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THE HOMOGENEOUS LIFT G ON THE COTANGENT
BUNDLE

Petre Stavre', Liviu Popescu!

Abstract. R. Miron ([3]) by means of the Sasaki lift G introduced a
new lift G which is 0-homogeneous on TM = TM\{0}. Some geometrical
properties are studied using the almost complex structure F' which pre-
serves the properties of homogenity. In this paper, we similary studied
the case of the cotangent bundle T*M = T*M\{0} with a 0-homogeneous

lift é, using ([5]).
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1. Introduction

Let (T*M,7*, M) be a cotangent bundle, where M is a C°°-differentiable,
real n-dimensional manifold and the vertical distribution Von T*M (V is the
kernel of the submersion 7* : T*M — M), which is the integrable distribution.
If M is a paracompact manifold there exists a C'*°- distribution H on T*M
which is supplementary to the vertical distribution V', such as the Whitney sum
TT*M = HT*M & VT*M holds. Also, H is called a nonlinear connection N
on T*M.

If (U, ¢) is a local chart on M and (z*) being the coordinates of the point p € M,
p € ¢ 1(z) € U then a point u € 7*~1(U), 7*(u) = p has the coordinates (z, 7;),
(i = I,n). The natural basis of the module X'(T*M) is given by (0; = 52,0" =
ain). Given a nonlinear connection N on T*M ([1]), there exist a single system
of functions N;,(x,7) such that 0y = Ok + Nia(z,7)0* and (g, 0%) is a local
basis of X(T*M), which is called the adapted basis to N. We have the dual
basis (dz?, 81, = dry — Nyo(z,7)dz*). For X € X(T*M) is obtained a unique
decomposing X = hX +vX, hX € H, vX € V and for w € X*(T*M) we have
w = hw +vw where (hw)(X) = w(hX), (vw)(X) = w(vX). In the adapted basis
(8k,0%) we have X = X'§; + X,0% and w = w;dx’ + w*d7,.

The 1-form 7 = 7;dz* is a horizontal 1-form field (h7 = 7) on T*M, which is
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called the fundamental 1-form on T*M. The Liouville 1-form 7¢¥ = 7,.0" is a
vertical 1-form (vr? = 7). The field of 2- form 2 given by

(1) Q(X,Y) = —v[hX,vY], VX,Y € X(T*M)

is called the curvature of the nonlinear connection N. If Q(0;,0r) = Qjia)0®
then we have

(2) ij(a)(l‘,T) = —Lljk(a) (.’L‘,T), Rjk(a) = (5ij@ — 5kNja~

Evidently, H is integrable if and only if {2 = 0. The almost symplectic structure
0 to N is given by 0 = o7, Adz” ([1]). If

1
(3) T = iTkrdiﬂk/\d(tT, TkT:NkT(ZL',T)—NTk(l',T)
then we obtain the exterior differential

1 : o
(4) dr=0+7; df = —d7 = —2 > Rjryda? Ada¥ Ada”—0° 76T, N N
(k)

*
Let N be a fixed nonlinear connection on T*M and G a pseudo-Riemannian

structure on T* M, with the property éz h é +v é . In the adapted basis we
have

(5) G= gij(z,7)dr' @ da? + G 5 (z,7)07, ® §75.
We consider an almost complex structure 13 on T*M, }?: X(T*M) — X(T*M)
given by ([1])

2

(6) F(04) = gud", F (&)= g0y, F =—I.

It G (FX,FY) =G (X,Y),VX,Y € X(T*M) then 3" (2, 7) = ¢"*(x, 7), where
girg™® = &85 and
(7 C*J: gij(z,7)dr' @ dz? + "5 (z,7)7, ® §7s.

* ok

The structure (T*M, G, F) is called almost Hermitian structure. We have

*

(8) I(X,Y) =G (X,FY)

* ok
and it results that 0 is the almost symplectic structure associated with (G, F).

