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POSITIVE INTEGERS n SUCH THAT n|a’™ — 1

Florian Luca!

Abstract. For a positive integer n let o(n) be the sum of divisors function
of n. In this note, we fix a positive integer a and we investigate the
positive integers n such that n\a“(") — 1. We also show that under a
plausible hypothesis related to the distribution of prime numbers there
exist infinitely many positive integers n such that n\a”(") — 1 holds for all
integers a coprime to n.
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1. Introduction

Throughout this paper, n is a positive integer and ¢(n), o(n), 7(n), Q(n),
w(n) denote the classical arithmetical functions of n, namely the Euler function,
the sum of divisors function, the number of divisors function, and the number
of prime divisors function (counted with or without multiplicity), respectively.
Euler’s Theorem asserts that the divisibility relation n|a®(™ —1 holds whenever
a > 1 is an integer which is coprime to n. When n is prime, this reduces to
Fermat’s Little Theorem, namely that nja"~' — 1. When a > 1 is fixed and
n satisfies the above divisibility relation without being a prime, the number
n is called a base a pseudoprime. When n is a composite number which is a
pseudoprime with respect to all bases a > 1 and coprime to n, then n is called
a Carmichael number. The most celebrated result on Carmichael numbers is
Theorem 1 from [1], which shows that for large values of the positive real number
x there are more than x?/7 Carmichael numbers n < z (see also [6] for some
related results). Several interesting results about pseudoprimes and Carmichael
numbers can also be found in [11].

In this paper, we address a question raised in [11] (see also [12]), namely
whether or not there exist infinitely many positive integers n so that n|a”™ —1
holds for all positive integers a > 1 which are coprime to n.

In order to formulate our results, we introduce some more notations. For any
positive integer k and any positive real z we set log; x := max{loglog,_; =, 1},
where log stands for the natural logarithm function. When k = 1, we simply
write log; = log xz and we understand that this number is always > 1.
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We start by fixing the number a > 1. Write R, for the set of all n > 1 so
that n|a®(™ —1. For any positive real  we write R,(z) := {1 <n < x|n € R,}.
Our first theorem gives a lower bound for #R,(z).

Theorem 1. There exists a constant ¢y := c1(a) depending on a so that for
large values of x holds the inequality

(1) #Ro(x) > exp(cy log,y xlogs x).

Theorem 1 shows that the number of numbers n < x which are members of
R, as a function of x exceeds any fixed power of the logarithm of x once z is
sufficiently large. In particular, the series

(2)

is divergent for all a > 1.
Our next theorem gives an upper bound on #R,(x).

Theorem 2. There exists an absolute constant co so that for large x the esti-
mate

3) 4R,(z) < 2 exp(—cs(log zlog, )1/?)

holds uniformly in a < 2logx.

Let R be the set of all n > 1 so that n € R, holds for all positive integers
a > 1 which are coprime to n. Thus, Rotkiewicz’s question asks if R is an
infinite set. Since for large n there exists a prime number p < 2logn which
does not divide n, Theorem 2 immediately implies that the sum }_ . R% is
finite. In particular, if R is an infinite set, then the above series is convergent.
While we have not been able to prove unconditionally that R is an infinite
set, we show that this is indeed so if we assume a certain conjecture on the
distribution of primes in arithmetical progressions. For every positive coprime
integers 1 < a < d and any positive real number z let 7(z;a,d) denote the
number of primes p < x so that p = a(mod d), let m(x) denote the total number
of primes p < z, and let R(z) := {1 <n < a|n € R}. Our result is:

Theorem 3. Assume that there exists § < 1/2 and x5 > 0 so that the estimate

m(z)
2¢(d)

holds for all coprime positive integers 1 < a < d < x'=% once x > x5. Then, for
every € > 0, there exists a number x5, so that the inequality #R(x) > gpl-20-¢
holds once © > x5.. In particular, if such an x5 exists for all 6 € (0,1/2), then
#R(z) = 2100,

(4) #{p<z:p=1(modd)} >
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A theorem similar to our Theorem 3 addressing the Carmichael numbers
appears in [1] and also in [6]. We point out that the fact that inequality (4)
holds with some rather large 6 € [1/2,1] for almost all pairs of coprime integers
1 <a<d< 27 follows from Theorem 2.1 in [1]. Specifically, that theorem
shows that inequality (4) holds with 6 > 7/12 forall 1 < a < d < '~° with
and d coprime, except possibility for the set of all d divisible by some member
of Ds(x), a finite set whose cardinality is bounded in terms of § alone and
independently on z, and all members of Ds(z) are larger than log z. While the
fact that (4) holds for almost all choices of d with some ¢ < 1 was sufficient in [1]
to prove that there are infinitely many Carmichael numbers, our argument, while
closely following the argument from [1], does work only under the assumption
that § < 1/2.

Throughout the proofs we use c¢1, co, ... for computable constants which are
either absolute or depend on the given data, like a in the case of Theorem 1, or
¢ and € in the case of Theorem 3. We also use the Vinogradov symbols > and
< and the Landau symbols O and o with their regular meanings.

