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POSITIVE SOLUTIONS OF NEUTRAL DELAY
DIFFERENTIAL EQUATION

Hajnalka Péics1, János Karsai2

Abstract. We consider the scalar nonautonomous neutral delay differ-
ential equation with variable delays

d

dt

[
x(t) +

`∑
j=1

pj(t)x(t− τj(t))

]
+

m∑
i=1

qi(t)x(t− σi(t)) = 0,

for t0 ≤ t < T ≤ ∞. Using the method of characteristic equations, we give
conditions for the existence of positive solutions. Our theorems generalize
and extend the results for simpler cases proved by Chuanxi, Ladas [1] and
Győri, Ladas [5].
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1 Introduction

Neutral delay differential equations contain the derivative of the unknown
function both with and without delays. Some new phenomena can appear,
hence the theory of neutral delay differential equations is even more complicated
than the theory of non-neutral delay equations. The oscillatory behavior of the
solutions of neutral systems is of importance in both the theory and applications,
such as the motion of radiating electrons, population growth, the spread of
epidemics, in networks containing lossless transmission lines (see [2], [5], [6], [7]
and the references therein).

In our paper we consider the scalar nonautonomous neutral delay differential
equation with variable delays and coefficients of the form

d

dt


x(t) +

∑̀

j=1

pj(t)x(t− τj(t))


 +

m∑

i=1

qi(t)x(t− σi(t)) = 0,(1)

for t0 ≤ t < T ≤ ∞, where the next hypotheses are satisfied:

(H1) pj ∈ C1[[t0, T ),R], τj ∈ C1[[t0, T ),R+], j = 1, 2, ..., `;
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(H2) qi ∈ C[[t0, T ),R], σi ∈ C[[t0, T ),R+], i = 1, 2, ...,m.

The oscillatory and asymptotic behavior of the solutions of non-neutral delay
differential equations with variable coefficients and variable delays and also for
neutral differential equations with constant delays have been studied in many
papers (see, for example, [7, 3, 4, 8]). A quite comprehensive treatment of such
results is given in the monograph [5] by I. Győri and G. Ladas.

One of the most important methods of such investigations is the method
of generalized characteristic equation, which is based on the idea of finding
solutions of linear systems in the form

x(t) = exp
(∫ t

t0

α(s)ds

)
.(2)

Our main goal is to apply this method to equation (1) to find conditions for the
existence of positive solutions, and to generalize and extend the results proved
for special cases of (1).

Before formulating our results, we point to two characteristic results of the
recent investigations. Chuanxi and Ladas in [1] investigated the particular case
of equation (1) of the form

d

dt
[x(t) + P (t)x(t− τ)] + Q(t)x(t− σ) = 0(3)

where

P ∈ C1[[t0,∞),R], Q ∈ C[[t0,∞),R], τ ∈ (0,∞), σ ∈ [0,∞),(4)

They proved the following result.

Theorem A. Assume that (4) holds and that there exists a positive number µ
such that

|P (t)|µeµτ + |Ṗ (t)|eµτ + |Q(t)|eµσ ≤ µ for t ≥ t0.(5)

Then, for every t1 ≥ t0, equation (3) has a positive solution on [t1,∞).

The case of variable delays has been considered for equations of the form

ẋ(t) +
m∑

i=1

qi(t)x(t− σi(t)) = 0,(6)

where, for t0 < T ≤ ∞, qi ∈ C[[t0, T ),R], σi ∈ C[[t0, T ),R+], i = 1, 2, ..., m,
by many authors. Results that give sufficient conditions for the existence of
positive solutions of equation (6) on [t0, T ) can be found in [5].

Theorem B. Assume that there exists a positive number µ such that
m∑

i=1

|qi(t)| eµσi(t) ≤ µ
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for t0 ≤ t < T . Then for every

Φ ∈ {ϕ ∈ C[[t−1, t0],R+] : ϕ(t0) > 0, ϕ(t) ≤ ϕ(t0), t−1 ≤ t ≤ t0},

the solution of equation (6) through (t0, Φ) remains positive for t0 ≤ t < T .

