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ON MODIFIED SZASZ-MIRAKYAN OPERATORS
Zbigniew Walczak!

Abstract. We consider certain modifications of Szasz-Mirakyan opera-
tors S, in exponential weighted spaces C; of continuous functions and
operators T), in LP spaces of Lebesgue integrable functions.

We give theorems on approximation properties of these operators.
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1. Introduction
1.1. Let ¢ > 0 be a fixed number,
(1) vp(x) == e 9%, x € Ry :=[0,400).

and let C; be the space of all real-valued functions f continuous on Ry for which
fvq is uniformly continuous and bounded on Ry and the norm

(2) 1fllg = 17 () llq == sup vq(a) [f ()]
zERy

Let LP(Ry), with a fixed p > 1, be the space of all real-valued functions f
for which |f|? is Lebesgue integrable on Ry and the norm

3) Ifler = { [ - If(r)l”dU};

In papers [1] and [2] are concerned with approximation properties of the
Szasz-Mirakyan operators

— k
(@) Sufie)i= s () weho me,
(N ={1,2,...} for the functions f € Cy, ¢ > 0, where

k
(5) Pr(t) = eitg’ t€ Ry, k€& No=NU{0}.
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In [2], the authors was proved that S,, is a positive linear operator from the
space Cy into C, provided that » > ¢ > 0 and n > ¢(In (r/q))_l. Also, they
proved the direct and inverse approximation theorems for S, and f € Cy, ¢ > 0,
but by applying the norm of the space C,., r > q.

In [3] and [4], the authors examined properties of the Szasz-Mirakyan-Kanto-
rovitch operators

(k+1)/n

6)  To(f;z):= anpk(nx)/ f(t)dt, xe€ Ry, neN,
k=0 k/n

for f € LP(Rp), p > 1. Theorems on convergence almost everywhere and
convergence in LP-norm of the sequence (T7,(f))];° were proved in [3], while
some approximation theorems for T,,(f) and f € L'(Ry) were given in [4].

1.2. In this paper we modify definitions (4) and (6). Let ¢ > 0 be a fixed
number. For f € Cy we define the operators

(7> Sn[fQGn;bnaQ](x) ESn(f;arubn»CLx) =

), r € Ry, néeN,
+4q

where (a,)$°, (b,)$° are given increasing and unbounded numerical sequences
such that b, > a, > 1, and (a,/b,)]" is non-decreasing and

(8) Z—Zzl—i—o(%).

We shall prove that S, [f; an,bn, q], n € N, is a positive linear operator from
the space C; into Cj,.
In the space LP(Ry) with a fixed p > 1 we define operators

(9) Tn[ﬁan;bn](Z) ETn(f;anvbmx) =
o0 (k+1)/bn
= by, ngk(anx)/ ft)dt, =€ Ry, meN,
k=0 k/by,

where ¢y is given by (5) and (a,)$°, (b,)3° are sequences as in definition
Sn[fa A, bn, Q]~
Formulas (7) and (9) for ¢ =0 and a,, = b, =n, n € N, yield (4) and (6).
It is obvious that the operators T,,[f;an,bn], n € N, can be considered in
the spaces Cy, ¢ > 0. In Section 3 of this paper we shall consider these operators
in the spaces LP(Ry).
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Operators S,, defined by (7) we shall consider in Section 2. In particular,
we shall prove theorems on degree of approximation of f € C, by S, using the
modulus of continuity of f,

Wl(f§ Cq;t) ‘= sup HAhf()”qa t>0,
0<h<t

and the modulus of smoothness of f
wa(f; Cgit) == sup [ARFC)lg,  t20,
0<h<t

where

Anf(@) = fla+h) - f(o); AZf(2) == f(x) = 2f(z + ) + f(x + 2h).
In this paper we shall denote by My(«, ),k = 1,2, ..., suitable positive

constants depending only on indicated parameters a, 3.

2. Operators S,[f; an, by, q]

We assume that ¢ > 0 and sequences (a,,)5°, (b,)5° are fixed. We shall write
Sn(f;x) instead of Sy, (f; an,bn, q; ).

2.1. First we shall give some auxiliary results. By elementary calculations we
obtain the following two lemmas.

Lemma 1. Let ¢ > 0 be a fixzed number. Then

(10) Sp(l;2) = Z(pk(anx) =1,
k=0

(11) Sn(t—x;x):< n —l)x,

(12) Sn<<tx>2;x)—( an 1>2x2+w

S((t—x)4'x)—< n —1)4304—1—( In —1)2 6an2” +
" ’ by, +q b, +q (bn + Q)2

(13) Sy (e?;z) = ein®,
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2
n__a/(buta) _ 1 2+
bn +q

anT
+#eq/(bn+‘n e‘Zn17
(bn +q)?