2. The proof of Theorem 1

The line of attack here is as follows. We fix a large positive real num-
ber x and first construct some small number m € R,. We shall request that
o(m) < (log'/?z)/loga, that 7(c(m)) > log,x, and that o(m) has a num-
ber > logyx of odd divisors. We then take the relation m|a®™) — 1. By
the primitive divisor theorem (see [5], [3]), we get that w(a”™ — 1) > log, .
Since w(m) < logm/log, m < log, z/logs x, it follows that most of the prime
factors of a®(™) — 1 are not prime factors of m. Select A := |c; logy | such
odd prime factors of a?(™ — 1 which are not prime factors of m, where ¢; is
some constant with ¢; < 1/(2log2), and let M be the product of all these
primes. Then we still have mM|a®™) — 1, and therefore mM|a‘7(m)”(M) — 1.
From the way we have selected our numbers, we have that 2*|o(M), and
2 g(m) < logx/loga. In particular, a2 M 1 < zis a multiple of mM.
Since A > log, z and o(m) has a number > logs = of odd divisors, we get that
7(2 m) > log, z logs x. Applying the primitive divisor theorem one more time,
we get that w(a?"(m) — 1) > log, zlogs . Since w(mM) < log, z, it follows
that a2 (™) — 1 has a number > log, xlogs « prime factors which do not di-
vide mM, and therefore this number has at least exp(cg log, zlogs x) divisors d
coprime to mM. Clearly, mMd < x and mMd € R, holds for every such value
of d, which achieves the conclusion of Theorem 1.

We now give details. In the next lemma we explain how we choose the
number m.

Lemma 1. Let k > 4. Then there exists d € {1,3,5,a®> — 1} so that m =
d-(a2+1)-(a*+1)-...-(a® ' +1) € R,.
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Proof. Assume first that a is even. Then, each one of the numbers a® — 1, a? +
1,..., a4 1is odd, they are coprime any two, and none of them is a perfect
square. Thus, the sum of divisors of each one of these numbers is even, and
therefore 2%|o(a2 — 1) - o(a® + 1) -...-o(a® ' +1) = o(a®" — 1). Hence, with
di=a>—1,andm:=(a®>—1)-(a®+1)-...-(a®  +1)=0a> — 1, we have
mla2" —1|a”(™ — 1.

Assume now that a is odd. Then, each one of the numbers (a2 + 1)/2 for
1 =2,...,k—11is odd, and none of them is a perfect square. Indeed, if one of
these numbers, say (azi +1)/2 = 92 is a perfect square with some i > 2, then

with the substitution z := a2~ we would get a positive integer solution (z,y)

with # > 1 for the Diophantine equation z* + 1 = 2y?, and it is known that
there is no such solution (see [13]). Thus, 2|o((a® +1)/2) for i =2,... k — 1.
We now write (a2 4+ 1)/2 = sy?, where s > 1 is a squarefree number.

Assume that w(s) > 2. Then 4|o((a?+1)/2). This implies immediately that
2k|o(a2k — 1), and so with d := a? — 1 we have that m € R,.

Assume that s = 1. Then 3 /fa, because otherwise we would get 1 =
2y%(mod 3), which is impossible. Clearly, 3/(a®>" + 1) because —1 is not a
quadratic residue modulo 3. Thus, with d := 3, we have

k=1 g
m::3(a2—‘,—1)'...'(a2k71+1):216_1.3- H(a2 2—&-1)7
i=1
and
k—1 2 4 q L2 +1
a(m) _ O_(Qk—l) . 0(3) . - a” + _ (2]6 _ 1) -4 - o )
() 1-(=7)

is a multiple of 2¥. Clearly, a®' —|—1|a2k —lholdsfori=1,...,k—1, and 3|a2k -1
because 3 does not divide a. Thus, m € R,.

Assume that s is a prime. Thus, 2|o((a? + 1)/2). Write p for the order at
which 2 appears in the prime factorization of a? — 1. If (a? — 1)/2* is not a
perfect square, it follows that we may set d := a? — 1, and then 2’“\0((12’c -1,
therefore m € R,. If (a® —1) /2 is a perfect square, it follows that u is odd, and
therefore a? — 1 = 222 holds with some positive integer z. Clearly, 5 fa, because
the congruence —1 = 22%(mod 5) is impossible. If s # 5, it follows that we may
set d := 5, and then both primes 5 and s will appear at an odd power in the
factorization of 5(a? + 1). Clearly, 5 is coprime to a® + 1 for i > 2, and thus it
follows that 2%|o(5(a2+1)-...- (a®* " +1)), therefore m € R,. Finally, if s = 5,
we get that a? + 1 = 10y?, and therefore a* — 1 = 20(yz)2. The only solution
of this equation is for a = 3 (see [2]). In this case, 0(3'6 — 1) is a multiple
of 24, and by the previous arguments it follows that if we set d := a® — 1 and
m = a®" — 1, then 2%|o(m) holds for all k& > 4. This completes the proof of
Lemma 1. a
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We now let x to be large. We want to construct such an m like in Lemma
1, so that the inequality

(5) a®™ < exp(y/log x)

holds. Certainly, inequality (5) is equivalent to o(m) < (log"/?z)/loga. But
o(m) < mlog,m < a® log,a?"
particular, it follows that the inequality o(m) < a2""" holds for large values of

k as well. Thus, in order for (5) to hold, it suffices that a?"" < (log'/? x)/loga
holds, which is implied by

< 2"k holds for large values of k, and, in

(6) gkt1 o logy _logQa'
2loga  loga

Thus, with ¢ any constant so that ca < 1/(2loga), we get that inequality (5)
holds for large = provided that 28! < ¢y log, . We choose k to be the largest
possible integer so that this last inequality holds. In particular, 28 > ¢3 log, x,
where c3 := ¢a/4.