The space (M, g"*(z, 7)) —H " is called a generalized Hamilton space ([1]).
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Definition 1. (/5]) The tensor field QO defined by

*

(9) Q(X,Y)=uvN(hX,hY), VXY € X(T*M)
is called self-curvature of the nonlinear connection N, where N is the Nijenhuis
tensor of the almost complex structure F

" 2

N(X,Y)=|[FX,FY]-F|FX,Y|-F[X,FY|+ F [X,Y], VX,Y € X(T*M).

Definition 2. (/5]) The tensor field w = —Q is called the non-holonomy dis-
torsion of the space (T*M, 5,}?‘) relative to I*{ ",

Definition 3. (/5]) The tensor field ¢ defined by

(10) t(X,Y)=hN@WX,0Y), VXY eX(T*M)

is called the self-torsion of nonlinear connection N.

Remark 1. (/5]) The almost complex structure Fisa complez structure if and
only if (*22 0, t=0. Then (T*M, (*2,}*7‘) 1s a Hermitian space.

2. The case of Riemannian structure.

Let (M, gi;(x)) be a Riemannian space and (7% M, C*l, 1:2) its cotangent bundle
and g"*(z) with g, (z)g"(x) = 6;.
We consider
c de
(1) Nir (7)< mLy (a),
where I'?, () are the Christoffel symbols of g. Evidently, {Z(Z;w (x,7)} are
the coefficients of nonlinear connection on T*M = T*M \ {0} which is 1-

homogeneous on the fibres. Using Jifkr we consider 0, = Op+ ]ﬁ/‘kr (z,7)0";
ot = dr— ]gfik (x, 7)dxt.

We get
(12) h G= giy(@)de’ © do?, v G= g™ ()b, ® o,
(13) G=h G +v C*T’, G= gij(7)dx' @ dx? + g"* (z)07, ® 07s.

If ;Lt: (x,7) = (x,t1), Vt e R ( ;Lt is a homothety) we have

(14) (C*: o Zt) (x,7) = gij (;c)dasl ® da? + thTs(ac)éTT ® 075 #é (x,7).



4 P. Stavre, L. Popescu

Proposition 1. é 1s a globally defined Riemannian metric on T*M and is not
homogeneous on the fibres of T*M.

The space (M, g™ (z,7) = g"°(z)) is a particular Hamilton space.

We consider F' with g7 (x,7) = ¢"° (). We have:

Proposition 2. Jjﬂ depends only on g and is globally defined on T*M.
Proposition 3. The almost complex structure ]::‘ is integrable (or complex struc-
ture) if and only if Q = 0.

Proof. From 0" gs(z) = 0 we obtain w = 0, Q= Q. From (10) we get

#(r) ()1 sk T rk st sk ar /< i1 rk as (< ij
t o =9"0k(g") — 9" 0k(g™) + 970" (Nkj)g” — 9" 0°(Nij)g" .

c . . #(r)(s)i
But N; (z,7) = 7515, (2) and gk gI g ™m0 gjm = —g*FOkg"" then t =0.0

Since Qi) = —Rjr(r) and
(15) Rjn(ry = TsTri;

where r$

vk; 1s the curvature tensor of Levi-Civita connection, we get:

Proposition 4. The almost complex structure E‘ 1s integrable if and only if the
space (M, g) is locally flat.

Remark 2. Ifn =2, then the surface (M, g) is locally isometric with a plane.

Proposition 5. The space (T*M, C*J, }T”) is an almost Kahlerian space. The

space (:ﬁ]\?, C*J, ﬁt) is a Kdhlerian space if and only if (M, g) is locally flat.

Proof. Since T;, :]\c/'jr (x,7)— ]sfrj (x,7) = Ts(Ff«j - F?r) =0and ) Rjkry =
(k)

0 we get dd =0. a

__The proposition is similar to Miron’s results given for the tangent bundle
(TM,G,F).

*
3. The homogeneous lift G of a Riemannian metric

‘We consider
(16) H(x,7)=g¢"%(2)77s.

