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Introduction

Groupoids were introduced and named by H. Brandt ([2]) in 1926, in a paper
on the composition of quadratic forms in four variables. A groupoid is, roughly
speaking, a set with a not everywhere defined binary operation which would a
group if the operation were defined everywhere.

There are various equivalent definitions for groupoids (see [6], [10],[11], [14])
and various ways of thinking of them.

In 1950, in his paper ([4]) on connections, C. Ehresmann added further struc-
tures (topological and differentiable) to groupoids, thereby introducing them as
a tool in differentiable topology and geometry.

The differentiable groupoids endowed with supplementary structures (for
example: Lie groupoids, symplectic groupoids, contact groupoids, Riemannian
groupoids, measure groupoids) has used by C. Albert,P. Dazord, M. V. Karasev,
P. Libermann, K. Mackenzie, G. W. Mackey, J. Pradines, J. Renault, A. Wein-
stein, in a series of papers for applications to differential topology and geometry,
symplectic geometry, Poisson geometry, quantum mechanics, quantization the-
ory, ergodic theory.

1. The category of groupoids

The purpose of this section is to construct the category of groupoids and
give several properties characterizing them.

Definition 1.1. (/11]) A groupoid I" over Ty or groupoid with the base
Ty is a 7T-tuple (U, a, B,€,1, ;) formed by: the sets I' and Ty, the surjec-
tions o, B : I' — Ty, called respectively the source and the target map, an
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injection € : Ty — T,u — €(u) = @, called the inclusion map, a map
i: T — T, z — i(x) =2, called the inversion map and a (partial)
composition law p : o) — T, (2,y) — w(x,y) = x -y = xy, with the do-
main Ty = {(x,y) € T xT | B(x) = a(y)}, such that the following azioms
are satisfied:

(G1) (associative law) For arbitrary x,y,z € I' the triple product (xy)z is
defined iff x(yz) is defined. In case either is defined, we have (xy)z = x(yz)

(G2) (identities) For each x € T we have (e(a(x)),x) € T'(9); (z,€(B(x))) €
Loy and  e(a(x)) -z =x-€(fB(x)) =2

(G3) (inverses) For each x € T' we have (z,i(x)) € T'2y; (i(z),z) € T2
and x-i(x) = e(a(x)), i(x) -z =e(B(x)).

We will denote sometimes a groupoid I" over I'g by (I, a, ;) or (I'; T'o).

A groupoid I" over I'g such that I’y is a subset of I is called I'y-groupoid
or Brandt groupoid.

For each u € T, theset ', = a1 (u) (resp. I'* = 371(u)), called the a-fibre
(resp. O-fibre) of T over u € Ty and if u,v € T', we will write I', =T, N T".

Definition 1.2 A groupoid I' over Ty is said to be transitive if the map ax (3 :
I' — Ty x T, given by (a x B)(x) = (a(x), B(x)), (V)x € T is surjectiue.

We summarize some properties of groupoids obtained from the definitions.

Proposition 1.1 Let T’ be a groupoid over I'g. The following assertions hold:
(i) Forallx €T we have [(z7')=a(x) and a(z™!) = p(x)
(i) If (x,y) € T2y then a '(zy)=y and (ay)y ' ==z.
(iii) If (z,y) € T2y then a(zy) = a(x) and B(xy) = B(y).
(iv) (cancellation law) If xz; = xzo ( resp., z1x = zax) then z; = zs.
(v) If (x,y) €Ty then (y~ ',z ') el (o and (z-y) t=y ' a7t
(vi) (x=Y) L=z, (V) zel.
(vii) afe(w))=u and Ple(u)) =u, (¥)ueTy.
(viii) €(u)-e(u) =e(u) and (e(u))™t=e(u) foreach wue€Ty.

Proof. (i) This assertion follows from the axiom (G.3). For example , for each
z €T wehave (z7!,2) € T(s). Then Bz~ ') = afa).

(ii) Let (z,y) € I'(2) . By the axiom (G.2), for y € I' we have e(a(y))y = y.
Hence e€(fB(x))y =y , since B(x) = a(y). But, using (G.3), we have that
€(B(z)) = 27tz and we obtain (z71z)y =y, i.e. the triple product (z7'x)y
is defined. Applying now (G.1), imply that the triple z=!(xy) is defined and
we have (z~'x)y = 2~ !(zy). Therefore, x~!(zy) =y.

(iii) Let (x,y) € I'(2). Then a~'(zy) =y, by (ii). Hence, (27!, zy) € Iy
and it follows that B(z~!) = a(zy). We have a(zy) = a(x), since f(z7!) =

a(z), by (i).
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iv) It is a consequence of (ii). Indeed, if 2y = w29, then x71(xz;) =
Tz ) ,i.e. zZ1 = Z2.