To continue, we need to know some lower bounds for 7(o(m)), where m is
the number constructed in Lemma 1.

Lemma 2. Let m € R, be the number appearing in Lemma 1. There exist two
constants cq := c4(a) and cs := c5(a), depending on a, so that if k is sufficiently
large, then o(m) has at least cq - 2F divisors of which at least csk of them are
odd.

Proof. We let cg to be a constant which is a positive integer to be fixed later,
and we look at the numbers of the form

a®t 41 a?? +1 a?’ +1
(™ U( 27 )U( 27 )U( 27 )’
where k > i3 > i3... > igs > ¢g and v = 0,1 according to whether a is even
or odd. It is clear that all these numbers are divisors of o(m). The question
reduces therefore to showing that a positive proportion of those are distinct.
Well, let us assume that

g a®' 1 a? 1 a?® 41
(8) U( 27 )0( 27 )U( 27 )

a1 a®? +1 a® 41
_U< 27 >0< 27 )U( 27 )

holds where k > i1 > io > ... > i > cg, k > j1 > Jo > ... > jgo > g, and
(t1y...,%s) # (41,-..,Js). We shall first show that there exist a constant ¢z, so
that the number shown at (7) satisfies

(9) (a2711 + 1) . (a2772 + 1) . ' (a215 + 1) _ 042’:1+.~+27"'S
o 77 o 77 o PR
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Indeed, for every odd prime number p which divides a2 + 1 for some i, write
t(p) := 2%, Clearly, t(p) is uniquely determined. Using the fact that the inequal-
ity o(n)/n < n/¢(n) holds for all positive integers n, we get

2%1 1 212 1 2ts 1
(10) O'(a i )'O’(a + )J(Q)
27 27 27
2014 42t 27 4 1)/97
Sl | (G5 ) H¢ai1;r1>//2v)
j=ce j=ce
201 4. 42is
a 1
<5 11 (1 + —1)
t(p)=27
j>ce

In [7], it was shown that the sum of the reciprocals of all prime divisors of the
Fermat numbers is convergent. The same argument from there can be used to
lead to the conclusion that the sum of the reciprocals of the prime divisors of the
numbers of the form a?" 41 for i > 1 is convergent as well. This and (10) imply
(9). We now return to (8), assume that {i1,...,4s} is disjoint from {1, ..., js },
and assume that 4; > j;. Write S := 2% + ... 4+ 2% and S’ := 271 + ... 4 20+,
Using the trivial lower bound o(n) > n on the left-hand side of (8), and using
(9) to get an upper bound for the right—hand side of (8), we get

C7

-5’
(11) a < EICEDk

Since max(s’, s) < i1, it follows that the estimate S—S’ = O(41) holds, where the
constant understood in O above depends on a. It is now easy to see that since the
binary digits of 1 of S and S’ do not overlap (they are concentrated in different
positions), there exists a constant cg so that j; =i1—1,j0 =i1—2,...,5; =411
holds for I < logi;/log2 — ¢s. But this shows that s < logiy and s > i;. In
particular, if 4; is large enough, then (11) with v = 1 shows that 55 <1,
which is impossible because S > S’. Thus, the only possibility when 4; is large
enough (i.e., when i; > ¢g and c¢g is large enough) is when v = 0, for which we
get S — 5" =0O(1). But since is > cg, js > cg, we get that S — S’ is a multiple
of 2%. This together with the fact that S — S’ = O(1) leads to a contradiction
once cg is chosen to be sufficiently large. Thus, we have shown that all the
numbers shown at (7) are distinct. The number of such numbers is

k*Cﬁfl
Z (k—l—C6) :2k—1—c6 :C4'2k,
S

s=0

where ¢4 := 2717 (the choice s := 0 above accounts for the divisor 1 of o(m)).
It remains to find a lower bound for the number of odd divisors. For this,
it suffices to find an upper bound for the exponent at which 2 divides o(m).

Write A; for the exponent at which 2 divides 0((a2i + 1)/27), where again
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v = 0,1 according to whether a is even or odd. Let ; be the number of
prime divisors counted with multiplicities of (aT + 1)/27. Since every prime
divisor p of (a®" +1)/27 is congruent to 1 modulo 2**! for i > 1, it follows that
a® > (a® 4+1)/2 > (271)% and therefore ; < 27/i. Assume p°®||a® +1, where
pis odd. Then, o(p®) = p® + ...+ 1 = a + 1(mod 2¢t1). Since a < Q; < 2¢/i,
it follows that if i > cg is sufficiently large, then o + 1 < 2!, Thus, the order
at which 2 divides o(p®) is at most log(a+1)/log 2 < «. This argument shows
that \; < Q; < 2¢/i. Thus, the order at which 2 can appear in o(m) is

k=1 o5 k ot k
2 2 2
4 — <K —dt < —.