(14) Sy ((t—2)%e™; 2)

for all x € Ry and n € N, where
(15) Gn = Qnp (eq/(b"J“‘I) - 1) .
Lemma 2. For the operators S, defined by (7) we have

lim b,S,(t —x;2) = —qx, lim b,S,((t — z)%2) =,

n—oo

nlLIIOlO b2 S, ((t —z)% x) = 322,
at every point ¢ € Ry.
Now we shall prove two main lemmas.

Lemma 3. Let ¢ > 0 be a fized number. Then

(16) [Sn [1/vg]ll, <1 n €N,
and
(17) 1Snlfll, < 11£1,

for every f € Cq andn € N.
Formulas (7) and (5) and the inequality (17) show that Sy, n € N, defined
by (7) is a positive linear operator from the space Cy into Cy.

Proof. First we shall prove (16).
If ¢ = 0,then by (1) and (10) follows (16). If ¢ > 0, then by (1) and (13) and
(15) we get

1
0g(2)Sn [ ——3a ) =el""D* xRy, neN,
o(®) (Uq(t) )
and
00 1 q k (%S) q k q
a/(bnta) _ 1 — (-2 = = N
‘ kZ::lk! (bn+q> <kz_:1(bn+q) b "

which by 0 < a,,/b, <1 and by (15) implies

anq
bn

0<q, < <gq formn€eN.
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Hence

1
vy () (vq(t) x) or x€Ry, ne

which yields (16) for ¢ > 0 and n € N.
The inequality (17) follows by (16) and by the inequality

1Snf1lly < Fllg 15n [1/wlll, 7€ N -

Lemma 4. Suppose that ¢ > 0 and (a,)5°, (bn)3° are fized. Then there exists
a positive constant M (b1, q) such that

(18) ”q(f)sn((t_x)z;x>§M1(b17q)(( A )

vy (t) bn+q)?  bntq

for allx € Ry andn € N.

(oo} oo

Proof. If ¢ = 0, then by (12) and properties of the sequences (a,)$° and (b,)5
we immediately obtain (18).
If ¢ > 0 then by (1) and (14) we have

2
(19) (@) Sn ((t — 2)%/vg(t); ) < eln—a)z {(ba—jrqeq”b”'“n - 1) 24

LT
(bn + q)?

In the proof of Lemma 3 it is proved that

eQ/(b”'HI)} , TzE€Ry, meN.

(20) eln=9* <1 for xe Ry, neN.

Applying the inequality et — 1 < te! for ¢ > 0 and (8), we get

2
( In__ q/(bntae) _ 1) - {( an_ _ 1) e/ (bnta) |
by + ¢ bn +q
2

2 a 2 q
te?/(brta) 1} < 224/ (bnta) ( LA 1) + <
- bn +q (bn+q)?* | ~

1
< Mz(bl,Q)ma n € N.

From this and by (19), (20) and b, > a, > 1, we obtain estimation (18) for
q > 0. O
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2.2. Now we shall prove approximation theorems.

Theorem 1. Suppose that f € C'qQ, q > 0. Then there exists a positive constant
Ms3(b1,q) such that

&) vg(2) |Sn(f; ) = f(2)] §M3(b1,q){||f/||qﬁ +

x2 X
F1F7s ((bn FRA R q>}

Proof. From (7) and (5) we get

forallx € Ry andn € N.

(22) Sp(f;0) = f(0) for neN.

For a fixed z > 0 and f € Cg we have

) = f(2) + F (@)t — ) + / / " ) duds. 1€ Ro,

which yields
t

F(t) = F(&) + @)t — ) + / (t—u)f"(u)du, t€ R,

x

From this and by (10) we deduce that

(23)  Su(f(1);) = f(x) + F(@)Sult — z:) + S ( / (t—u)f”(u)du;a:>

for n € N. By (1) and (2) we can write

<111, (% n %) (o)

Applying the above inequality and (11), (12) and (18), we derive from (23)

[ G- s wan

0g(2) |Sn(fs2) — f(@)] < 1f'llq bnaiq -1+
— 2
1710 {enta1S, (=) 45 (0 - 752) <

2
< Ma(b No—E L & for n € N.
< Ms( 1,q){||f||qbn+q+”f 'q<<bn+q>2+bn+q o

Thus the proof of (21) is completed. O
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Theorem 2. Suppose that f € Cy, with o fized ¢ > 0. Then there exists a
positive constant My(b1,q) such that