) Let (x,y) € T(9). By (ii), By~ ') = a(y) and a(z™') = f(x). Then,
Bly~!) =afz™!), since B(z) =a(y). Hence, (y~', a7 ') €T .

We have (ry)(ay)”t = e(a(zy)) = c(a(@), and (zp)y~'z) =
ryy Hr™t = ze(aly))z™! = ze(B(x))z™! = 227! = e(a(zr)). Hence
(zy)(zy)~! = (zy)(y~'z~!) and by (iv) we obtain (zy)~! =y lz~%

(vi) Applying (G.3) for the elements z,2~! € T' and (i), we have 2z tlx =
e(B(x)) and 71z )"t =e(a(z™t)) = e(B(z)). Hence 7'z =z 1(z=1)!
and using (iv), we obtain (z71)71 = x.

(vii) Let u € Ty. We denote €(u) =z. From (G.2) follows e(a(z))r =2
and e(a(e(u))r = z. We have e(a(e(u)))z = e(a(z))z, and by (iv), we obtain
e(a(e(u))) = e(a(x)). Hence, a(e(u)) = a(x), since e is injective . Then,
ale(u)) =u, since a(z) = wu.

(viii) Let u € T'y. We denote e(u) = z. From (G.2) follows e(a(z))zr =z,
ie. e(a(e(u)))e(u) =e(u), ie. e(u)e(u) =e(u), since ale(u)) =u, cf. (vii).

We have e(u)(e(u))™! = e(a(e(u))) = e(u) and e(u)e(u) = e(u). Hence,
e(u)(e(u))™ = e(u)e(u) and by (iv) we have (e(u))~! = e(u).

The element e(a(z)) (resp. €(8(x)) ) is the left unit (resp., right unit) of
x € T, and the subset €(T'g) of I" is called the unity set of T'.

Applying (i), (vi) and (vii) from Prop. 1.1, respectively , we obtain:

Remark 1.1 Let (I',«,0,¢€,4;T) be a groupoid. Then the maps «,3,¢€,1
satisfy the following relations :

(i) w@oi=p and Loi=a.

(iii) aoe=LPoe=Idp,.

Proposition 1.2 Let T’ be a groupoid over I'y. The following assertions hold:
(i) For each u € Ty, the set I'(u) = a~t(u) N B~1(u) is a group under the
restriction of the partial multiplication, called the isotropy group at u of I'.
(i1) ]f alz) =u and B(z) =wv, then the map w:T(u) — T'(v), z—
w(z) =z tzx is an isomorphism of groups.
(iwi) If T s transitive, then the isotropy groups of T are isomorphes.

Proof. (i) For any xz,y € T'(u) we have a(z) = 8(z) = a(y) = B8(y) = u.
Hence ,the product zy is defined. We have a(zy) = a(x) = u, [(zy) =
B(y) = v and imply that zy € I'(u). Therefore, the restriction of the partial
multiplication defined on I' is a binary operation on I'(u).

It is easy to verify that T'(u) is a group. The unity of I'(u) is the element
e(u), since by (G.2) we have e(a(x))r = xe(B(x)) =z, ie. e(u)r =xe(u) =
z, (V)z € T'(u).

(ii) Let z € I'(u). Then «(z) = fB(z) = u. Then the map w is well-defined,
since a(zlzz) = a(r™!) = B(x) =v Bz lzxr) = B(x) = v and hence
x71zx € T'(v). It is easy to verify that w(z122) = w(z1)w(z2), (V) 21, 22 € T'(u).
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Applying the cancellation law we obtain that the map w 1is injective. If
y € I'(v) then there exists z = zyz~' € I'(u) such that w(z) =y, ie. the
map w is surjective. Therefore, w is a bijective morphism of groups. Hence,
the groups I'(u) and I'(v) are isomorphes.

(iii) Since T' is transitive, then the map (ax ) :T' — I'gx Iy is surjective,
i.e. for any pair (u,v) € T'p x 'y there exists « € I' such that a(z) = u
and ((x) = v. Applying now (ii) we obtain that the isotropy groups TI'(u)
and D(v) are isomorphes, for all w,v € Ty.

Definition 1.3 By group bundle we mean a groupoid I' over Ty such that
a(z) = B(x) for each x € T'. Moreover, a group bundle is the union of its
isotropy groups I'(u) = a~!(u),u € Ty (here two elements may be composed iff
they lie in the same fiber.)

If (T, o, B; ) is a groupoid, then Is(T') ={x €T | a(z) = f(z)} is a group
bundle called the isotropy group bundle associated to I'.

Example 1.1. (a) Every group G is a groupoid with the base Gy = {e},
where e is the unity of G.

(b) Nul groupoid. Any set B is a groupoid on itself with ' = T’y = B,
a = 3 =€ = idp and every element is a unity. The multiplication is given by
x-x=x for all z € B.

