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MINIMAL AND MAXIMAL DESCRIPTION FOR THE
REAL INTERPOLATION METHODS IN THE CASE
OF QUASI-BANACH TRIPLES

Ilie Stan!

Abstract. In this note we give a minimal and a maximal description
in the sense of Aronszajn-Gagliardo for the real methods in the case of
quasi-Banach triples.
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0. Introduction

Our main reference to the theory of interpolation spaces is [7]. Let A =
(Ao, A1, Az) be a (quasi)-Banach triple and ¢ = (f1,%2) € R3. The Peetre’s

K-functional is defined for a € Ao+ A1 + Az :== > (A) by

KtitoaiA)= _ inf (Jlaolla, +tillasla, + tallaslla )

a=ap+ai+az

and similarly the J-functional for a € AgN A3 N Ay : = A(A) by
I(tr, 2,5 A) = max ([allag, tallal La, t2llall s )

Let A = (Ag, A1, A) be a triple of quasi-Banach spaces and 7 = (ny,ns) € Z2.
For 0 < 01,02 <1, 61 +65 <1 and 0 < g < oo we define the real interpolation

space A, 9,),q,5 as the set of all a € ¥(A) which have a finite quasi-norm

1/q
_\¢
( > (2*"1912*712921((2”1,2n2,a;A )) ) if 0<gq< oo
nez?
a = J—
| ||(91792)7¢17K sup {2—n1912—n202K(2m’2n27a; A )} if ¢ = o0
neZ?

)

Also we define the real interpolation space 2(91792)7q7J as the set of all a € > (A)

that may be written as a = Y. ugm, uz € A(A) (convergence in > (A)) and
nez?

which have a finite quasi-norm
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1/q
—\4q
HaH(91,92), 0 J= _jnf ( Z (2—n1912—n26’2J(2n172n2’uH7 A)) )

nez?

with the usual interpretation when ¢ = oo.
If A = (Ao, A1,A2) and B = (By, By, Bs2) are Banach triples, we write

T € L(A, B) to mean that T is a linear operator from Y_(A4) into >_(B) whose
restriction to each A; defines a bounded operator from A; into B; (j =0,1,2).
We put

Tz 5 ij:%%}ff2{|| T ||a;, B}

Scalar sequence spaces are defined over Z? and given any sequence of positive
numbers (wr)mezz we put

(w) = {(am) : llaslli, = = ll(wram)ll, < oo}.

Of special interest for us are the triples [, = (lp, l(27m), lp(2*"2)), (0<p<1
andiajz:Qmmzmxzfnlyzaxzfnw).

A maximal description in sense of Aronszajn-Gagliardo [1] for the real method
in the case of quasi-Banach couples is given in [2].

In this note we will establish a minimal and a maximal description for the
real methods in the case of quasi-Banach triples.

1. Minimal description

Let A = (Ag, A1, A3) be a triple of quasi-Banach spaces. Recall that a
quasi-norm || - || is said to be a p-norm (0 < p < 1) if

lla +6[[" < flall” + [[b]]"-

Given any quasi-normed space (4, || - ||) the functional

n 1/p n
llalll = inf <Z|ak|p> 0=y k21
k=1 k=1

defines a p-norm equivalent to || -||. Here p is defined by the equation (2¢)? = 2,
where ¢ is the constant in the triangle inequality || - || (see, for example [4]).
Note also that if || - || is a p-norm then it is also an r-norm for any 0 < r < p.
Consequently, without loss of generality we may and do work with p-Banach
spaces.
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Definition 1.1. Let 0 < 61,02 <1,01 +602 <1 and 0 < q < oco. Assume that

A = (Ao, Ay, Az) is a triple of p-Banach spaces (0 <p <1). Put 7= min(p, q)
and define G g, 9,), q, r(A) as the collection of all those a € ) (A) which

o0 R
can be represented as a convergent series a= ». T, a; in Y .(A) with
j=1

0 € 1270 m20), Ty € £((Iy 1p(27™), 5p(27)), (Ao, A1, A3) ) and

1/r
0o
(Zl 15117 5 |aj|}"q(2_"191_”2‘92)> < 0.
j=

This spaces become an r-Banach spaces endowed with the functional

llallG01,02),4,-(A) =inf{<21 T30 % IIGjIIfq(z—msl—nzeQ)> ra= ZlTj a; }
J= j=

Theorem 1.2. Let A = (Ao, A1, As) be a triple of p-Banach spaces, let
0<61,00<1, 01+6;<1 and 0<q<oo. Putr=min(p,q). Then

(Ao, A1, A2)(6,,05),0,7 = G (61,05),,r (Ao, A1, A2)
Proof. Let a € (Ao, A1, A2)(6,,0,),q,5- Then a = Y uz (converge in > (4))

nez?

and > [2_”191_"292 J(2m 272 g Z)]q < 00. Let T be the operator defined
nez?

by

bf
T ((bm)2) = " i )
((m)2) EEZ;;L J(2m, 272 g, A)

Since Ag is a p-Banach space, we have

br
T (b)) | 4y < <n§2 H Un J(2m 22y, A) ‘

bm

» 1/p v 1/p
) S(Z ) =161l
0 nez?

Similarly

T (Om)m) llay < N1,y o (T (Om)w) [[45 < {[(0R)all1, 2-m2)-

Thus o
TeL(l,,A) and ||THZ,, 7 <1

It follows from
T((J (2", 2 um ), ) =a  and

Tl ]| (7 (27,272, s ) |

lq(2—n191—n292) -
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1/q
< <Z (27n1017n292j (2n172n27un;A))q>

nez?
that

a € Go,,0,),9,r(A)  with |lall, ... (A) < llall,.6,).9,-

Conversely, let a be in Gg, g,),4.-(A) and have the form a = T(€), where
T e ‘C(ZZ”Z) and f = (ﬁﬁ)ﬁeﬁ c lq (2*01711*9277,2)'

Denote T'(er) by vz, where er are standard basis vectors of [,. Then ||vg||4, <

< 171G, 7> 2" llvalla, < (1715, 7, 2% lvalla, < (1717, 7 and 35 &mow = a
nez

(convergence in Y (A)). B
If we put now &mvmg = uz € A(A), then > umz = a and
nez?
J(2”172TL2, Ui Z) < |£ﬁ| HT”]})’Z.