(24) g () [Sn(f32) = f(2)| <

< My(b1,q) {eqm"(m)\/ bni qwl(f; Cy; V(7)) + wa(f; Cys ‘I/n(ﬂ«“))} ,

for all x € Ry and n € N, where

(25) nle) = ((bnl-fQ)Q " bniq)% '

Proof. Let x > 0. Similarly as in [1] and [2] we apply the Stieklov function of
felCy

(26) (@) = % /O_ /0_ (2 +5+1) — f(a +2(s + 1) dsdt
for x € Ry, h > 0. From (26) we get

@) = 35 | BBwaf e+ 5) ~ 2800w + 291

1) = 1 [883 07 0) — A3 7))

Consequently

(27) 1o = Fll, < ws (£, Cyihr)
(28) I f7lly < 5h™ewi (f,Cysh),
(29) I1f7lly < 9h™%ws (f,Cgsh),

for h > 0. We see that f;, € Cg if f € C;. Hence, for x > 0 and n € N, we can
write

(30) V(@) [Sn(fi2) = f(2)] < vg(@) {|Sn (f = fri @)+

+ S0 (fus ) = fu(@)| + | ful2) = f(@)[} := A1 + A2 + As.
By (17) and (27) we have

AL < |If = full, S w2 (f,Cgsh), Az <wa (f,Cyih).
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Applying Theorem 1 and (28) and (29), we get

Ao < a0, { Uil + 17 ()7} <

bn + qwl(fchv )+

R (W (@) wa (5 Cai ) |

Combining these and setting h = ¥, (x), for fixed z > 0 and n € N, we obtain

< My(b1,q) {eqhhl

(24) for z > 0. The estimation (24) follows for x = 0 by (22). O
Let
(31) Az):=(1+2>)"", z€R,.

Theorem 3. Assuming as in Theorem 1, we obtain

(32) II[Sn(f)—f]M\qSMs(bl,q)ﬁ(llf’Hq+||f”||q) for neN,

where Ms(b1,q) is a suitable positive constant.
Similarly as in Theorem 2 we obtain

Theorem 4. Let f € C, with a fixed ¢ > 0. Then there exists a positive
constant Mg(b1,q) such that

NCET
+ws (f; Cyi1//bn + q)}

B3 S, - L, < Mol 0) { o (£t Vo) +

forallne N.

Proof. Arguing as in the proof of Theorem 2 and applying (30), (31) and the
estimations for A4;, i =1,2,3, given above, we obtain

(34) A(@)vg () [Sn(f;2) = f(@)] < 2w (f; Cgi h) + Mx) Az <

< 2wy (f;Cyi h) + Ma(b L (f;Cyih
< 2 (£5Cyi) 4 Mrlbn,0) { " (£ )
1
—_ ;Cyih
O
for x € Ryg, n € N and h > 0. Now, for fixed n € N setting h = b1+ , we
nta
derive (33) from (34) and (22). O

From Theorem 2 or Theorem 4 we obtain the following
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Corollary 1. Let f € Cy with a fized ¢ > 0. Then for the operators S, defined
by (7) we have

(35) lim S,(f;z) = f(z), =€ Rp.
The convergence (35) is uniform on every interval [x1,x2], x2 > x1 > 0.

2.3. In this section we shall prove the Voronovskaya type theorem for S,,.

Theorem 5. Suppose that f € Cg with a fired ¢ > 0. Then for S, defined by
(7) we have

(36) lim by {Su(fi) = f(2)} = —gaf' (@) + 5 (@)
for every x € Ry.

Proof. The equality (22) implies (36) for x = 0. Let > 0 be a fixed point.
Then by the Taylor formula for f € Cg we have

f@) = f@) + f1(@)(t — =)+ %f”(x)(t — o)’ +ei(tz)(t —2)*, t€ Ry,

where €1(t) = €1(¢; ) is a function such that e; € C; and ¢1(0) = 0. From this
and by (10) we get

Su(f(1)52) = (@) + J'@)Sult = 250) + 51" @)Sn (1 = )%52) +

+Sh (61(t)(t — x)Q;x) , MEN,

and next by Lemma 2
i by {Sa(Fi2) — f(@)} = —qaf'(2) +
—i—g (@) + lim b,S, (e1(t)(t — 2)%2) .
Applying Holder inequality, we have