(c) Coarse groupoid associated to a set B. If B is any non-empty set,
then B x B is a groupoid over B with the rules: a(x,y) = z;8(z,y) = y;e(x) =
(a:,a:), z(x,y) = (y,x) and H(($7y)7(y/az)) = (xvz) = y=y.

For this groupoid, €(T'g) is the diagonal Ap of the Cartesian product B x B.If
u € B, and the isotropy group I'(u) at w is the nul group {(u,u)}.

(d) Trivial groupoid on a set B with group G. Let B be any nonempty
set and G be a multiplicative group with e as unity. I' = B x B X G has a
structure of transitive groupoid over B, wdere T'g = B; «, 3,¢€,4, 1 are defined
by: a(a,b,x) = a; B(a,b,z) = b; €(b) = (b,b,e); i(a,b,x) = (bya,z~ ') and
(@, b,2), (V' c,p)) = (a,c,y) = b=1.

The unit set of this groupoid is {(b,b,e) | b € B} and the isotropy group is
I'(b) = {(b,b,z) | x € G} which are identified with B resp. G.

(e) Action groupoid. Let G x B — B be an action of the group G on
the set B. Give on G x B a groupoid structure over B in the following way: «
is the projection of the second factor of G x B and (3 is the action G x B — B
itself, ie. a(g,z) = z, B(g,z) = g-z, V)g € G,z € B; e(x) = (1,x),
where 1 is the unity of G ; i(g,2) = (g7, ¢g-2) and  u((go, 22), (g1,21)) =
(9291,71) == g2~ T2 =11,

(f) If {G; | i € I} is a disjoint family of groupoids, then the disjoint
union § = UiesG; is a groupoid with the base Go = Uie1Gio. Here, Gy =
Uic1Gi(2), i.e. two elements z,y € G may be composed iff they lie in the same
groupoid G; and are composable in G;.

In particular, any disjoint union of groups is a group bundle.
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Definition 1.4 Let (T, o, 8,€,i,u;T0) and (I, o/, ', € ,i', 1/ Tf) be two group-
oids. A morphism of groupoids or groupoid morphism is a pair (f, fo)
of maps f: T — T and fo : Tog — T, such that the following two conditions
are satisfied:
(1) flu(z,y) = p'(f(2), f(y)) for every (z,y) €Lz
(2) dof=fooa and ['of=fyop.

If Ty =T} and fo = Idr,, we say that f is a To- morphism.

Note that the condition (1) ensure that (f(z), f(y)) € 'y, Le. p/(f(2), f(y))
is defined whenever u(zx,y) is defined.

Proposition 1.3 Th/evgroupoz'ds morphisms preserve unities and inverses, i.e.
(i) f(@) = fo(u), (V)u €Ty,
(it) fae=)=(f(2)~", (Mzel

Proof. (i) Let u € Ty and we denote z = e(u). By (G.2), we have
(e(a(x)),x) € T(z). Then, (f(e(a(x))), f(x)) € Ty and  fle(a(r))r) =
fle(a(z)))f(x), since f is a groupoid morphism. Hence, f(e(a(z)))f(x) =
f(z). Since f(z) €I, wehave € (/(f(x)))f(xz) = f(x), by the axiom (G.2).
Then f(e(a(x)))f(z) = €/ (f ( )))) ( ) and applying the cancellation law
we obtain f(e(a(z))) = € (o/(f(2))) (f o e)(a(x)) = €((a o f)(x)). But
o/of = fosa. Then (foc)(alx)) = ¢((foon)(w)), ic. (foe)(u) = ¢(fo(w).
Therefore, f(u)= fo( ).

(ii) Let = € I'. By (G.2), we have (z,z 12 € T'p and zz! =

e(a(r)). Then (f(x),f(z71) € Iy and  f(za™!) = f(z)f(a” L), since
f is a groupoid morphism. Hence, f(e(a(z))) = f(x)f(z~'). But, cf.(i),
flela(@))) = €(fo(a(x))), and we obtain f(z)f(z~") = ¢ (folalz ). On
the other hand, since f(z) € F’ we have f(z)(f(z))™t = ¢(/(f(2))),
and it follows that f( )(f(x)™t = €(fo(a(x))), since o/ o f = fyoa.

Therefore, f(z)f(x™!) = f(x)(f(x )) 1 and by the cancellation law we obtain
Fa) = (f)

Using the assertions (i) and (ii) from Prop.1.3, respectively, we obtain:

Remark 1.2 Let (T, o, B,€,4;T0), (I',o/,0,€,i;T) be two groupoids and a
morphism of groupoids (f, fo): (I';To) — (IV;TG). Then:

(i) foe=¢€ofy.