Evidently, H is 2-homogeneous on the fibres of the cotangent bundle T*M.
If G is defined by

* . . 2
(17) G= g;j(z)dzs’ ® da’ + %g"“(m)én ® 075

where r > 0 is a constant, then we get:



The homogeneous lift (i} on the cotangent bundle

Theorem 1. The following properties hold:

1° The pair (m, (*}) is a Riemannian space depending only on the metric g.

2° (*} is 0-homogeneous on the fibres of T*M.
3° The distributions N and V are ortogonal with respect to G

G (hX,0Y) =0, VX,Y € X(T*M).

Let F be the linear mapping F: X(T*M) — X(T*M) given by

(18) Foo="T e Fe)="

" —ﬁF(W).

Theorem 2 f‘ has the following properties:
* —_~—

1° F is an almost complex structure on T*M.
*

2° F depends only on the metric g.

3 f 1s homogeneous on the fibres of T*M.

Proof. We have F? (§;) —F (@gjkﬁk) = _YH L_ghi§; = —0; and F2

— 7 Yikym
(%) =F (= z9"8) = — 7" gi,0° = 0",
Theorem 3. If we consider
(19)

;d;f r

ﬁﬁ

we get:

1° (é,f‘) is an almost Hermitian structure on T*M.

2 5 is the associated almost symplectic structure.

Proof. 1° Follows from the equations (*} (}«*‘ X, f‘ Y) 2(*} (X,Y).
2°0(X,Y)=G (X,FY).

Proposition 6. é cannot be an integrable structure.

Proof. d 52 r(d A6 # 0.

L)
vH

Let N be the Nijenhuis tensor of the homogeneous structure F.

Proposition 7. In the adapted basis we have the unique decomposition

N(3;,0r) = N3di + Njg(y 0",
N(8;,0") = N{'5; + N 0%,
N(93,07) = N(s)(r)iéi + NEZ))(T’)ak7

O
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with
2 n(r)s r)(s
(20) Nij@) = %Nﬁ " gengis = *%Ngi))( 9 Grm,
Niy = NG99 grs = —BNOig g,

Proposition 8 We have the following relations

Nijs) = 72 (730}, — T605)q1s — Rijs),  Nj; =0,
(21) N§k)s = 5 (9" g5 — gjrg™T) — %gkrgierj(i)a N;’EZ) =0,
N = 2 giighr R () + 4 (81% — 6brd), NI =,
where 7" = g" 7.
Proof. Follows from N(7)(s)i :Z(T)(S)i: 0 and 6, (H) = 0 O

Theorem 4. 1«*‘ is a complex structure if and only if

1
(22) Rijs) = 3 (150} — 70} gus ().

From (15) and (22) we obtain
S 1 S S
(23) Trkj = 2 (9rk5j = 9rj0})

Theorem 5. The almost complex structure F is a complex structure on T*M

if and only if the Riemannian space (M, g) is of constant curvature K = %2

Remark 3. Forn =2, (M,g) is locally isometric with a sphere of radius r.

Corollary 1. The almost Hermitian structure (é, 1«*‘) is a Hermitian structure
on T*M if and only if the space (M, g) is of constant curvature.

From (19) we get:

Corollary 2. The structure (é,f‘) on T*M cannot be an almost Kihlerian

structure.

From (23) we have

n—1
(24) Tij = g 9 = (n—-1)Kgy, (n>1)
where 7, is the Ricci tensor and
-1
(25) ?:771(712 ) >0; F=n(n-1)K.
r

(7 is the scalar curvature and K = -5 > 0 is the curvature of (M, g)).



The homogeneous lift (i} on the cotangent bundle 7

—

Corollary 3. If the structure ((t;.,l'*‘) is a Hermitian structure on T*M then

(M, g) is an Finstein space with positive scalar curvature.

Since r;; = r;; then from (24) we get:

*
Corollary 4. If the almost complex structure F is a complex structure then
(M,ri;(x)) is a Riemannian space.
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