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THE -DUALS OF SOME MATRIX DOMAINS IN FK
SPACES AND MATRIX TRANSFORMATIONS!

Eberhard Malkowsky?, Ekrem Savas®

Abstract. We prove general results that reduce the determination of the
[—duals of matrix domains X7 of triangles in certain F'K spaces X to that
of the f—dual of X, and the characterization of matrix transformations
on X7 to that of matrix transformations on X.
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1. Introduction

By w we denote the set of all complex sequences © = (z1)5>,- Let s, c,
co and ¢ be the sets of all bounded, convergent, null and finite sequences, cs
and bs be the sets of all convergent and bounded series, and ¢, = {z € w :
S reolzk]P < 00} for 1 < p < oo

By e and e(™ (n =0,1,...), we denote the sequences with e; = 1 for all k,
and e;n) =1 and e,(cn) =0 for k # n.

An FK space X is a complete linear metric sequence space with continuous
coordinates Py, : X — C where Py(z) =z for all x € X and k =0,1,...; a BK
space is a normed FK space. We say that an FK space X D ¢ has AD if ¢ is
dense in X; we say that X has AK if 2™ = >"7" j2pe® — 2 (n — o0) for
every sequence = = (z3)32, € X.

If X and Y are subsets of w, and z is a sequence, we write 271 x Y =
{r ew:az = (zpar)iey € Y} and M(X,Y) = (exaz ' *Y = {2 € w:
zx € Y for all x € X} for the multiplier of X and Y. In the special case when
Y = cs, we write 2% = 27! xcs, and the set X# = M (X, cs) is called the 3-dual
of X.

Let A = (ank)ﬁ“fk:o be an infinite matrix of complex numbers, = be a se-
quence and X be a subset of w. Then we write A, = (ank)p>, and Ak =
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(ank)22, for the sequences in the n—th row and the k—th column of A, A, (x) =
> e otnkzr (n = 0,1,...) and A(z) = (A, (2))5%,, provided A4, € 2P for all
n. The set X4 = {z € w: A(z) € X} is called the matriz domain of A in X.
Given any subsets X and Y of w, then (X,Y’) denotes the class of all matrices
A that map X into Y, that is for which A,, € X7 for all n and A(x) € Y for all
x € X, or equivalently A € (X,Y) if and only if X C Yjy.

A matrix T is said to be a triangle if t,;, = 0 for all k > n and t,, # 0
(n=0,1,...). A subset X of w is said to be normal if z € X and |yi| < |zk]
(k=0,1,...) for some sequence y simultaneously imply y € X.

In this paper we prove general results that reduce the determination of the
[—duals of the matrix domains Xt of triangles in certain F'K spaces X to that
of the —dual of X, and the characterization of matrix transformations on Xt to
that of matrix transformations on X. Furthermore, we give some applications
of our general results.

2. The — duals of matrix domains of triangles

In this section we reduce the determination of (X7)” to that of X”.

Throughout, let T' = (tnx)5,—¢ be a triangle and Z = Xr. It is well known
(cf. [11, 1.4.8, p. 9] and [1, Remark 22 (a), p. 22]) that every triangle T has
a unique inverse U = (unk);S,—o Which also is a triangle, and 2 = T'(U(z)) =
U(T(z)) for all x € w. Without explicitly mentioning it each time, we will
frequently use the trivial facts that z € X if and only if z = U(x) € Z, and
z€ Zifand only if  =T(z) € X.

Proposition 2.1 Let T be a triangle, X and Y be subsets of w and a € w. We
define the matriz B = B(a,T) by B* = aU*, that is byx, = apunk for 0 <k <n
and by = 0 for k > n (n = 0,1,...). Then a € M(Xp,Y) if and only if
Be (X,Y).