(i) foi=iof

Proposition 1.4 A pair (f, fo) : (I;Tg) — (IV;T) is a groupoid morphism
iff the following condition holds:
(3) (M(z,y) €Ty = (f(@),f(y)) €Ty and [f(u(z,y)) = (f(2), f(y))

Proof. The condition (3) is a consequence of Definition 1.4. and Prop.1.3.
Conversely, let f: T' — T" which satisfy (3).
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We define the map fy : Tg — T'y by fo(u) = &/(f(e(w))), (V)u € Ty.
We prove that o/ o f = fooa and [ o f = fyop.
Indeed, since (z,¢(B(x))) € I it follows that (f(z), f(e(B(x))
and f(z) - f(e(B(x)))) = f(x - e(B(x))) = f(x); but f(z)-€(5'(f(2))) = f(x);
= d(F(f(2) = f(e(B(x))) = (B (f(2))) = ' (fe(B(x
applying Prop. 1.1. we obtain successively  §'(f(z)) = (fooa)(e(8(z)))
B (f(@) = fo(B(x)) ie. B of = foopB. We also have ['(f(e(u))) =
(8" 0 f)(e(u)) = (fo o B)(e(w)) = fo((Boe)(w) = fo(u), since f3

Similarly we prove now that o’ o f = f, e c.

Let (f, fo) : (I'Tg) — (IY;T;) be a morphism of groupoids. The set
Kerf={xeT | f(z) €e(Ty) } is called the kernel of f.

Definition 1.5 A groupoid morphism (f, fo) : (I';To) — (I;T) is said to
be an isomorphism of groupoids if there exists a groupoid morphism (g, go) :
(I5T)) — (T,To) with (g,g0)0(f fo) = (idr,idr,) and  (f, fo)o(g o) =
(idr,idry). Two groupoids (I';To) and (I';T) are said to be isomorphic if
there exists an isomorphism (f, fo) : (T;To) — (I';T).

Using Proposition 1.3, we obtain:

Proposition 1.5 A groupoid morphism (f, fo) : (I';To) — (I;T%) is an iso-
morphism iff the map f: T — T is bijectiue.

Example 1.2. (a) If (T, o, 8, ¢;T) is a groupoid then the pair of identity maps
(Idr, Idr,) is a groupoid morphism.

(b) I (f,fo) : (T,To) — (I'sTh) and (g,g0) : (I'sTh) — (I",T%) are
groupoid morphisms, then the composition (g, go)o(f, fo) : (I',To) — (I, T§),
defined by (g, go)o(f, fo) = (gof, goofo), is a groupoid morphism.

(¢) Let (I, B,¢;T) be a groupoid and (T'g x Tg,a’, 3, €;T) the coarse
groupoid associated to I'g. Then a x 8 : I' — Ty x Ty, (a x B)(z) =
(a(x), B(x)) is a T'p-morphism of the groupoid I into the coarse groupoid I'g xT'y.

(d) Let (I',a,B,€,4, ;) be a groupoid over Iy and X a set with the
same cardinal as T'g, i.e. there exists a bijection map ¢ from I'y to X. Then
I" has a canonical structure of a groupoid over X, that is (I',o/, 3, €,i, 1'; X)
is a groupoid over X where o = poa; 3’ = o€ = eop™ ;i = poi; ' = p.
Moreover, (idr, ) : (I';To) — (I'; X) is an isomorphism of groupoids.

The category of groupoids denoted by G has as its objects all groupoids
(T';Tp) and as morphisms from (I';Tg) to (I';Tf) the set of all morphisms of
groupoids.

The familly of maps : T' — Is(T') and (u:T' —T7) — (u: Is(T) —
Is(I")), where @ is the restriction of u on I's(T'), defines a functor I's : G — GB,
called the isotropy functor, where GB is the category of group bundles.
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For each set X, the subcategory of groupoids over X, denoted G(X), has as
objects groupoids for which the base has the same cardinal as X and X -
morphims of groupoids as its morphisms.

If (T, o, 8,6, Tg) and (I, &, 3, €; T()) are groupoids, then (I'x IV, a x o/, 5 x
B’ e x €;Tg x ') is a groupoid, called the direct product of (I';Ty) and
(I";T5)-

Let be given two groupoids (T, «, 8, ¢; ), (IV, o/, 3',¢';To) over the same
base I'y, and the set:

Frol’ ={(z,2") eI x| a(z)=d(2);B(x)=p(2')}

has a natural structure of the groupoid with the following rules:

(x,2) - (y,y) = (x-y,2"-y) = (2,y) €l and (2,y) €y
0 (2,7) = a(@); fole,2') = fx)ieq : To — T &, eq(u) = (e(u), ¢(w)),
ig : T el — Tl iglx,a’) = (i(x),7(2'). Then (T & I';Ty) is a
groupoid over T'y. It is the direct product of T' and IV in the category G(T'o),
called Whitney’s sum of two groupoids I" and T".