Since the total number of divisors of o(m) is > 2*, we get that the number of
odd divisors of o(m) is > k, which concludes the proof of Lemma 2. 0

We now continue with our argument. Since for us we have 2* > c3log, ,
Lemma 2 shows that 7(c(m)) > ciplogy z and that at least c¢q11loggz of the
divisors of o(m) are odd, where ¢19 = ¢35 - ¢4, and ¢17 can be taken to be any
constant slightly smaller than ¢5/log2 provided that z is large. Let d be any
divisor of o(m). By the primitive divisor theorem (see [5], [3]), there exists a
prime number p|a® —1 (in particular, dividing a®(™) —1) so that p fa' — 1 for any
positive integer t < d, except possibly if d = 1,2,3,6. Thus, a®™ —1 has at least
T(o(m)) — 4 > cy9log, x — 4 prime factors. Of course, some of these are prime
factors of m. However, since w(m) < logm/log, m < 2% /k < (log, x)/(logs ),
it follows that a®(™ — 1 has at least ¢2 logy x odd prime factors coprime to m,
where c12 can be taken to be any fixed constant smaller than ¢19. Choose \ :=
|1 log, ] such prime factors of a”(™ —1, where ¢; := min{c;1,1/(2log2)}, and
let M be the product of all of these. Then m and M are coprime, Mm|a”(m) -1
and o(mM) = o(m)-o(M). Clearly, o(M) is a multiple of 2* < log!/? z. From
(5), we get

(12) a?olm 1 < g2olm) < eloar — o

We now count the number of divisors of 2*c(m). The number of them is at
least A + 1 times the number of odd divisors of o(m), and so it is at least
c13log, xlogs ¢, where c13 := c11 - c12. By the primitive divisor theorem, the
number a2 7™ — 1 will have at least c13log, xlogs ¢ — 4 prime factors. We
now show that most of these are coprime to mM. Indeed, w(mM) < w(m) +
w(M) = A+0(logy z/logs ) < log, x, therefore indeed a2 7(m) _1 has at least
c14 log, xlogs « prime factors coprime to mM, where we can take cj4 to be any
constant strictly smaller than c¢13. Let d be an arbitrary squarefree number built
up with these primes. Then n := mMd has o(n) = o(m)o(M)o(d) a multiple of
22¢(m), and n|a® ?(™) — 1. In particular, n < . Thus, n is counted by #R,(z),
and the number of such numbers n is > 2¢141982 210852 — oxp ()5 log, 7 logs ),
where ¢15 := c141og 2. Theorem 1 is therefore proved.
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3. The proof of Theorem 2

For every positive integer n, we write P(n) for the largest prime factor of n
with the convention that P(1) := 1. For 1 < y < z we write ¥(xz,y) := #{1 <
n < x| P(n) < y}. For this proof, we shall need some estimates for ¥(x,y) once
x is large and in a certain range of y versus z. The following result appears in

[9].

Lemma 3. Suppose that € > 0 is arbitrarily small, but fized. If y satisfies
exp((log 7)¢) < y < exp((logx)' %), then

_logx

(13) U(z,y) = zexp((—1+ o(1))ulogu), ui= ey’

We now let z be large, and set y := exp(cy (log z log, 2)'/?), where ¢; is a
constant to be fixed later. Clearly, for large x our y satisfies the condition from
Lemma 3 with € :=1/3.

Let A1(z) := {1 < n < z|P(n) < y}. Then u := logx/logy = 2/c1 -
(log z/logy 2)'/?, therefore ulogu = L - (1 4 o(1))(log z log, x)Y/2. Thus, with
Lemma 3, we get that

(14)  #4(@) = W(n,y) =z -exp(~ Lt o(1))(log wlog,)"/?).

C1

Let Az(z) := {1 <n <x|n ¢ Aj(x) and P(n)?|n}. Clearly,

(15) #As(x) < Z ]% = o(g) < x - exp(—c; (log x log, 2)/?).
P>y

We now assume n € R,(x) for some a < 2logz, and suppose that n ¢
Aq(z) U Az(z). Then n = mP, where P > y, and P(m) < P. Fix a and for a
prime p, let ¢,(p) be the order of apparition of p in the sequence (a™ — 1),,>1.
That is, t(p) is the smallest positive integer k so that p|a*® —1 (and it is infinity
if pla). Let P, := {p prime|t,(p) < p'/3}, and for any positive integer z let
Po(2) := {p € Pa|p < z}. We claim that the inequality #P,(z) < 22%/3loga
holds uniformly in @ > 1 and z > 1. Indeed, fix the number z. Then, every
prime number counted by #7P,(z) satisfies p|a® — 1 for some positive integer
k < z'/3. In particular,

H p< H (a* —1) <exp(1oga( Z k)) < exp(z*?loga),

PEPq 1<k<zl/3 k<2z1/3
p<z -

where the last inequality holds for all z > 1. Let ¢t := #P,(z). Since the product
on the left is at least Hle pi > 2t = exp(tlog?2), where 2 = p; < py < ... are
all the prime numbers, it follows that

