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ON SPARR AND FERNANDEZ’S INTERPOLATION
METHODS OF BANACH SPACES

Dobrinca Mihailov!, Ilie Stan!

Abstract. We investigate the interpolation spaces defined by Sparr and
Fernandez’s methods for 4-tuples Banach A = (Ao, A1, A2, A3), where A;
is of class C(6;, X,Y). If 6; is suitably chosen, then the J- and K- methods
coincide and are equal to the space (X,Y), . Some concrete applications
of this fact are also presented.
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0. Introduction

The theory of interpolation usually deals with interpolation of two topo-
logical vector spaces. In the case of Banach spaces, we mention in particular
the K- and J-methods (see [1] or [2]). K- and J-methods are extended to n-
tuples (n > 3) Banach by G. Sparr [7] and to 2"-tuples (n > 2) Banach by D.L
Fernandez [6]. In contrast to the case of Banach couples, the so-called Equiv-
alence Theorem fails, in general, for the case of Banach n-tuples (n > 3). In
this paper we apply Sparr’s method and Fernandez’s method to 4-tuples Ba-
nach A = (Ag, Ay, As, A3), where A; is of class C(6;, X,Y). In this case, if 6;
is suitably chosen, the J- and K-methods coincide and are equal to the space
(X,Y),p. The paper is organized in the following way. Some definitions and
other necessary preliminaries are collected in Section 1. The main theorems are
in Section 2. Some applications are given in Section 3.

1. Preliminaries and notation

Our notation and terminology is standard and we refer to [1], [6] and [7].
For the reader’s convenience, we give some definitions and results that will be
used later.

We will briefly describe some well-known real interpolation methods between
two and four spaces.

Let A := (Ap, A1) be a compatible Banach pair, i.e. two Banach spaces both
linearly and continuously embedded in a Hausdorff topological vector space U.
The K functional is defined for all f € 3(A) := Ag + A; and t > 0 by

K(t, f, A) :== inf{]| foll 4, + tll f1lla, : fo € Ao, f1 € Ay and f = fo + f1}.
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The J functional is defined for all u € A(A) := Ay N Ay and ¢t > 0 by
J(t,u, A) == max(||ul| 4, t]lu]l4,)-

One defines the K-interpolation space ZG,p,K’ for0<f<land 1l <p< o0,
as the set of f € £(A) for which

e’} 1/p

ok = / (st £, AL

0

< 00.

I/

The function f + || f|l6,p,x is used as a norm on this space. One also defines
the J-interpolation space Agp s, for 0 < 6 <1 and 1 < p < oo, as the set of
f € X(A) which can be represented by

oo

(1) f= /u(t)% (convergence in ¥(A))

0

where u(t) is measurable with values in A(A4) and

(e’ l/p
. L Lt
| fllo.p,s := inf = J(t,u(t), A)) - < 00.
0

The infimum is taken over all representations of f on the form (1). The function
f = ||fllo,p;s is used as a norm of this space. It is well-known that (see [1])
Z(Mu J = Z&p, k with equivalence of norms. In view of this we will omit the
subcripts K and J, just writing Zg#,.

An intermediate space X with respect to A, i.e. X is a Banach space for
which A(A) — X < %(A), is said to be of class Cx (6, A) if

Kt f,A) <ct’|flx, feX

and of class C;(0, A) if

lullx < ct™0J(t,u,A), ue AA).

Here 0 < § < 1. If X is of class C (0, A) and of class C;(6, A) then it is said to
be of class C(0, A). For 0 < 6 < 1 one can prove (see[l]) that an intermediate
space X is of class C(6, A) if and only if Ag; < X < Ap . This means, in
particular, that Ay, is of class C(6, A).

We will now briefly discuss two extensions of the real method described
above to the case when interpolating between four Banach spaces. The me-

thods described below are Sparr’s method [7] and Fernandez’s method [6].
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Let A := (Ap, A1, Aa, A3) be a compatible Banach 4-tuple, i.e. Ao, Ay, As,
As are four Banach spaces which are linearly and continuously embedded in a
Hausdorff topological vector space U.