If (T @T7;Ty) is the Whitney sum of the groupoids I' and T over Ty then
the projections maps p : T®I” — T and p' : T® T’ — IV, defined by p(z,z') = x
and p'(z,2') = 2/, are ['g-morphisms of groupoids.

Theorem 1.1 The triple (T @ I, p,p’) is the direct product of T' and T in the
category G(To), i.e. the triple (T ® TV, p,p’) verifies the universal property:

for all triple (T'1,u,u’) composed by the groupoid (I'1,a,3,€;Ty) and two Ty-
morphisms of groupoids I «— Ty — T, there exists a unique I'o-morphism of
groupoids f : Ty — I’ @ TV such that the following diagram:

e rer T

N1 S
Iy
is commutative.

Proof. We define the map f: 'y — '@ I” by taking f(z) = (u(x),u/(z)) for all
x € Fl.

We can easily verify that f is a unique I'g-morphism of groupoids such that
pof =w and pof = .

We have that @ : G(X) x G(X) — G(X) is a functor, where G(X) is the
category of groupoids over the same base X.

For this, we consider the groupoids (I';, oy, 8;, €;; X ) and (T, o}, 5, €; X) for
i=12 Ifu; : (Ty;X) — (I};X) for ¢ = 1,2 are X-morphisms of groupoids,
then u; @ ug : (T ®Te; X) — (T & T%; X) given by the relation:  (ug @
Ug)(ﬂil,l‘z) = (u1 ($1),U2($2)), v (.Tl,xg) cli Iy is an X-morphism.

Clearly, the relation: 1p, @ 1p, = 1r,er, holds.

Ifv; : (T, X) — (T'Y; X) for i = 1,2, then we have:

(v1 ® v2)o(v1 B uz) = (viouy) @ (veous). Consequently, & is a functor.
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Proposition 1.6 The direct product (resp., the Whitney sum) of two transitive
groupoids is also a transitive groupoid.

Proof. Straightforward.

2. The induced groupoid

Let (I';To) be a groupoid and let h : X — T’y be a given map. Then
the set: h*(T') = {(z,y,0) € X x X xT' | h(z) = afa),h(y) = B(a)} has
a canonical structure of groupoid over X with respect to the following rules:
a*(z,y,a) = z; 0% (2, y,a) = y;e*(x) = (z,z,e(h(x))); *(x,y,a) = (y,z,i(a)),
and
u*((x,y,a),(y’,z,b)) = (CC,Z,,[L(G,,Z))) iff y:y, and (avb) € 1_\(2)

The groupoid (h*(T"), a*, 8*, €*, u*; X) is called the induced groupoid of
I’ under h; it is denoted sometimes by h*(T").

If h*(T") is the induced groupoid of I' under A : X — Ty then hf :
f*(I') — T defined by hj(z,y,a) = a together with h define a groupoid mor-
phism (A}, h) : (h*(T'); X) — (I';T), called the canonical morphism of an
induced groupoid.

Theorem 2.1 The pair (hi, h) @ (R*(T); X) — (I;T0) verify the universal
property:

for every groupoid morphism (u,h) : (I'; X) — (I'; To) there exists a unique
X -morphism of groupoids v : T! — h*(T") such that the diagram:

rr - r

@\ i
w (D)

is commutative, t.e. hizov = u.

Proof. Let (IV,o/,',€¢/; X) be a groupoid over X and (u,h) : (I';X) —
(T;Ty) be a groupoid morphism. We define v : I/ — f*(T') by wv(d’) =
(o (a), 5 (a’),u(a")) for all ’ € T".

We have that a* ov = o and 8* ov = f'. It is easy to check that v is
a X-morphism of groupoids. Clearly, we have hj: o v = u, and we prove by a
standard manner that v is unique.

If u: (I'TX) — (IY;X) is an X-morphism of groupoids over X and if
f:Y — X is a map, then there exists a Y-morphism of groupoids over Y,
f*(u): f5(I) — f*(I") defined by the relation:
f*(u)(y17y21a) = (y11y27u(a)) € f*(F/)V (V) (y17y27a) € f*(r)

It is enough to establish that f*(u) is well-defined and f*(u) is a Y-morphism
of groupoids.
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Clearly, we have f*(idr) = ids-(y and if v : (I'; X) — (I'; X) is a second
X-morphism of groupoids, then f*(vou): f*(I') — f*(I"”) defined by:

f* (UOU) (y17 Y2, Cl) = (yla Y2, (UOU) (a))a (v) (yh Y2, Cl) € f* (F)
is a Y-morphism of groupoids such that  f*(vou) = f*(v) o f*(u).
Therefore, we have the next proposition:

Proposition 2.1 For each map [ :Y — X, the family of maps
T — X)— (0 =)

and (il — ') (f*(w) s J() — f(I))

defines a functor f* : G(X) — G(Y) of the category G(X) in the category G(Y.).

Finally, we have the following transitivity relation.