2. Notations, definitions

Define

T 1
−1 = min

1≤j≤`

{
inf

t0≤t<T
{t− τj(t)}

}
, T 2

−1 = min
1≤i≤m

{
inf

t0≤t<T
{t− σi(t)}

}

and
t−1 = min{T 1

−1, T
2
−1}.

A function x : [t−1, T ) → R is called a solution of equation (1) if x is
continuous on [t−1, T ) and satisfies equation (1) on (t0, T ). An initial condition
for the solutions of equation (1) is given in the form

x(t) = Φ(t), t−1 ≤ t ≤ t0, Φ ∈ C1[[t−1, t0),R+].(7)

A solution of the initial value problem (1) and (7) is a continuous function
defined on [t−1, T ) which coincides with Φ on [t−1, t0) such that the difference
x(t)+

∑`
j=1 pj(t)x(t−τj(t)) is differentiable and satisfies equation (1) on (t0, T ).

The unique solution of the initial value problem (1) and (7) is denoted by
x = x(Φ) and it exists throughout the interval [t0, T ).

The continuous function x : [t−1, T ) → R is oscillatory if x has arbitrarily
large zeros, i.e., for every a ≥ t−1, there exists a number c > a such that
x(c) = 0. Otherwise, x is called nonoscillatory.

Rewrite equation (1) as

ẋ(t) +
∑̀

j=1

[pj(t)(1− τ̇j(t))ẋ(t− τj(t)) + ṗj(t)x(t− τj(t))] +

+
m∑

i=1

qi(t)x(t− σi(t)) = 0.

The initial value problem for this form is as follows. Let Φ be given by (7). A
solution of the initial value problem (1) and (7) is a continuous function defined
on [t−1, T ) that coincides with Φ on [t−1, t0), x being continuously differentiable
and satisfies equation (1) on (t0, T ) except at the points k r, where r = t0− t−1,
k = 0, 1, 2, ...
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On the other hand, if

Φ̇(t0) = −
∑̀

j=1

ṗj(t)Φ(t0 − τj(t0))−(8)

−
∑̀

j=1

pj(t0)(1− τ̇j(t0))Φ̇(t0 − τj(t0))−
m∑

i=1

qi(t)Φ(t− σi(t)),

then the solution x is continuously differentiable for all t ≥ t−1. Consequently,
relation (8) is necessary and sufficient for the solution x to have a continuous
derivative for all t ≥ t−1.

In the next section we define precisely the generalized characteristic equation
associated with the initial value problem (1) and (7). Using the presentation
(2) we will obtain the integral equation of the form

α(t) +
∑̀

j=1

[
pj(t)(1− τ̇j(t))

Φ̇(hj(t))
Φ̇(t0)

α(Hj(t)) + ṗj(t)
Φ(hj(t))
Φ(t0)

]
×(9)

× exp

(
−

∫ t

Hj(t)

α(s)ds

)
+

m∑

i=1

qi(t)
Φ(gi(t))
Φ(t0)

exp

(
−

∫ t

Gi(t)

α(s)ds

)
= 0,

which is called characteristic equation.
We will use the following notations:

hj(t) = min{t0, t−τj(t)}, Hj(t) = max{t0, t−τj(t)}, t ∈ [t0, T ), j = 1, 2, ..., `

gi(t) = min{t0, t−σi(t)}, Gi(t) = max{t0, t−σi(t)}, t ∈ [t0, T ), i = 1, 2, ..., m.

Finally, [a]+ := max(0, a) and [a]− := max(0,−a) denote the positive and
negative part of the real number a, respectively.

3. Main Results

Now we can formulate our main theorem.

Theorem 1. Suppose that (H1) and (H2) hold and let (8) and Φ̇(t0) > 0 be
satisfied. Then the following statements are equivalent:

(a) The initial value problem (1) and (7) has a positive solution on [t0, T ).

(b) The generalized characteristic equation (9) has a continuous solution on
[t0, T ).