Proof. This is trivial since B(z) = aU(z) = az. O
If (X,d) is a linear metric sequence space and a € X, we write

Ss =Sxs={r €w:d(z,0) <} (6 >0)and S=Sx =5 for short,

and
oo

E ATk

k=0

lallp = llallx,p = Sup{ RS Sl/D} (D >0),

provided the expression on the right exists and is finite, which is the case when-
ever X is an FK space and a € XP (cf. [11, Theorem 7.2.9, p. 107]). If X is a
BK space, we write

all < 1} |

9]
E g

k=0

lall* = llallx = Sup{
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It follows from [11, Theorem 4.3.12, p. 63] that if X is a BK space so is Z with
Izllz = 1T ()| (z € Z), and so Sz = Sx.

If A is a matrix, we write A’ for its transpose, that is al, = ay, for all
n,k=0,1,.... We define the matrix ¥ = (0x);5—0 by ok =1 for 0 <k <n
and opp, =0for k>n (n=0,1,...).

To be able to determine (X7)? in the case when X is an FK space, we need

Lemma 2.2 Let X be a normal FK space with AK. We put R = Ut. Then
(X1)? C (XP)g.

Proof. We assume a € Z° and write C = XB where B is the matrix defined
in Proposition 2.1. Then B € (X, c¢s) by Proposition 2.1, and this is the case
if and only if C € (X, ¢) by [7, Theorem 3.8, p. 180]. Since A is an FK space
with AK it follows from [7, Theorem 1.23, p. 155] and [11, 8.3.6, p. 123] that

(2.1) Ri(a) = lim ¢y, = Zajujk exists for each k,
j=k

and sup,, |Cn|% p < oo for some D > 0, that is there is a constant K such that

n
§ CnkTk

k=0

(2.2) |Cr ()] = < K for all n and for all x € Sx 1/p.

Let © € X be given and § = 1/(2D). We define the sequence & by Zj =
xpsgnRy(a) (k=0,1,...). Then Z € X, since X is normal. Furthermore, since
Sx,s is absorbing (cf. [10, Chapter 4.1, Fact (ix), p. 53]) and X has AK, there
are a real A > 0 and a non negative integer mg such that §l™ = x=1zl™ ¢ Sx.s
for all m > mg. Let m > myg be given. Then for all n > m by (2)

Z cnkTrsgnRy(a)| = A

k=0

Zmz},&m]‘ = ]Cn(g[””)‘ <K,
k=0

and so by (1)

> [Ri(a)zx| = A lim |Cp (™)) < AK.
k=0

Since m > mg was arbitrary, we conclude R(a) € x, and since z € X was
arbitrary, R(a) € (,cx 2° = X7, that is a € (X?)p. O

Theorem 2.3 Let X be a normal FK space with AK and R = Ut. Then
a € (Xr)? if and only if

(2.3) a€(XPg and W € (X, co)
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where the matrix W is defined by

[ X au (0<k<m) B
w"_{ 0 (k> m) (m=0,1,...).

Furthermore, if a € (X1)P then
(2.4) Z agzr = Z Ry (a)Ty(2) for all z € Z = Xp.
k=0 k=0

Proof. First we assume a € Z%. Then R(a) € X” by Lemma 2.2, and w
converges for all m and k, thus the matrix W is defined. Furthermore

m—1 m m
(2.5) Z apzp = Z Ri(a)Ty(z) — Zwkak(z) for all m and all z.
k=0 k=0 k=0

Let € X be given. Then z = U(z) € Z and so a € 2% and a € (2°)r. Thus
W(x) € ¢ by (5). Since z € X was arbitrary, we have W € (X, ¢) C (X, lo).
Furthermore, since Ry,(a) = 3272, a;u;, exists for each k, we have

(2.6) lim w,,; = lim Z ajuji, =0,
j=m

and by [7, Theorem 1.23, p. 115] and [11, 8.3.6, p. 123] this and W € (X, ¢s,)

together imply W € (X, cg) . Now if a € Z? then the conditions in (3) hold by

what we have just shown, and (4) follows from (5).