Proposition 2.2 Let v : Z — Y and u : Y — X be two maps and let
(T, o, B,€6; X) be a groupoid over X.Then the groupoids v*(u*(I")) and (uov)*(T")
are Z-isomorphic.

Proof. We have:
w () ={(y1,92.0) €Y xY xT' | u(y) =

o 2) = Bla)};
v*(u()) = {(21, 22, (Y1, 92,0)) € Z X Z xuw*(T') | wv(z1) =y130(22) = 2}
(uov)* () = {(z1,22,0) € ZX Z xT | (wov)(21) = afa), (wo v)(z5) = Ala)}
We take the maps ¢ : (uov)*(I') — v*(u*(I')) and ¥ : v*(u*(T')) — (uo
0)*(T) given by: (21, 22, 0) = (21, 22, (v(21), (22, 0)) and Y21, 22, (41, 42 ) =

(Zla 22, Cl).

It is easy to verify that ¢ and ¢ are Z-morphisms of groupoids such that
oy = Idyowy~r) and o) = Idy(~r)). We obtain that ¢ is a Z-
isomorphism of groupoids.

Proposition 2.3 Let (I'; X) be a groupoid over X. Then the groupoid Id% (T')
and I' are X -isomorphic.

Proof. We have Id%(T') = {(z1,22,a) €e X x X xT' | «afa) =z1,8(a) = z2}
and we prove that u : I' — Id%(T),u(a) = (a(a),B(a),a) is an X- isomor-
phism.

Let (T, «, 3,€; X) be a groupoid over X and let Y be a subset of X with
inclusion map j : Y < X. We consider the set I'; = a=1(Y) N 37L(Y).

We can easily prove that (I'y, a1, 51,€1;Y) where a1 = a|r,, 61 = Br,, €1 =
e|ly, is a groupoid over Y, denoted (I'|y;Y") and it is be called the restriction
of "'to Y.

Proposition 2.4 (i) The induced groupoid c¢*(T') of a groupoid (I'; X) over the
constant map ¢ Y — X, c(y) = xo, M)y € Y is Y-isomorphic with the trivial
groupoid Y x Y x T'(xg) where T'(xq) is the isotropy group of T' at xq.



32 Gh. Ivan

(#i) The induced groupoid j*(T) of a groupoid (T'; X) over the inclusion map
j:Y — X, where Y is a subset of X is Y -isomorphic with the restriction T'|y
of I' to Y.

(ii) Let (I, = B; X) be a group bundle over X and let f : Y — X be an
injective map. Then the induced groupoid f*(T') is a group bundle.

Proof. (i) We have: ¢*(T') = {(y1,y2,0) € Y xY xT' | f(a) = a(a) = x0}
and we observe that for each (y1,y2,a) € ¢*(I") imply that a € I'(zg). Clearly,
¢*(I') and Y x Y x I'(xg) are Y-isomorphic.
(ii) We have j*(I') = {(y1,42,0) € Y xY xI' | y1 =a(a),y2 = B(a)} and
it is enough to establish that the groupoids j*(T') and I'|y are Y-isomorphic.
(iii) Since (T',a = §; X) is a group bundle, it follows that
fr@) =A(y1,92,0) € Y XY xI' [ a(a) = f(y1) = f(y2)}. The maps
o, 3% f*(I') — Y are defined by a*(y1,y2,a) = y1 and *(y1,92,a) = yo.
Since f is injective we can prove that a* = §* and therefore f*(I') is a group
bundle.

Proposition 2.5 The induced groupoid f*(T) of a transitive groupoid T' under
a map f:Y — X is a transitive groupoid over Y.

Proof. Since the map axf: ' — X x X, (axf)(a) = (a(a), 5(a)) is surjective,
it follows that there exists an element a € I' such that (axg)(a) = (f(y1), f(y2))
whenever (y1,y2) € Y x Y, ie. a(a) = f(y1) and B(a) = f(y2). Consequently,
(y1,y2,a) € f*(I) and (o x B*)(y1,92,a) = (@ (y1,92,a), % (y1,92,0)) =
(y1,Y2), i.e. a*x B*: f*(T') — Y x Y is surjective. Hence f*(T") is a transitive
groupoid.

3. Special morphisms of groupoids

Definition 3.1 A groupoid morphism (¢, o) : (I';Ty) — (IV,TY) is called a
pullback if (p, o) verify the universal property (PU), where:

(PU)  for every groupoid (I'1;Ty) and every groupoid morphism (,1o = ¢q) :
(T'y;To) — (I";T}) there exists a unique Tg-morphism v : Ty — T such that
o) = p; in other words, every groupoid morphism (1,vg = o) : (['1;T9) —

(T";TG) can be factored uniquely into T'y LT L1 so that the following
diagram:

r, 2
D N\, e
r

1s commutative.
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Using Theorem 2.1, we get immediately:

Proposition 3.1 The canonical morphism (hi, h) of induced groupoid h*(T') of
I'byh: X — T is a pullback.