(c) There exist functions β, γ ∈ C[[t0, T ),R] such that β(t) ≤ γ(t) such that

β(t) ≤ δ(t) ≤ γ(t) implies β(t) ≤ (Sδ)(t) ≤ γ(t),(10)
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for every function δ ∈ C[[t0, T ),R] and t0 ≤ t < T , where

(Sδ)(t) = −
∑̀

j=1

[
pj(t)(1− τ̇j(t))

Φ̇(hj(t))
Φ̇(t0)

δ(Hj(t)) + ṗj(t)
Φ(hj(t))
Φ(t0)

]
×(11)

× exp

(
−

∫ t

Hj(t)

δ(s)ds

)
−

m∑

i=1

qi(t)
Φ(gi(t))
Φ(t0)

exp

(
−

∫ t

Gi(t)

δ(s)ds

)
.

Proof. (a) ⇒ (b): Let x = x(Φ) be the solution of the initial value problem (1)
and (7) and suppose that x(t) > 0 for t0 ≤ t < T . It will be shown that the
continuous function α defined by

α(t) =
ẋ(t)
x(t)

, t0 ≤ t < T,

is a solution of (9) on [t0, T ). Equation (1) is equivalent to the form

ẋ(t) +
∑̀

j=1

[pj(t)(1− τ̇j(t))ẋ(t− τj(t)) + ṗj(t)x(t− τj(t))] +

+
m∑

i=1

qi(t)x(t− σi(t)) = 0.

By dividing both sides of the above equation by x(t), we obtain that

ẋ(t)
x(t)

+
∑̀

j=1

[
pj(t)(1− τ̇j(t))

ẋ(t− τj(t))
x(t)

+ ṗj(t)
x(t− τj(t))

x(t)

]
+

+
m∑

i=1

qi(t)
x(t− σi(t))

x(t)
= 0.

It follows from the definition of α that

x(t) = Φ(t0) exp
(∫ t

t0

α(s)ds

)
,

and hence

x(Hj(t))
x(t)

= exp

(
−

∫ t

Hj(t)

α(s)ds

)
,

x(Gi(t))
x(t)

= exp

(
−

∫ t

Gi(t)

α(s)ds

)
,

where j = 1, 2, ..., `, i = 1, 2, ..., m, and t0 ≤ t < T . It is obvious for the same
values of j, i and t that

x(t− τj(t))
x(Hj(t))

=
Φ(hj(t))
Φ(t0)

,
x(t− σi(t))

x(Gi(t))
=

Φ(gi(t))
Φ(t0)

.
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It remains to prove that

ẋ(t− τj(t))
ẋ(Hj(t))

=
Φ̇(hj(t))
Φ̇(t0)

, t0 ≤ t < T, j = 1, 2, ..., `.

Observe that t− τj(t) ≥ t0 implies hj(t) = t0 and Hj(t) = t− τj(t), and hence

ẋ(t− τj(t))
ẋ(Hj(t))

=
ẋ(Hj(t))
ẋ(Hj(t))

= 1 =
Φ̇(hj(t))
Φ̇(t0)

.

On the other hand, t− τj(t) < t0 implies hj(t) = t− τj(t) and Hj(t) = t0, and
hence

ẋ(t− τj(t))
ẋ(Hj(t))

=
ẋ(hj(t))
ẋ(t0)

=
Φ̇(hj(t))
Φ̇(t0)

.

Using these equalities and the definition of α, we obtain that equality (9) holds,
and hence the proof of the part ”(a) ⇒ (b)” is complete.

(b) ⇒ (c): If α is a continuous solution of (9), then take β(t) ≡ γ(t) ≡ α(t),
t0 ≤ t < T and the proof is obvious because of the fact that α = Sα.

(c) ⇒ (a): First it must be shown that, under hypothesis (c), equation (9) has
a continuous solution α(t) on [t0, T ), and the function x defined by

x(t) =

{
Φ(t), t−1 ≤ t < t0;
Φ(t0) exp

(∫ t

t0
α(s)ds

)
, t0 ≤ t < T

(12)

is a positive solution of the initial value problem (1) and (7).
The continuous solution of equation (9) will be constructed as the limit of a

sequence of functions {αk(t)} defined by the following successive approximation.
Take any function α0 ∈ C[[t0, T ),R] such that

β(t) ≤ α0(t) ≤ γ(t), t0 ≤ t < T

and set
αk+1(t) = (Sαk)(t), t0 ≤ t < T for k = 0, 1, 2, ...