1
(16) t< %22/3 < 22*3loga.
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Let As(z) :=={1 <n<z|n ¢ Ai(z)UAs(x), P(n) € P, holds withsome a <
2logz}. Fix the number a and the number m. Then n = Pm, and P < z/m.
By (16), it follows that the number of such numbers P when a and m are
fixed is < 2(x/m)%/? -loga. Summing up over all a < 2logx, we get that the
number of such numbers n with m fixed is < 4logz(log(2log z))(z/m)%*/3 <
5log xlog, x(x/m)?/3, with the last inequality holding for large values of z.
Summing up over all the values of m, and keeping in mind that m < z/y, it
follows that

2/3 1
17 #As(x) < blogxlogy x z = 5223 log xlog, —
2 2 2/3
1<m<z/y m 1<m<z/y m
z/y dt ti=x/y
<<x2/3logxlog2x/ W<<x2/3logxlog2x-tl/3t )
1 =

1 1
LT — exp(—SH(1 + of1) (log w log,y 2)'/?)
y 3

Finally, let A4(z) := {1 < n < z|n € R,(z) forsome a < 2logz and n ¢
Ai(z) U Az(z) U As(x)}. Fix again the number m and the number a. Since
n ¢ As(z), it follows that o(n) = o(m)(P + 1). Since n € R,, it follows that
P|a®(™P) —1, therefore P|a("™)(P+1) —1. However, from the definition of t,(P)
and Fermat’s Little Theorem, we have that t,(P)|(P — 1). In particular, it
follows that t,(P)|ged(P — 1,0(m)(P + 1)), therefore t,(P)|ged(20(m), P — 1).
Write d := tq(p). It follows that d is a divisor of 20(m), and P = 1 (mod d).
Moreover, since n & A;(z) U As(z), it follows that d = t,(P) > PY3 > 41/3,
Since P < x/m and P = 1(modd), it follows that with m, a and d fixed, the
number of such numbers n < z is at most 7(z/m,1,d) < z/(md), (note that
d < P, therefore md < mP < x). Keeping m and a fixed and summing up over
all d > y'/3, we get that the number of such n is

-7(20(m)) < L 7(m)

(18) < -

y1/3m
The upper bound (18) is independent on a, so that we get that the number of
numbers n € A4(x) for which m is fixed is

xzlogz 7(o(m))

(19)

yl/3 ' m
Summing up over all m < x, we get that
xlogx 7(o(m))
(20) #A4(z) < e > —.
m<z

The following lemma is an adaptation of a result from [8].

Lemma 4. There exists an absolute constant c3 so that for x sufficiently large
holds the inequality

(21) Z 7(o(n))/n < exp(cs(logz)/?).

n<r
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We postpone for the time being the proof of this lemma and we complete
the proof of Theorem 2. With (20) and Lemma 4, it follows that

(22) H#A4(x) <z exp(—%l(log zlog, )2 + log, © + c3(log x)1/2>

=z exp(f%(l + 0(1))(log z log, w)1/2>.

It is now clear that the sum of #A;(x) for ¢ = 1,...,4 is an upper bound
for the number of n < x which belong to Rq(z) for some a < 2logz, and
comparing (14), (15), (17), and (22), it follows that the estimate # Ui<q<210g 2
Rq(z) < xexp(—cs(logzlogy z)'/?) holds for large = with any constant cs so
that ¢3 < min{1/c1,c1/3}. The best cut point for our constant cg is, of course,
achieved when 1/¢1 = ¢1/3, ie. ¢ = V3, and therefore the constant ¢y from
the statement of Theorem 2 can be chosen to be any constant strictly smaller
than 1/4/3, and then estimate (3) will hold once x is sufficiently large.

The proof of Lemma 4. This is a simplified version of the method proving the
main Theorem in [8], where we gave lower and upper bounds for the mean
value of the function 7(¢(n)) in the interval (1,x). We use the fact that the
inequality 7(mn) < 7(m)7r(n) holds for all positive integers mn. For every
n=1lpem p®?, where the numbers p denote distinct primes and ¢, denote
positive integers, we use the above inequality to say that

(23) o) < [ 7(c(®
p°P||n

We let = be a large real number, s > 0 to be a parameter depending on x to be
chosen later, and write U(z) := >, __7(o(n))/n. We use (23), to say that

e vwsy ¥ T H

k>0 o1 ., »,

n<x

. Yk,
Py . pk <z

k>0 P(;l ..... pak pl i=1 pl
p‘fl P‘Zk<z
s __ .8
SPD ) H abms =2 ]I (1+Z LAY
kzop;"17__ p =1 P 2<p<z a>1
p+1
~exp(stoga s Y 0D 55 o)y
2<p<z p>2 a>2

where the indices of summation p;** in (24) stand for distinct prime powers > 1,
and in the inequality (24) we used the fact that the inequality 1 + y < exp(y)
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holds for all y > 0. And so, with Rankin’s method, it suffices to find a value of
s, depending on z, so that the expression appearing in the right—hand side of
(24) is as small as possible. Let us first notice that the double sum appearing
in the right-hand side of (24) is O(1). Indeed, for every £ > 0, there exists n.,
so that if n > n. then the inequality 7(o(n)) < n® holds. Taking € := 1/3, we
get

(25) Z Z a(1+s) )+ Z Z 204/3

p>2a>2 p>2a>2
)+ Z 4/3 Z 2[3/3 <1+ Z 4/3 =
p>2 B>O p>2

So, we shall now concentrate on finding, for a given large value of x, a parameter
s > 0 such that