If (f, fo) : (T;T9) — (I';T) is a groupoid morphism, then for every u,v €
Iy we have:  f(T',) C Flfg(u); f(rv) C (F/)fo(v) and  f(I'?) C (F/)ﬁgzg
Then the restriction of f to I',,, I'?, I’ respectively, defines the maps I', —

;i))’o(u); v — (I")f® and TY — (F’);ZEZ)), denoted by f,, f* and
We say that (f, fo) : (I;Tg) — (I;T) has discrete kernel, if Kerf =
E(Fo).

Definition 3.2 A groupoid morphism (f, fo) : (I;T) — (IV;T) is to be
called:

(i) base injective (resp., base surjective, base bijective) if fj is injec-
tive (resp., surjective, bijective).

(ii) fibrewise injective (resp., surjective, bijective) if f, : I'yv — [ (w)
is injective (resp., surjective, bijective), for all u € Ty.

(m) piecewise injective (resp., surjective, bijective) if fl:TY —
(F’);EEZ)) is injective (resp., surjective, bijective), for all u,v € I'y.
Proposition 3.2 (i) The canonical morphism (ff, f) of the induced groupoid
f5(T) of T by f: X — T is piecewise bijective.

(i) If (f, fo) : (T;To) — (I';Ty) is base surjective and piecewise surjective,
then f is surjective.

(i11) A groupoid morphism (f, fo) : (I';To) — (I'"; 1) has discrete kernel,
iff Kerfl = {e(u)}, for all u € Ty, i.e. the group morphism f¥ : I'(u) —
I'(fo(u)) has a trivial kernel, for all v € T.

Proof. (i) We prove that (ff)¥ : (o*)7'(z) N (B*) " (y) — o 1(f(z)) N
B7L(f(y)) is bijective. Indeed, let (z1,y1,a1); (v, Y2, a2) € (o)~ (z)N(B*) "1 (y)
so that (f)¥(z1,y1,a1) = (ff)¥(22,92,a0) = o (z1,91,01) = a*(22,y2,02) =
z, [B*(z1,y1,a1) = B (22,y2,a2) =y  and  ay =az; = (T1,y1,01) =
(x2,Y2,a2). Hence (f{)¥ is injective.

Letb € a™'(f(2))NB7H(f(y)) = a(b)=f(z) and Bb)=f(y) =
(z,y,0) € f*(I') and  (z,,b) € (a*) "1 (2)N(B*) "} (y). Wehave f*(I')(z,y,b) =
b = (f{)¥ is surjective.

ii) Let ¢/ € T'. We take o/(y') = ', p'(y') = v'. Then there exist
u,v € Ty such that u’ = fo(u),v" = fo(v), since fy is surjective. But y' € (I")?,
and applying the fact that f? : T% — (I")¥, it follows that there exists = € T'Y
such that fY(z) = v/, and we deduce that f is surjective, since f(x) =y’

(iii) The proof of this is straightforward.



34 Gh. Ivan

Theorem 3.1 Let (f, fo) : (I;To) — (I';T§) be a groupoid morphism. Then:
(i) (f, fo) is a pullback iff it is piecewise bijective.
(ii) f is injective iff it is base injective and piecewise injective.
(iii) (f, fo) is fibrewise injective iff it has a discrete kernel.

Proof. (i) We suppose that (f, fo) is a pullback, and we consider the induced
groupoid f§(I") of IV by fo: Tg — T,

Since (fo) is a pullback (cf. Proposition 3.2), then considering the given
groupoid morphism f : I' — I”, this can be factored uniquely into: f =
(fo)} o @, where ¢ : I' — fF(IV) is a groupoid morphism over T'g.

Also, for groupoid morphism f : I' — IV which is a pullback, the groupoid
morphism (fo)f @ f5(I”) — I can be factored uniquely into: (fo)r = f o B,
where @ : f§(I") — T is a groupoid morphism over T'y.

From f = (fo)f op, and (fo)f = fo@p, it follows that f = fo(poy) = fold,
and (fo)t = (fo)iv o (w0 @) = (fo)1v o Id.

Therefore, o ¢ = Id, and ¢ o B = Id, since f and (fy)f. are pullbacks.

Hence,p : T' — f(I") is an isomorphism of groupoids such that f =
(fo)t o@. Since (fo)f is piecewise bijective and ¢ is bijective, it follows that f
is piecewise bijective.

Conversely, suppose that (f, fo) is piecewise bijective. Let (I'1, a1, 01;T) be
a groupoid and (¥, 1) = fo : (1"1, Ty) — (I';T) be a groupoid morphism.