If (t1,ts,t3) are three positive numbers and f € %(A) we define the K-
functional by

Kty ta,ts, £, ) 1= inf{||fo|Ao Ftullan + tollfol s

3
+s|| fsllas - f = mefi € Ai}
i=0

and the J-functional, for u € A(A) by
J(t1, b2, ts, u, A) == max(|full a,, t1 [ull a, 2]l 4z ts]|ull 4, )-

For the positive numbers (61, 65, 93)&1Ch that 01+602+03 <land1 < p < o0,
one defines the K- interpolation space A% = A6,,02,05),p, (Sparr K-space), as
the set of f € 3(A) for which

00 00 00 dbs dbs d 1/p
—\P dty dts dt
||fH(91 02,05),p,. K *= /// (tl_eltZ_GQt?TO:}K(tlthvt?nfv A)) 120
R t1 ta t3
000

The function f +— ||f|(g,,65,6,),p,x 15 used as a norm on this space. One also
defines the J-interpolation space Z§ = 2(91,92793)4)7‘] (Sparr J-space), for 8 > 0,
By > 0,03 >0,0;+0,+03 <1and 1< p < oo, as the set of f € X(A) which
can be represented by

[o, oo oo ¢}

(2) fz///u(thtg,tg)%@% (convergence in %(A))
t1 to i3

000

where u(t1,t,t3) is measurable with values in A(A) and
||fH(91,92,93),p,J =

00 00 00 1/17
_\Pdt, dty dt
— inf ///(t;91t592t593,](t1,tg,tg,u(tl,tg,tg),A)) e
t1 to t3
000

The infimum is taken over all representations of f on the form (2). The function
J = |1 f11(61,64,64),p,7 15 used as a norm on this space.

In order to interpolate the 4-tuple A by Fernandez’s method, we need two
independent positive parameters (t1,t2) and two numbers («, ) such that 0 < «,
B < 1; then spaces Af = A, ).k (Fernandez K-space) and AT = A, g p.s
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(Fernandez J-space) are defined analogously as above, but this time using the
functionals

3) K(ty.ta. f. ) = inf{|f0||Ao il + ol follaa+
3
sl follag; f = Zfi}
1=0

(4) '](tla tQ,U,Z) = maX(Hu”AO,t1||U||A1,t2||u||A2,t1t2||UHA3) :

2. The main results

It is a well-known fact that the so-called Equivalence Theorem does not hold
for Sparr’s method or for Fernandez’s method (see [7], [8]). We only have the
embedding A5 — A%, or AL — AL If we put 61 = a(1 — ), 62 = B(1 — )
and 03 = af then the following continuous inclusions holds:

(5) A — A5 — A% — A (see [3)).
In this section we study 4-tuples A := (A, A;, Az, A3), where A; is of class
C(;,X,Y), 0<6; <1, for a compatible pair (X,Y).

Theorem 1. Let A = (Ag, A1, Az, A3) be a Banach 4-tuple, such that A; is of
class C(0;, X,Y), with 0 < 6y < 01 < 03 < 03 < 1. Assume that (o, 3,7) €
(0,1)%, a+B+v<1and1<p<oco. Then, we have

(6) (X, Y)n,p = Z§ = Z(mﬂw)mJ = Zf( = Z(mﬁw)mﬂ

where n = (1 —a — f— )0y + aby + B2 + ~05.
Proof. We start by checking that

(7) (X7 Y)mPJ — Z(a,ﬁ,'y),p,] - Z(a’ﬁﬂ/)fpsK — (X7 Y)T]vva'
_ [t
Let f € (X,Y),p,s. This means that f = u(t)?,u(t) € XNY and
0

/[t*"J(t,u(t),X, Y)]p% < 0. Since 4; € C(0;,X,Y) we have
0

1

u(®)lla; <eiJ(tu),X,Y), i=0,1,2,3
and thus

(8) tf0 g (#9170 192700 19s=00 4 (1) "A) < cJ(t,u(t),X,Y).



On Sparr and Fernandez’s interpolation methods of Banach spaces 41

We define

7,-0 —0
1 1—%0 1 1—0%0
e it e ity

1 e
v(ty,ta, t3) = R 90 <t1 X ltzfzg 92901 (t2)x |f§f23 9380‘| (t3).