(26) f(s):=slogz + Z p1—+|-81

2<p<z

is as small as possible function of z. For any positive real number y, let C(y) :=
> 9<p<y T(p+1). From [4], we know that there exists an absolute constant cy
such that

ylog, y
2 = _—
(27) C(y) C4y+0( oz 4 )

holds for large values of y. We use partial integration and (27) to get that

Z T(p+1) _ C(x)—i-/xl_‘_SC(t)dt

p1+s x1+s t2+s
2<p<z
T (1+5s)ey loglogt
= O(1 ——— 40| /= dt
( )+/2 tits + t1tslogt

= 0—4(1+s)(2737x*8)+0 <loglog:c/ i)
8 2

tit+slogt

We assume that 1/logz < s < 1. The last integral may be broken at el/s.
The integrand for ¢ smaller than this bound is < 1/tlogt, and in the remaining
range the integrand is < 1/stlog®t. So the integral in the first range is <
log(1/s) <loglogx, and in the second range is < 1. Hence,

3 p+1) _ “ (27 — 27) + O((loglog 2)2),

I+
b2 PTS
so that
(28) f(s) < slogz+ %4 + O((loglog x)?).

Setting g(s) := slogz + c4/s, we have ¢'(s) = logx — c4/s?, and therefore g(s)
is minimal when s = s, := y/c4/logz. Substituting this value of s in (28) and
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setting ¢ 1= 24/c,, we get f(s;) = cs\/Iogx + O((loglog x)?), and putting this
together with (25) into (24) we get

(29) U(z) < exp(csy/logz + O((loglog z)?)),

which proves (21) for large x, where the constant cs appearing in (21) can be
taken to be any constant strictly larger than our cs.
This completes the proof of Lemma 4, and the proof of Theorem 2. ]

4. The proof of Theorem 3

We let § < 1/2 be fixed so that inequality (4) holds for all z > x5. We
let € > 0 be some sufficiently small number which we shall later on make more
explicit in terms of 6. We write D for the set of all numbers 1 < d < x%, where
a = ((1 —9)? —¢£)/d having P(d) < y, where y := 2°. Write z := 2179, For
every odd prime number ¢ < y we write D, for subset of those d € D which are
coprime to ¢. Fix such an odd prime number ¢. For any d € D, write a4 4 for
the uniquely defined positive integer < dg which is congruent to 1 modulo d and
—1 modulo ¢q. Such an integer exists and is unique by the Chinese Remainder
Lemma, and is coprime to both d and q. Note that the inequality dg < (dz)'—°
holds, because this inequality is equivalent to d’q < z'~9 = x(l_‘s)z, and this
last inequality is satisfied because d%¢ < d%y < 9t = (19 holds by our
choice for a. With our assumption, for large x (that is  so large so that the
inequality z = 2'~% > x5 holds) we have that

S m(dz) S 7(dz) dz 226

(30) m(dz; ag.a,dg) = 2¢(dq) — 2dq ~ 2dgqlogdz > (1—-9d)qlogzx’

where in the above estimates we used the fact that 7(t) > ¢/logt holds for all
t > 17 (see [10]), in particular, for ¢ := dz with = sufficiently large, together
with the fact that

(31) logdz =logd + log z < alogx + (1 — §) logx

— 52 —
< ((1 66) +(1—5)> logz = u (55) log .

Summing up (30) over all d € Dy, it follows that

226
32 dz; dq) > ———— - #D,.
(32) Zﬂ-( %5 Qq,d> Q)_(l—d)logxq #D,
deD,
We claim that there exists a constant ¢; := ¢1(d,¢) such that for large x the
estimate

(33) #Dy > c12®
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holds. Indeed, it is clear that
P
(34) #D, = W(a®y) - V(" y).

Write u := log(x®)/logy = a/e, and u, := log(z*/q)/logy = (a—log g/ logx)/e.
By Theorem 6 on page 367 in [14], we know that

le% «

(35) W) =pwe + O3 ) =p(2)e" +0c(3 )

where p stands for Dickman’s function. In particular, if ¢ > log x, then ¥(x*/q,y)
< a%/q < z%*/logx, and therefore with (34) and (35), we get that

W (o () > ()

with the last inequality holding for > x5.. If, on the other hand, ¢ < logz,
we then get

e (e}

e} a—%ogq T T
(2) o) 0 ()
€ € q log x

log ¢

o 1 o O~ ocm T %
(5)-(1=3) =+ (0(2) —e(==")) - 7 0 (53)

€ q € € q log x

1 ] 1

(2) (1 1) om0, (Tlom2ny L 1 (0 e

€ q ’ log x 2 €
holds for sufficiently large values of x, where in the above estimates we used the
intermediate value theorem for the function p in the vicinity of a/e for large
values of z, together with the fact that 3 < ¢ < logz. This proves (33) with
¢ := p(afe). Writing co := 2dc¢1 /(1 — 0), we get that