If follows from the assumption (10) that

β(t) ≤ αk(t) ≤ γ(t), t0 ≤ t < T, k = 0, 1, 2, ...,(13)

and clearly αk ∈ C[[t0, T ),R]. We show that the sequence {αk(t)} converges
uniformly on any compact subinterval [t0, T1] of [t0, T ). Set

M1 := max
t0≤t≤T1

∑̀

j=1

∣∣∣∣∣pj(t)(1− τ̇j(t))
Φ̇(hj(t))
Φ̇(t0)

∣∣∣∣∣ , M2 := max
t0≤t≤T1

∑̀

j=1

∣∣∣∣ṗj(t)
Φ(hj(t))
Φ(t0)

∣∣∣∣ ,
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M3 := max
t0≤t≤T1

m∑

i=1

∣∣∣∣qi(t)
Φ(gi(t))
Φ(t0)

∣∣∣∣ , L := max
t0≤t≤T1

{max {|β(t)|, |γ(t)|}} ,

M := max{M1,M2, M3}, N1 := MeL(T1−t0), N := max{N1(L + 2), 2LN1}.
Then from (13) we obtain that

max
t0≤t≤T1

|αk(t)| ≤ L, k = 0, 1, 2, ...

Using the mean value theorem we have

exp

(
−

∫ t

Hj(t)

αk(s)ds

)
− exp

(
−

∫ t

Hj(t)

αk−1(s)ds

)

= e−µk,j(t)

∫ t

Hj(t)

(αk(s)− αk−1(s)) ds,

for every j = 1, 2, ..., `, k = 0, 1, 2, ... and t0 ≤ t ≤ T1, where µk,j(t) is between

∫ t

Hj(t)

αk(s)ds and
∫ t

Hj(t)

αk−1(s)ds.

Since Hj(t) ≥ t0 for j = 1, 2, ..., ` and t0 ≤ t ≤ T1, |µk,j(t)| ≤ L(T1 − t0) and
∣∣∣∣∣exp

(
−

∫ t

Hj(t)

αk(s)ds

)
− exp

(
−

∫ t

Hj(t)

αk−1(s)ds

)∣∣∣∣∣

≤ eL(T1−t0)

∫ t

t0

|αk(s)− αk−1(s)| ds.

Similarly,
∣∣∣∣∣exp

(
−

∫ t

Gi(t)

αk(s)ds

)
− exp

(
−

∫ t

Gi(t)

αk−1(s)ds

)∣∣∣∣∣

≤ eL(T1−t0)

∫ t

t0

|αk(s)− αk−1(s)| ds

for i = 1, 2, ..., m, k = 1, 2, ... and t0 ≤ t ≤ T1. Repeating the above arguments,
we also have
∣∣∣∣∣αk(Hj(t)) exp

(
−

∫ t

Hj(t)

αk(s)ds

)
− αk−1(Hj(t)) exp

(
−

∫ t

Hj(t)

αk−1(s)ds

)∣∣∣∣∣ ≤

≤
∣∣∣∣∣αk(Hj(t))

[
exp

(
−

∫ t

Hj(t)

αk(s)ds

)
− exp

(
−

∫ t

Hj(t)

αk−1(s)ds

)]∣∣∣∣∣ +
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+

∣∣∣∣∣[αk(Hj(t))− αk−1(Hj(t))] exp

(
−

∫ t

Hj(t)

αk−1(s)ds

)∣∣∣∣∣ ≤

≤ LeL(T1−t0)

∫ t

t0

|αk(s)− αk−1(s)| ds + 2LeL(T1−t0).

Thus,

|αk+1(t)− αk(t)| ≤
∑̀

j=1

∣∣∣∣∣pj(t)(1− τ̇j(t))
Φ̇(hj(t))
Φ̇(t0)

∣∣∣∣∣×

×
∣∣∣∣∣αk(Hj(t)) exp

(
−

∫ t

Hj(t)

αk(s)ds

)
− αk−1(Hj(t)) exp

(
−

∫ t

Hj(t)

αk−1(s)ds

)∣∣∣∣∣ +

+
∑̀

j=1

∣∣∣∣ṗj(t)
Φ(hj(t))
Φ(t0)

∣∣∣∣
∣∣∣∣∣exp

(
−

∫ t

Hj(t)