This v satisfies

T Jdby diy dt
/// t17t23t3 t iy 13 92 192=% t92—90] (tQ)X[z"s;BU ’teg—eo] (t3)’

000
dtdiydts [ dt
7§§—/U(t>?—f~

According to (8), we have

i dty dty dts
(67, P57 T (t, ta, ts, v(t, to, t3), A)P—2 =222 =
||f||A(aM)pJ_///1 27ty (b o ts, vt o, ), A==
000
o0 00 00
:c/// {t*a(el*90)Z*ﬂt*ﬁ(%*Oo)y*’Yt*’Y(Gsfeo)X[é’l](t2) .

000

01—0 05—0 050 P
X[ 1] (ts) max([Ju(t)l] 4o, €777 flult)]] 4y, 28777 Ju(t)]] 450 y£™ °||U(t)||A3)]

@ % dﬁ <c /[t—ﬁteo J(tgl —907 t92_90, t93—907 u(t), Z)]P

dt
— <
t z vy t =

0

dt

<ecg [ [tTTI(tu(t), X, Y)]P—

Thus we obtain
1z, < elflleryon

and the first embedding (7) follows.

The embedding A 5,+)p.0 < A(a,p,)px i classical (see [7]). Next we
establish the last embedding (7).

Let f € A(appx and f = fo+ fi+ f2+ f3 € S(A) — X + Y. Since
A; € Cx(0;,X,Y) we have

K(t, f;, X,Y) < cit’||filla,, i=0,1,2,3
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and thus
(9) K(t, f; X,Y) < ctP K (¢ 7% 92700 9:=00 ¢ Ay f e B(A).
According to (9), we have

[e.ele elo ¢}

— ., dty dto dt
///[tl—at;ﬁt;VK(tl,tQ,t3,f,A)]piljj —

t1 t2 t3
000
(o e]e oo o}
= /// [75—@(91—90)t—5(92—90)t—’Y(Gs—Go)Z—ﬁy—’YK(t@l—eo7Zt92—90,yt93—90,f,2)
000
s dy
t z vy

p

dt
— >
e

o0
> c”/[t*"teoK(t(’l*e“,terao,teraﬂ,f,Z)]p

(o)
dt
> C’”/[t*”K(t?f?X,Y)]P?'
0

Thus obtain
ANy i <

and the last embedding (7) follows.
According to (7) and Equivalence Theorem for Banach couples we obtain

(6).

Theorem 2. Let A = (Ag, A1, As) be a Banach 4-tuple, such that A; is of class
C(0;,X,Y), with Oy + 05 = 01 + 02 and 0y # 6,. Assume that 0 < a, < 1 and
1 <p< 0. Then, we have

(10) (X, Y )np = Ay = Z(aﬁ)m,J = A = Z(aﬂ)J%K
where n = (1 — a — 3)0y + aby + B02.

Proof. In order to interpolate the 4-tuples A by Fernandez’s method we need to
use the functionals K and J from (3) and (4) respectively. We start by checking
that

(11) (XY )nps = Aoy s = Aep)pr = (XY )np s
, [t
Let f € (X,Y)y,p,s. This means that f = u(t)T,u(t) € XNY and

0
[S%9)

/[f”J(t,u(t),X, Y)]p% < oo. Since A1 € C(Ol,X,Y), with 00 + 03 = 01 + 02

0
we have

(12) 00 g (19100 19270 () A) < cJ(t,u(t), X,Y).
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We define
v(t1,t2) 0, — ‘90u ( 191190) X ltzf_gg 9290] (t2)
L0 E
This v satisfies
// (b, f2) %1@ // [£22270 102 =00 (t2 )Cit Cit; = 7u(t)cit =f
0

and according to (12), we have

T _dtydt
I £1IE //[t1atgﬁJ(tl,t27v(t1,t2) .
00

A(a B).p tl t2

—C// t— 91 —0o) _5t ﬁ(92 QO)J(t01 6o Zt02 6o u( ) Z) [ 1](Z) p@% _

= c’/[t_”teoJ(tal_a",t%_gU,u(t),Z)]p% < c’/[t_"J(t,u(t),X, Y)]P%.
0 0

Thus we obtain
1z, ., < el flleryon,

and the first embedding (11) follows.