#Dq

1

p
p

|
|

zx®

(37) Z 7(dz; aq,q,dq) > chlogaz'
deD,

The left-hand side of (37) clearly counts all pairs (d,p), with d € Dy, p prime,
p < dz so that p—1 = dm and p+ 1 = gn hold for some integers m and n with
m < z. Since m can assume at most z values, it follows that there exists a value
of m, let us call it m := my, so that the number md+1 is a prime number p with
p+1 = 0(mod ¢) for a subset of numbers d € D, of cardinality > c12*/(qlogz).
Fix such a value of m, and let P; be the set of such resulting primes p with
(p—1)/d =my for some d € Dy, and also p + 1 = 0(mod ¢). We do this for all
the prime numbers ¢ < y which are odd, and we obtain pairs (mg, P,) formed
of positive integers my < z = 79, and primes Py. Of course, we have lower
bounds on the cardinality of P, which are uniform in g, but for our purposes
we will need to select subsets of primes Pé of P4, so that the cardinalities of
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these are still sufficiently large, but so that moreover all such are disjoint for
distinct values of the parameter q. We show that if = is sufficiently large in a
way depending on 0 and ¢, we can then choose subsets P, of P,, so that the
inequality #7P, > 32>73¢ holds for all odd ¢ < ¥, and so that all these subsets
are disjoint for distinct values of ¢q. To see that we can do this, let us assume
the contrary, that is that there is no way of choosing such subsets. Write k for
the largest positive integer, k < m(y) — 1 := the number of odd primes below y,
so that there exists k odd primes ¢1, ..., qr smaller than y and for each one of
these a subset P of Py, of cardinality |32*73¢] + 1 but so that for any other
q < y distinct from ¢;,i := 1,..., k, there are less than 3z*73° elements in P,
which are not already in UlSiSkP(,h- Well, note that if this is so, we then have

(38) # Ur<ici Py, < m(y) (327 + 1) < 6272,

However, since ¢ < 2°, and since the inequality z°/2 > log x/co holds for all
sufficiently large values of =, we get by (37) that

(39) #P, > 073/ > 62072 £ 3p07% 41

Thus, with (38) and (39), we do conclude that such a maximal value of k <
7(y) — 1 does not exist, so that we have indeed proved the existence of pairs
(Mg, Py)a<q<y formed by numbers m, < z together with sets of primes P,
so that every prime p € P, has p — 1 = 0(modmg), P((p — 1)/m,) < z°,
p+1 = 0(modg), and the sets P, have the properties that #P, > 3z~ 3,
and moreover P, NPy = () holds for all 3 < ¢ < ¢’ < y. For every odd
q < y, we eliminate all the prime numbers p < y which might belong to 77,’1 and
write P,/ for the remaining subset of P;. Clearly, the cardinality of P, satisfies
#P) > #P, —w(y) > 3w —a° > 2273 if ¢ is chosen sufficiently small,
say such that 4e < a holds.

We now look at the numbers m, for odd values of ¢ < y. Clearly, m, and
q are coprime because mgy|p — 1 and ¢[p + 1 for p € P;/. We fix such a prime
number ¢, and choose a number [(g) which satisfies the following properties:

i mg|(¢"? —1)/(q —1);

ii. I(q) satisfies the inequality z/2 < l(q) < z.

It clearly suffices to prove the existence of a positive integer I(q) < z which
satisfies i above. Indeed, if a positive integer I(q) < z satisfies i above, then
either I(q) > z/2, in which case I(q) satisfies ii above as well, or I(¢q) < z/2. In
this last case, any multiple of {(g) will satisfy i above as well, and the interval
(2/2, z) will contain a multiple of I(q). Thus, by replacing I(q) by some multiple
of it which lives in the interval (z/2, z), we have produced a number I(q) which
satisfies both i and ii above. To produce a positive integer I(q) < z satisfying i
above, write

(40) mg = H pap,q

pPd||mg
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and let
(41) Uq) = lem[u(p®™?) [ p*77||lmg],

where

p(pra), ifplg—1;
42 U po‘p,q = { o .
42) ") pere, if plg—1.
It is easy to see, say by Euler’s Theorem together with the standard divisibility
properties of the Lucas sequences, that if the prime factorization of m, is given
by (40), then the number I(g) constructed at (41) and (42) satisfies i above, and
clearly I(q) < mg < z. Thus, there exists a number [(g) satisfying both i and ii
above. We also set [(2) to be any number in the interval (z/2, z).

We write:

(43) ng = H -1,

2<q<y

We also write ¢ := |z, and consider numbers n of the form

(44) n:=mng- H Mq,

2<qg<y

where each one of the numbers M, is squarefree, has precisely ¢ prime factors,
and all of them belong to P;'. From now on, the proof of Theorem 3 proceeds
in the following way. We first show that if = is sufficiently large with respect
to £ and 0, then every number of the form (44) belongs to R. We next find an
upper bound, call it 7', for all the numbers of the form (44). Finally, we find a
lower bound for the count of all the numbers of the form (44), and we complete
the proof of the theorem.

4.1. The numbers shown at (44) are in R.

It is clear that n € R if and only if A(n)|o(n), where A(n) stands for the
maximal order of elements in the multiplicative group modulo n. The function
A(n), which is also called the Carmichael function, has the property that if
n =[] ap ), p** then A(n) = lem[A(p®) | p®»||n], where A(p®») = p*»~L(p—1)
holds whenever p > 2 or o, < 2, and A(2*?) = 292=2 }olds when ag > 3.