αk(s)ds

)
− exp

(
−

∫ t

Hj(t)

αk−1(s)ds

)∣∣∣∣∣ +

+
m∑

i=1

∣∣∣∣qi(t)
Φ(gi(t))
Φ(t0)

∣∣∣∣
∣∣∣∣∣exp

(
−

∫ t

Gi(t)

αk(s)ds

)
− exp

(
−

∫ t

Gi(t)

αk−1(s)ds

)∣∣∣∣∣ ≤

≤ 2LN1 + N1(L + 2)
∫ t

t0

|αk(s)− αk−1(s)| ds ≤ N + N

∫ t

t0

|αk(s)− αk−1(s)| ds,

and now, we can see that

|αk+1(t)− αk(t)| ≤ N

k−1∑

i=0

N(t− t0)i

i!
+ 2L

N(t− t0)k

k!
.

for k = 0, 1, 2, ... and t0 ≤ t ≤ T1. Since

∞∑

i=0

N(t− t0)i

i!
= eN(t−t0) and lim

k→∞
N(t− t0)k

k!
= 0 for t0 ≤ t ≤ T1,

it follows from the Weierstrass criterion that the sequence defined by

αk(t) = α0(t) +
k−1∑

j=0

[αj+1(t)− αj(t)] (k = 0, 1, 2, ..., t0 ≤ t ≤ T1)

converges uniformly, and hence the limit function

α(t) = lim
k→∞

αk(t)(14)

is continuous and solves equation (9) on [t0, T1].
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Finally, the fact that x(t) defined by (12) is the solution of the initial value
problem (1) and (7) can be verified by direct substitution:

ẋ(t) = x(t)α(t) =

= −x(t)
∑̀

j=1

[
pj(t)(1− τ̇j(t))

Φ̇(hj(t))
Φ̇(t0)

α(Hj(t)) + ṗj(t)
Φ(hj(t))
Φ(t0)

]
×

× exp

(
−

∫ t

Hj(t)

α(s)ds

)
− x(t)

m∑

i=1

qi(t)
Φ(gi(t))
Φ(t0)

exp

(
−

∫ t

Gi(t)

α(s)ds

)
=

= −x(t)
∑̀

j=1

pj(t)(1− τ̇j(t))
ẋ(t− τj(t))
ẋ(Hj(t))

ẋ(Hj(t))
x(Hj(t))

x(Hj(t))
x(t)

−

−x(t)
∑̀

j=1

ṗj(t)
x(t− τj(t))
x(Hj(t))

x(Hj(t))
x(t)

− x(t)
m∑

i=1

qi(t)
x(t− σi(t))

x(Gi(t))
x(Gi(t))

x(t)
=

= −
∑̀

j=1

[pj(t)(1− τ̇j(t))ẋ(t− τj(t)) + ṗj(t)x(t− τj(t))]−
m∑

i=1

qi(t)x(t− σi(t)) =

= −
∑̀

j=1

d

dt
[pj(t)x(t− τj(t))]−

m∑

i=1

qi(t)x(t− σi(t))

for t0 ≤ t < T . It completes the proof of Theorem 1. 2

The above theorem generalizes Theorem 3.1.1. in [5], proved for the non-
neutral equation (6).

Remark. It is clear from the proof that the positive solution of equation (1)
has to satisfy the inequality

Φ(t0) exp
(∫ t

t0

β(s)ds

)
≤ x(t) ≤ Φ(t0) exp

(∫ t

t0

γ(s)ds

)
(15)

for t0 ≤ t < T .

4. Existence of Positive Solutions

Using Theorem 1 we formulate conditions for the existence of positive solu-
tions. Similar results can also be proved for the existence of negative solutions.

Let

F := {Φ ∈ C1[[t−1, t0],R+] : 0 < Φ(t) ≤ Φ(t0), 0 < Φ̇(t) ≤ Φ̇(t0), t−1 ≤ t ≤ t0}.

The next theorem is a common generalization of Theorems 1 and 1.



