that

(i) Ko(y) = iggK(w(m)) < 0

and

(i) / RUISE) ey 1)t < K ()
0

for ally €T.
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Proof. Necessity. It is a simple verification for

R(t,y) =t and K(y)=

where N and v are given by Definition 1.3.
Sufficiency. Let M3 : I' — R% be the function defined by

Ms() = sup M (p(t, 7)) ),
t>0

where M and w are given by Definition 1.2.
By Lemma 2.2 we have that

IS+ D14 < Ms(IS ()l o5,

for all (t,s,7) € RE x I' with s € [t,¢ + 1]. If we denote by

R1 ZR+XF—>R+a Rl(mf}/):R(m’,}/)

then Ry € R, and

n

> RIS0llotn) < 3 / (1S5 1) =
n=1 n=1

/R 1S(5)looy)ds < K(7), forall ~eT.
0
From Theorem 3.1. it results that S is u.e.s. O
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