1
2

IS0 (21 (1) (t = 2)%2) | < {0 (£2(8);2)}2 {8, ((t—)%2)}2, neN.
By Theorem 2 and €% € Cy, we have
lim_ S, (e1(t);z) = ef(z) = 0.
From the above and from Lemma 2 we deduce that
nlgr;o bn Sy (e1(t)(t — z)?2) = 0.
Combining these, we obtain (36) for x > 0. a

2.4. Now we shall give some properties of derivatives of operators (7).



102 7. Walczak

Theorem 6. Suppose that f € Cq with a fived ¢ > 0. Then for every r € N
and n € N we have

(37) |(Sal)™

, S HA;/(anrq)f(')

q )
where
T . r r—
(39) @) =3 () 0 e )
k=0
The formula (7) and the inequality (37) show that S,[f] € C3°,n € N, if f € C.
Proof. From (7) we deduce that

a
dx

and next for every r € N

Sp(f(t);x) = —anSy(f(t); )+

dT’
dx”

(39) = apSn (AT (b 1q) [ () 2), x € Ry, neN,

where A} f(-) is defined by (38). Applying Lemma 3, we derive from (39)

(st

.
<a,
q

Ai/(anrq)f(‘)Hq
forallme N and r € N. O

Corollary 2. If assumptions of Theorem 6 are satisfed, then

|(Sal)®™

< (14 e OrD) a1,
q

for everyn € N and r € N.

From formulas (7) and (39) and by classical theorems of mathematical anal-
ysis we obtain

Corollary 3. Let f € Cy a with fized ¢ > 0. Then:

(i) if f is an increasing (decreasing) function on Ry, then Sp[f;an,bn,q],
n € N, is also increasing (decreasing) function on Ry;

(i) if f is a convex (concave) function on Ro, then Sy|[f;an,bn,q], n € N,
is also a convex (concave) on Ry.
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Theorem 7. Suppose that f € Cq with a fivzed ¢ > 0 and x¢ > 0 is a point
where there exists f'(xg). Then

(40) lim (S [f])’ (z0) = f'(z0).

n—oo

Proof. By assumptions for f we can write
f(t) = f(.]?o) + f/(xo)(t — 330) + 62(t, l‘o)(t - J)o) for t € Ry,
where €5 is function continuous at zo and €2 € Cy. From (7) we get

bo ¥l (1f(t); ) =

x

(Sn[fD/ (x) = —anSu(f(t); ) +

b, +
= (bn = a0 +@)Su(F(B);2) + 28, (¢ — 2)(t); )
for x > 0 and n € N. Consequently, we obtain

by +q
Zo

(41) (Sn[f(t)})'(xo) = f(xo) {bn —ap+q+ Sn(t—xo;ajo)}—F

b, +4q
Zo

T (w0) {(bn =+ @St — w030) + L, (¢ $0)2;$0)} N

by, +
+(bp, — an + q)Sp (e2()(t — 205 T0) + - 4. (e2()(t — 0)?; o) -
Properties of e5 and Corollary 1 imply
(42) lim S, (e2(t)(t — xo); o) = 0.

n—oo

Analogously as in the proof of Theorem 5 we obtain
(43) lim b, S, (e2(t)(t — x0)% 20) = 0.

Applying (8),(11), (12), (42) and (43) we immediately obtain (40) from (41).0

3. Operators T,,[f; a,, b,]

We shall assume that the sequences (a,)5° and (b,)$° given in formula (9)

for T,,[f; an,bys] are fixed. For these operators we shall give analogies of some
results proved in [3].

3.1. First we shall give some elementary properties of T,. From (9) we get

Tn(l;an,bp;z) =1 for x € Ry, n€ N.
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Lemma 5. Let p > 1 be a fized number. T,[f;an,bn], n € N, is a positive
linear operator from the space LP (Ry) into Co, i.e. Cq with ¢ =0. Moreover

(44) ITalfs an bulllo < b3/7 Il  neN.
Proof. We shall prove only (44). From (9) it follows that

% (k+1) /by 1/p
To(F s b )] < BYPS pr(an) { / If(t)pdt} <
k

k=0 /bn

<l 007 prlana) =< | fll 0 b2/7,
k=0

for every f € LP (Ry), p > 1, x € Ry and n € N, which implies (44). o

Lemma 6. Let p > 1 be a fized number. T,[f;an,bn], n € N, is a positive
linear operator from the space LP (Ry) into LP (Ry) . Moreover

b b

(45) ITalf5 ansballl e < == 1fll o < = [1f ]l s
Ay aq

for every f € LP (Ry) and n € N

Proof. Let p = 1. Then, applying the equality

o0 1
(46) / or(anz) = —, k€N, neN,
0 2%
we get
too| 0 (k+1)/bn
| Tl f5 ans On]ll 12 = / angok(anx)/ f@)dt|dx <
0 k=0 k/bn

o0 (k+1)/bn +oo b,
<> ( [ k) [ eswadts = gl we N

k=0 \’k/bn
If p > 1, then by (3), (10) and (46) and by Jensen inequalities we get