104 H. Péics, J. Karsai

Theorem 2. Assume that (H1) and (H2) hold, and there exists a positive num-
ber µ such that

∑̀

j=1

[|pj(t)(1− τ̇j(t))|µ + |ṗj(t)|] eµτj(t) +
m∑

i=1

|qi(t)| eµσi(t) ≤ µ(16)

for t0 ≤ t < T . Then, for every Φ ∈ F which satisfies the condition (8), the
solution x(Φ) of equation (1) remains positive for t0 ≤ t < T .

Proof. We show that the conditions of part (c) in Theorem 1 are satisfied with
β(t) = −µ and γ(t) = µ for t0 ≤ t < T . For any continuous function δ, for
which β(t) ≤ δ(t) ≤ γ, we have

−µτj(t) ≤ −µ(t−Hj(t)) ≤
∫ t

Hj(t)

δ(s)ds ≤ µ(t−Hj(t)) ≤ µτj(t) (j = 1, 2, ..., `)

and

−µσi(t) ≤ −µ(t−Gi(t)) ≤
∫ t

Gi(t)

δ(s)ds ≤ µ(t−Gi(t)) ≤ µσi(t) (i = 1, 2, ...,m)

for t0 ≤ t < T . Then, it follows that

−µ ≤
∑̀

j=1

[|pj(t)(1− τ̇j(t))|µ + |ṗj(t)|] eµτj(t) −
m∑

i=1

|qi(t)| eµσi(t) ≤

≤ (Sδ)(t) ≤

≤
∑̀

j=1

[|pj(t)(1− τ̇j(t))|µ + |ṗj(t)|] eµτj(t) +
m∑

i=1

|qi(t)| eµσi(t) ≤ µ

for t0 ≤ t < T . Therefore, by Theorem 1, the solution x(Φ)(t) of equation (1)
through (t0, Φ) is positive on [t0, T ) and the proof is complete. 2

Apply this theorem to some special cases. Introduce the following notations.
Let

τ(t) := max
j=1,`

τj(t), σ(t) := max
i=1,m

σi(t),

p̄(t) :=
∑̀

j=1

|pj(t)(1− τ̇j(t))|, r̄(t) :=
∑̀

j=1

|ṗj(t)|, q̄(t) :=
m∑

i=1

|qi(t).|

Then, inequality (16) follows from the inequality

(p̄(t)µ + r̄(t))eµτ(t) + q̄(t)eµσ(t) ≤ µ,(17)

which is identical to (16) for the case of single delays.
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Now, consider an even more special case. Let

τ := sup
t∈[t0,T )

τ(t), σ := sup
t∈[t0,T )

σ(t),

p̄ := sup
t∈[t0,T )

p̄(t), r̄ := sup
t∈[t0,T )

r̄(t), q̄ := sup
t∈[t0,T )

r̄(t)

be finite. Then, inequality (16) follows from the inequality

(p̄µ + r̄)eµτ + q̄eµσ ≤ µ,(18)

which is identical to (16) for the case of single constant delays and constant
coefficients. In the case τ = σ = λ, we have

eµλ ≤ µ

p̄µ + r̄ + q̄
.(19)

If 1/p̄ > 1 and λ < λ0 for some critical λ0, then (18) has a positive solution.
The critical λ0 can be found by observing that the derivatives of the left and
right sides with respect to µ are equal for λ0. Then, λ0 is the unique solution
of the equation

exp
(

2A λ

Aλ +
√

Aλ
√

4 p̄ + Aλ

)
=

2
2 p̄ + Aλ +

√
Aλ

√
4 p̄ + A λ

where A = r̄ + q̄. Note that in the delay case p̄ = r̄ = 0, we obtain the known
result λ0 = 1/(eq̄).

In the following theorem we assume an order of the dominance of delays.
This condition agrees with several real phenomena.