Hence a = ) ug is a J-representation of a with
nez?

1/q
Ha’Helﬂz,q,J < (Z (2*77,191*71202(] (2n1’2n2’uﬁ; A))q> <

nezZ?

1/q
10 —n q
< ||T||zp’ Y ( Z (2 1 mnabe &) ) = ||T‘|ip’ 7 €M1, 2-n101-n202).

nez?

. oo
If @ is now any element of G4, 9,).q,r(A) and a =  T}&; is an arbitrary repre-
j=1

sentation of a with

1/r

oo
Z ||111H£77 A ||§j||;ﬂq(2*"191*ﬂ292) <0
j=1

then, using that (Ao, A1, A2)g,q,s is r-normed we obtain that
1/r

oo
llall(,,0,),q,7 < Z HTJ Eilllo1,02), 0, 5| <
j=1

o0
< (Il ]
j=1

Consequently, a € (Ao, A1, A2)6,,0.), ¢, 7 and |lal|(g,,0,), ¢, 7 < ||a||(91792)’ 4
This completes the proof. O

1/r
r

T}

)
B 1|
Iy, A ly(27 191 n202)
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2. Maximal description

In this case quasi-linear operators are needed.
Let T be a mapping from a quasi-Banach space A into a scalar sequence space
M. We say that T is quasi-linear with constant C' > 1 if

‘T(a—i—b)‘gC(’Ta‘—s—’Tb‘),a,beA

‘ T(Aa) ‘ = ‘ A ‘ ’ Ta ‘ a€ A, Xe K (K-scalar field).

Given any quasi-Banach triple A = (Ag, A1, A3) and C > 1 we denote by
Lco(4, ls) the collection of all those quasi-linear operators T : > (A) —

> (loo) with the constant C' whose restriction to A; (¢ = 0,1,2) defines a
bounded operator from Ag, A1, Az into o, leo(27™), 1o (27™2) respectively.

Definition 2.1 Let 0 < 01,05 < 1, 61+60> < 1 and0 < g < co. Given any quasi-
Banach triple A = (Ag, A1, As) we define H,.6,), q, c(A) as the collection of
all those a € > (A) such that Ta € 1,279 71292 for any T € Lo(A, 1) and
quasi-norm

lallsrg, oy, o =50 {11 Ta lly@-moinaony: | T Iz, <1}

18 finite.

Theorem 2.2. Let A = (Ao, A1, Az) be a quasi-Banach triple, let 0 < 61,05 <
1, 00 +60: <1 and 0 < g < oo. Assume that the constant in the triangle
inequality of A; is C;(i = 0,1,2) and put C = max(Cy, Cy,Cs). Then

(Ao, A1, A2) 0y, 02, ¢, K = H(oy, 0,), q, (Ao, A1, Az).
Proof. Let 7= (n1,n2) € Z*> and a,b€ > (A). Given any decompositions
a = ag+ ai + as, b="by+b + b27 with ai,bi S A'L (Z =0, 172), it follows from

K(2",2",a+b,A) < || ao+bo |la, + 2" || a1 + ba[a, +272|] a2 + b || a,

IN

Cl(l ao [lag + 2" arl[a, + 2" a2 |[a,) + (1] bo [|4,
+(2" ] b1lla, +272]] b2 [ 4,)]
that
K(2m 2"z g+ b, A) < C[K(2™1,2"2,a, A) + K(2™1,2"2, b, A)].
Let T be the operator defined by

Ta = (K(Q"1 , 2"%@,2))

nez2’
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Then T = L (A, 1) Moreover, || Ta ||, <||alla,, a € Ao, || Ta @ <

<|lalla,, a € Ay, and || Ta ||l°o(2—n2) <||alla,, a € As. So || T HZ, L <L
Now,

for any a € H,, 0,), q, c(A) we have

lallon, o, 0 x = || (& (27,272,0,2)). || -

lg(2—m101—n202)
=||Ta qu(2—”191—n292) <lla ||H(91, 09y, 0, o(A)’

This shows the embedding Hg,  g,), ¢, c(A) = A, 6, q, K-

Conversely, given any T € Lo (A, l) with ||T Il 7. <1, we can represent
Ta as 1

(Tra)mezz, where Ty € Lo ((Ag, A1, Ag), (K, K, K)) with ||TR||a0,x <
T[40, 1. <1,
|17 [la,, 2-m < W4y, 1@y <1 and [T |4y, 272 &k <

K
Tl a,, 1o 2-n2) < 1.
If a € Y.(A) and a = ag + a1 + az with a; € A;, then we get

|T7a | C?(|Trao | + |Tray | + |Tras |)

<
< C*(|lao |lag +2™| ar [|a, +2"2] a2 [|4, )
Whence

|Tra | < C?°K (2”1,2”2,a; Z).

Now, for any a € Z(gl’ 92), ¢, K We obtain

| 7a | = = (27momets | 150
lq(2—n191—n292) nezZ2

y) s

1/q
< 02 ( Z (27"1017"292[( (2n172n27a’z ))q> — 02” a ||(91, 0:), g, K-

nez?

This shows the embedding Z(gl, 02), . K = Ho,, 02), q, c(A) and completes the
proof. O
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