We now compute A\(n) where n is as shown in (44). Since P, are disjoint
and free of primes p < y, we get

(45) A(m)| lem[g(no), #(M,) | q € ;]

-1
llcm{ql(Q)’Q(q—l), mq, (pq ) |2<q<y, p€Py|.
Mg
We claim that (45) implies that

(46) A(n)|ng -lem[mg | 2 < g < yl.
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Indeed, the point is that if p, € P/, then (p, —1)/my is a number d < 2 whose
largest prime factor is at most y. Thus, the power at which any fixed prime
g < y can appear in the factorization of (p, — 1)/m, is at most log(x®)/log2 =
alogz/log?2 < z/2 = x'79/2, with the last inequality holding for = sufficiently
large with respect to 0 and €. In particular, the exponent at which every fixed
prime can appear in the prime factor factorization of (py —1)/my is smaller than
I(g). Moreover, since g < y, it follows that all prime factors of ¢ — 1 are also
smaller than y, and the same argument as above shows that if ¢1|¢ — 1, then
q1 # q and the exponent at which ¢; can appear in the prime factor factorization
of ¢ — 1 is less than I(g;). These remarks show that (45) implies (46).

We now show that the number appearing in the right-hand side of (46) is a
divisor of o(n), where n is given by (44). Clearly, since P, are disjoint and free
of primes ¢ < v, it follows that

l(q) _
1) o) =ome) [] cM)= ][ % I ITe+D

2<q<y 2<q<y 2<q<yp|M,

From the way we have chosen the numbers [, it is clear that the first product
appearing in (47) is a multiple of m,, for all odd ¢ < y. Thus, it suffices to show
that ¢"(9 divides the number appearing in the right-hand side of (47) for all
g < y. Fix such an odd prime g. Since M, contains t = |z| > I(g) prime factors
in 73('1’ and all such are congruent to —1 modulo ¢, it follows that ¢* divides the
number appearing in the right-hand side of (47). In particular, ¢"?) divides
this number. This is true for all odd primes ¢ < y. For g = 2, this is also
true because all primes p dividing M,, for some odd ¢1 < y are odd (in fact,
they are larger than y, and so of course larger than 2), so 2 divides the number
appearing in the right-hand side of (47) as well. Thus, every number n given
by (44) is indeed in R.

4.2. An upper bound for the size of the numbers shown at (44)
Note that
(48)  ngp < exp (z Zlog q) = exp (zy(l + 0(1))) = exp(2! 7% (1 + o(1)),
<y

with the estimate (48) following from the Prime Number Theorem.
Moreover, if p € P, for some odd ¢ < y, then p — 1 = dm, for some d < 2

and my < z, therefore p < 2%z = 219 Thus,

(49) 1 M. < exp((w(y) - 1)t1og(xa+1—5))
= eXp(loZy z(a+1—=0)logz-(1+ 0(1))) = exp(%l_&xl_‘;”(l + 0(1))),

with estimate (49) following by the Prime Number Theorem. With (48) and
(49), we get
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(50) n < exp(wls;ém SO 4 0(1)))
- exp((a +1- 5; e)(1+e) .x175+5) =T,

with the right most inequality in (50) holding for all x sufficiently large with
respect to § and e.

4.3. A lower bound for the number of numbers of the form (44)

While we did not say this up to now, it is implicit that at least one number
of the form (44) exists only when § < 1/2. Indeed, in order to be able to
construct a number M,, we will definitely need that #7P, > ¢ holds. We show
that z%73° > z > t holds with ¢ sufficiently small with respect to § when
0 < 1/2. Indeed, in order for the above inequality to hold, it suffices that
a — 3¢ > 1— 0 holds. With the formula for «, this last inequality is equivalent
to ((1—6)2—¢)/6 — 3 > 14, which is equivalent to (1—4)(1—25) > (36+1)¢,
and this inequality does hold when § < 1/2, and ¢ is chosen so that

(I =6)(1—20)

(51 30 +1

In particular, with such ¢, and since #P/ > 22°73, we get that #P) —t >
2273 > t. We now note that the number of possibilities of choosing numbers
of the form (44) is precisely

() I (*7) > I (P7t)s (y

2<qg<y 2<qg<y

— (xa—(l—é)—Ss)t(ﬂ(y)—l) — exp(t(ﬂ'(y) _ 1) log(xa—(l—é)—&s))

- exp(lozgy (a—(1—08)—3)logz- (1+ 0(1)))
_ exp((a — (1 _65) — 36) . x175+5(1 + 0(1)))

In particular, for large x, the number of numbers of the form (44) is at least

eXp((a - (1 - 6)5_ 35)(1 — 6) _x1—6+s) — Tﬁ,

where the exponent ( is given by the formula
(a—(1—-9)—3e)(1—¢)
(a+(1=8)+e)(1+e)

(53) B =

The limit of 3 as a function of ¢ when ¢ — 0 is

(1-0)?/0-(1-0) (1-9)1-2) ., .
(1-02/5+1-0 (1-9) |
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In particular, if e; > 0 is arbitrary, there for every € > 0 and bounded above
by some function depending on both § and e; has the property that both the
inequality (51) and the inequality 8 > 1 —2§ —¢; are satisfied with such a value
of €. Replacing now 1 with e, we get the assertion of Theorem 3.
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