Theorem 3. Assume that (H1) and (H2) and the following hold for every t ∈
[t0, T ):

0 ≤ τ1(t) ≤ τ2(t) ≤ ... ≤ τ`(t),(20)

0 ≤ σ1(t) ≤ σ2(t) ≤ ... ≤ σm(t),(21)

ν∑

j=1

pj(t)(1− τ̇j(t)) ≤ 0,

ν∑

j=1

ṗj(t) ≤ 0, ν = 1, 2, ..., `;(22)

ν∑

i=1

qi(t) ≤ 0 ν = 1, 2, ...,m;(23)

∑̀

j=1

[pj(t)(1− τ̇j(t))]− < 1.(24)
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If there exists a positive increasing function γ ∈ C[[t0, T ),R] such that

γ(t) ≥
∑`

j=1[ṗj(t)]− +
∑m

i=1[qi(t)]−

1−∑`
j=1[pj(t)(1− τ̇j(t))]−

,(25)

then, for every Φ ∈ F which satisfies condition (8), equation (1) has a positive
increasing solution on [t0, T ). This solution satisfies the inequality

x(t) ≤ Φ(t0) exp
(∫ t

t0

γ(s)ds

)
.(26)

Proof. It will be shown that the statement (c) of Theorem 1 is true with β(t) = 0
and γ(t) for t0 ≤ t < T . For any function δ ∈ [[t0, T ],R] between β and γ holds
that

(Sδ)(t) ≤
∑̀

j=1

[pj(t)(1− τ̇j(t))]−γ(t) +
∑̀

j=1

[ṗj(t)]− +
m∑

i=1

[qi(t)]−

≤ γ(t)


∑̀

j=1

[pj(t)(1− τ̇j(t))]−


 + γ(t)


1−

∑̀

j=1

[pj(t)(1− τ̇j(t))]−




≤ γ(t).

Because of the inequalities

H1(t) ≥ H2(t) ≥ ... ≥ H`(t), t0 ≤ t < T,

G1(t) ≥ G2(t) ≥ ... ≥ Gm(t), t0 ≤ t < T,

the relations (22) and (23) yield

(Sδ)(t) ≥

−

∑̀

j=1

pj(t)(1− τ̇(t))


 min

1≤j≤`

{
Φ̇(hj(t))
Φ̇(t0)

}
·

· 0 · exp

(
−

∫ t

H`(t)

δ(s)ds

)
+

+


−

∑̀

j=1

ṗj(t)


 Φ(hj(t))

Φ(t0)
exp

(
−

∫ t

H`(t)

δ(s)ds

)
+

+

[
−

m∑

i=1

qi(t)

]
Φ(gi(t))
Φ(t0)

exp

(
−

∫ t

Gm(t)

δ(s)ds

)

≥ 0 for t0 ≤ t < T.
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Therefore, the solution x(t) = x(Φ)(t) of equation (1) is positive on [t0, T ). As
in the proof of Theorem 1, x(t) can be written in the form

x(t) = Φ(t0) exp
(∫ t

t0

α(s)ds

)
for t0 ≤ t < T,

where α(t) is a continuous solution of the characteristic equation (9) such that
0 ≤ α(t) ≤ γ(t) for all t0 ≤ t < T . Hence, x is an increasing solution of equation
(1), and the proof is complete. 2

Remark. Note that conditions (20) – (23) show that smaller delays has to be
associated with larger coefficients. Conditions (22) and (23) formulate the same
property for the functions pj(t)(1 − τ̇j(t)), ṗj(t), and qi(t). For the numbers
{a1, a2, ..., aN}, the condition

n∑

i=1

ai ≤ 0 for every n = 1, 2, ..., N

can be expanded to

a1 ≤ 0, a1 + a2 ≤ 0, a1 + a2 + a3 ≤ 0, ...,

N∑

i=1

ai ≤ 0.

For example, this condition holds if a1 ≤ 0 and |a1| ≥
∑N

i=2 |ai|.
The case of single delays is still of importance. In this case, conditions (20),

(21) are empty, (22), (23), and (24) turn to p1(t)(1 − τ̇1(t)) < −1, ṗ1(t) ≤ 0,
and q1(t) ≤ 0. Finally, (25) becomes

γ(t) ≥ |ṗ1(t)|+ |q1(t)|
1− |p1(t)(1− τ̇1(t))| .

For ` = m = 1 and constant delays we obtain from our result, as a special
case, a theorem of the existence of positive solutions, proved in [1] (Theorem
6.7.2.c). Another special case is pj(t) = 0, for j = 1, 2, ..., `, t ∈ [t0, T ). Then,
our theorem implies the well known result for the non-neutral equations proved
in [1] (Theorem 3.3.3.).
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