The embedding A, 5).p.0 — A(a,p)p i is classical (see [6]).

We prove the last embedding (11), under the restriction 6y + 65 = 61 + 6a,
like in theorem 1.

According to (11) and Equivalence Theorem for Banach couples we obtain
(10).

Corollary 3. Let A = (Ao, A1, Az, A3) be a Banach 4-tuple, such that A; is of
class C(0;, X,Y), with Oy + 03 = 01 + 02, 0y # 01. Assume that 0 < u, v < 1
and put

a=u(l—v), f=v(l—-u)andy=uv

then the Sparr spaces A2 Z(a7677),p,J = Z(a,ﬁ,fy),p,K and the Fernan-

(a.8:7),p —

dez spaces AF = A (wv)p.d = Auv),p,x are equal (with equivalent norms).

(u,v),p
Moreover

A(u v),p A(aﬂ P = (X, Y )np
where n = (1 —u — )0 + uby + vbs.
Proof. We apply (5), Theorems 1 and 2.
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3. Applications

In this sections we present three applications of Theorem 1 and 2. First we
consider the Lebesgue spaces LP.

Theorem 4. Let 1 < py <p; < pz <ps < o0 and 1 <p<oo. Then

(13) (Lpo,Lp17Lp2,Lp3)?a’ﬁ77)’p — L3P
l—a—08—
wherefza76’y+g+ﬁ+l.
i] 1 plo 1 pP1r P2 P3
If —+—=—+4 — then
Po P3 P11 P2
(14) (LPO,LPI,LW,LPS’){;,ULP — 9P

1

Proof. Since LPi is of class C (1 - —, L, L°°> we obtain (13) from Theorem
i

1 and (14) from Theorem 2.

The second application is from semi-groups of operators. Let X be a Banach
space and let {T(t) : 0 < t < oo} be an equi-bounded, strongly continuous
semi-group of operators on X (see for details [1] or [2]). We denote by A the
infinitesimal operator of the semi-group {T'(¢)} and by D(A) the domain of A.

Theorem 5. Let r be an arbitrary, but fixed integer > 0. For integer numbers
(ko, k1, ko, k3) such that 0 < ko < k1 < ko < ks < r we have

(15) (D(A™), D(A™), D(A®2), D(A*))E, 5.) p = (X; DAy

ky ks k
ta—+ =2y,
r T r

ko
.

wheren=(1—a—F—7)

k

Proof. Since D(A¥), k € 0,7 belongs to the class C (,X, D(Ar)> (see [2]) we
T

obtain (15) from Theorem 1.

We end this section by the behaviour of compact operators under Sparr’s
interpolation method for Banach 4-tuples A = (Ay, A1, As, A3), with A; of class
C(0;,X,Y).

Theorem 6. Let (X,Y) and (Z,W) be compatible pairs of Banach spaces.
Suppose that A = (Ao, A1, Az, A3) and B = (By, By, B2, Bs) are Banach 4-
tuples such that A; is of class C(0;, X,Y), with 0 < 6y < 01 < b < 05 <1 and



On Sparr and Fernandez’s interpolation methods of Banach spaces 45

B is a class C(vi, Z,W), with 0 < by < 1 < by <t < 1. IfT: X — Z is
compact, then T : Afa)ﬁﬁ),p — Bfaﬁm compactly for all values of (e, 8,7) in
(0,1)3, with a + B+~ < 1,

P

(1—a—=pB—=7)0+ab + B0 +~03 = (1 —a— B —7)bo + ayp1 + B2 + y3

and p € [1,00).

Proof. It is well-known that, if T : X — Z is compact, then T : (X,Y)g,, —
(Z,W)e,p compactly for all values of ¢ in (0,1) and p € [1,00) (see [4]). If we

use this and Theorem 1 we obtain that T : A?a,ﬁ,v),p — B?a,ﬂ,’y),p compactly.
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