P

+oo | ©© (k+1)/bn
ITalianballls = [ 3 eulan, f(t)dt| do <
0 P k/bn
+oo 00 (k+1) /by, p
/ Z vr(anx) bn/ f@)dt] | dx <
I k/bn

s (k+1) /by, +00 bn
<bn Y £ ()Pt pr(anz)dr | < —|fl7,, neN.
k 0 G

k=0"k/bn
By properties of (b,/a,)5° the proof of (45) is completed. O
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Lemma 7. Let f € L' (Ry) and let

(47) F@y_zfﬂﬂﬁ, z € Ry.

Then F € Cy, ie. F € C, with ¢ = 0, and there exist operators
SnlF; an, by 0], n € N, defined by (7). Moreover
Gy

(48) (Sp[F;an,bn,0)) (z) = b—Tn(f;an,bn;x)

n

for every x € Ry andn € N.

Proof. It is well know that F' defined by (47) is continuous and bounded function
on Ry if f € L' (Ry), i.e. F € Cy if f € L' (Ry). From this and by Lemma 3
and Theorem 6 we deduce that there exists Sy,[F’; an,bn;0], n € N, defined by
(7) and

d
%Sn(F(t);an,bnaO;m) = anSn (Al/an(t);an,bn,O;x) =
:Z—nTn(f(t);an,bn;x), x € Ry, n € N. 5

3.2. In [3] the operator T,[f] defined by (6) for f € L' (Ro) was written by the
formula
—+oo

(49) T.(f;2) = K, (x;s)f(s)ds, x € Ry, n € N,
0

where

(n)"

k!

for k/n < s <(k+1)/n, k € No; K,(x;0) =0, z > 0. For the operators (49) it
was proved in the following [3]:

—nx

K, (x;s) =ne

Lemma 8. If f € L' (Ry), then

sup [T, (f; )] < 30(f;2), x € Ry,
nenN

(50) o(fir) = sup — /Slf(y)ldy-

0<s<oo,s#x S — T
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3.3. It is obvious that the operator T, [f;an,b,] defined by (9) can be written
as:

(51) To(f; an, b x) = o Wo(x; 85 an,by) f(s)ds
0

for f € L' (Ry), * € Rg, n € N, where

(anx)k

Wi (x; 85 an,by) := bpe™ o

for k/b, < s < (k+1)/b,, k € No; Wy (2;0;a,,b,) =0 for x € Ry.
Applying (51) and arguing similarly as in the proof of Lemma 8 (see [3], p.p.
550, 551 - Lemma 4 and Lemma 5) we can prove

Lemma 9. Let f € L' (Ry). Then there exists a positive constant Mg(ay,b)
such that

Sug |Tn(f7anvbnax)| S MS(alabl)e(f;x)v T e R07
ne

where ©(f;-) is defined by (50).

3.4. Now we shall prove the main theorems for T,,[f; a,, b,], which are analogies
of the Butzer theorems given in [3].

Theorem 8. Suppose that f € L' (Ry). Then

(52) lim T,,(f; an, bp; @) = f(2)

n—oo

at every point x € Ry where

(53) Fl(z) = f(x).

Hence (52) follows almost everywhere on Ry.

Proof. The properties of F' given in Lemma 7 and by Theorem 7 imply that

lim (S, (F;an,b,,0)) (v) = F'(x)

n—oo
at every € Ry, where F'(z) there exists. From this and by (48) and (8) we
obtain

lim T, (f;an,bn;x) = F'(z) = f(2)

n—oo

at every © € Ry where (53) follows. Since (53) follows almost everywhere on Ry
for f € L' (Ry), we have (52) almost everywhere on Ry. O
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Theorem 9. Suppose that f € L' (Ry) and f € LP (Ry) with a fized p > 1.
Then

(54) nlggo ”Tn[fv QA bn] - f”LP =0.

Proof. 1t is known ([5], [3]) that if f € LP (Rp), p > 1, then the function ©(f;-)
defined by (50) belongs also to L? (Ry) and

/ Oy dr < 2 (p> / @

p—1

From this and by Lemma 6, Lemma 9 and Theorem 8 and by the Lebesgue
theorem on convergence of sequence in LP -space we immediately derive the
desired assertion (54). O
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