For each u,v € Ty, deﬁnew ((T)Y — T by ¢, = (f9) Loy,

We have that f2 o, =2, (V)u,v € Ty.

We consider ¥ : I'y — T defined by $(z1) = (f3'{21)) Loy {2, (V)21 €
Iy.

It is easy to check that 9 is a groupoid morphism uniquelly determined such
that ¢ = f o 4. Hence, f is a pullback.

(ii) We suppose that f is injective. From foe = € o fj, it follows that foe
is injective. Hence, €' o fy is injective and therefore fj is injective.

Conversely, suppose that fo and f are injective, for all u,v € I'y. We prove
that f is injective.

Let 2,y € I" such that f(z) = f(y). From f(z) = f(y) = (&/ o f)(z) =
(@of)y), (Bof)x)=(fy), = (foea)(@)= (foca)(y), (foo
B)@) = (foo B)(y) = alz) = aly), (a?) B(y). If we denote a(zx) =
u,B(y) = v, then z,y € T? and f2(z) = f¥(y). It follows = = y, since f¥ is
injective.

(iii) We suppose that (f, fo) is fibrewise injective. Then f, : '), — I‘fo(u)
is injective. We prove that Kerf C €(I'g). Indeed, let z € Kerf and we
denote u = a(z) and v’ = fy(u). Then f(x) € €(T)) = f(z) = € (')
with ' € T{. Also, we have f(e(u)) = €(fo(u)) = €w) = f(z) =
fle(u)) = fulz) = fule(x)) = =z = e(u), since f, is injective. There-
fore, x € €(T'g). Hence, Kerf = €(I'g) and we deduce that Kerf is discrete.

Conversely, we suppose that f has discrete kernel. Let z,y € I'y, such that

ful@) = fuly), then a(z) = aly) = u and f(x) = f(y). It follows f(x)-
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(fly)~' =€), withu' € Th = flz-y ') =€) = 2.y '€
Kerf=¢lg) = azy 'l=cu)withuely = z=¢u)y = ¢u)
r=¢€cw) eu)-y = eu-z=¢u)y = z=y.

Proposition 3.3 A fibrewise surjective morphism f : I’ — IV is a fibrewise
bijective morphism iff Kerf is discrete.

Proof. This follows from Th. 3.1.(iii).

Let us give some rules for deriving new fibrewise surjective or fibrewise bi-
jective morphisms from the old ones.

Theorem 3.2 Let (G,«,3;Gyo), (H,o',3';Hy) and (K,o",3"; Ky) be three
groupoids. Let (f, fo) : (G;Go) — (H; Ho) and (g, 90) : (H; Ho) — (K; Ko)
be groupoid morphisms. Then:

(i) if f, g are fibrewise surjective (resp., bijective) morphisms, then so is gof;

(ii) if go f and f are fibrewise surjective morphism and fo : Gy — Hy is
surjective, then g is a fibrewise surjective morphism;

(iii) if go f and g are fibrewise bijective morphisms, then so is f.

Proof. (i) Straightforward.

(ii) We prove that g, : (o/)71(v/) — (") (go(u')) is surjective. For
this, let ¥’ € (o) 1(go(u')), then (’’)(y") = go(v') with /' € Hp. Since fo
is surjective, it follows that there exists u € Gy such that fo(u) = w'. Then
(90 P+ a'(w) — (") ((g 0 flo(w)) is surjective. We have (a)(yn) =
(goo fo)(u)) and therefore (3)x € a1 (u) such that a(z) = u and (go f)(u) = y".
If we consider ' = f(x), we have 2/ € (/)71 (), since o/(2') = o/(f(z)) =
fola(z)) = fo(u) = /. From (go f)(z) = y”, we obtain that g, (z') = y”.
Hence, g, is surjective.

(iil) Let z,y € o'(u) such that f,(z) = fu(y). Then f(z) = f(y) = (go
N@)=(geNly) = (90 lul®) = (90 uly) = ==y, since(gof)u
is injective. Hence, f is fibrewise injective.

Clearly, (9 © f)u = gfou) © fu and (go f)o = go © fo.

Let v € (/)" (v), where v = fo(u), = g,(v') € (/)" Hgo(v)) =
950 (¥') € (@) (go 0 fo) (u)). For gg,(u)(y') € (')~ (g0 o fo)(u)) there exists
x € a~(u) such that (go f)(z) = 9fo(u)(y'), since (g o f), is surjective.

It follows that  g¢, () (fu(®)) = gfyu)(y’) and we obtain  f,(z) = ¢, since
9fo(w) 18 injective. Therefore, f, is surjective. Hence f is fibrewise surjective.

Corollary 3.1 Let be given the following commutative diagram of groupoid

morphisms such that g is a pullback: P
X —

pl 1P
Y — H.

If p is a fibrewise surjective morphism, then also is P.

Proof. The proof of this is a simple consequence of Th. 3.2.
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