Conversely, we assume that the conditions in (3) are satisfied. Then z = T'(z) €

X and so az € cs for all z € Z by (5), that is a € ZP. ad
Using a different proof, we may drop the assumption that X is normal in

the case when X is a BK space.

Theorem 2.4 Let X be a BK space with AK and R = U'. Then a € (Xr)P
if and only if the conditions in (3) hold. Furthermore, if a € (Xr)? then (4)
holds.

Proof. First we assume a € Z°. Then, as in the proof of Lemma 2.2, we
conclude that condition (1) holds and

(2.7) C=3SBe (X, ).

From (1), we obtain that the matrix W is defined and again (6) holds. Further-
more, since X is a BK space with AK, condition (7) implies C* € (¢1, X?) by
[11, Theorem 8.3.9, p. 124]. Now X# is a BK space with

m
lylls = sup { > ypn
m

k=0

tx € SX} = [Jy™|% for all y € XP
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by [11, Example 4.3.16, p. 65]. Therefore, by [11, Example 8.4.1, p. 126], the
columns of the matrix C*, that is the rows of C are a bounded set in X?. Thus
there is a constant K such that

m
E CnkTk

k=0

(2.8) < K; for all m and n and all z € Sx.

Now (1) implies | Y1 o Ri(a)zi| < K for all m and all z € Sx. Since z € Sx
if and only if z € Sz, it follows from (5) and (8) that

m—1

g agzp

k=0

(2.9)  |[Wp(z)| < K1+ for all z € Sx, z € Sz and all m.

We define the linear functionals fp, (m =0,1,...) on Z by fi,(z) = Zzzol Qg2
Since Z is a BK space, we have f,, € Z* for all m, and a € Z? implies
limy, o0 fr € Z* by [11, Theorem 7.2.9, p. 107]. We are going to show that
the sequence (f,,)%_, is pointwise bounded. Then it is norm bounded by the
uniform boundedness principle, that is there is a constant K5 such that

m—1

E a2k

k=0

(2.10) | fm(2)] = < Ky for all m and all z € Syz.

Let z € Z \ {0} be given. Then |fn(z)| < ||fmll ||z|| or all m. Since f(z) =
limy;, 00 fm (%), there is a non—negative integer mgo = mg(z) such that |f,,(z) —
f(2)] < ||lz|| for all m > myg, and so |fm(2)| < (||f]] + 1)||z||. We put Ks(z) =
(max{|| f|| + 1, maxo<m<me | fmlI})|Zll- Then |fm(z)| < K2(z) for all m. Thus
the sequence (f,,)%°_, is pointwise bounded.

Now it follows from (9) and (10) that |W,,(z)| < K; + Ka for all m and all
x € Sx, hence sup,, [|[Wn|% < oo. It follows from this and (6) that W € (X, co)
by [7, Theorem 1.23, p. 155] and [11, 8.3.6, p. 123]. Finally, from (5) we obtain
R(a) € XP, that is a € (X?)g.

The converse part of the proof is exactly the same as in the proof of Theorem
2.3. O

Remark 2.5 Since (co,lo) = (¢,400) = (Uoo, o), the proof of Theorem 2.4
shows that Theorem 2.4 also holds for x = c and X =l .

Remark 2.6 It seems that the condition that X is normal is needed in the
proof of Lemma 2.2, hence in the hypotheses of Theorem 2.3. On the other
hand, however, some arguments in the proof of Theorem 2.4 fail in the case of
FK spaces, for instance the B—dual of an FK space need not be an FK space.
Thus the proof of Theorem 2.4 does not extend to F K spaces in general.
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3. Matrix transformations

In this section we shall prove a result which reduces the characterization of
the classes (X7,Y) to that of (X,Y).

Theorem 3.1 Let Y be an arbitrary subset of w, X be a normal FK space (or
a BK space) with AK and R =U". Then A € (Xr,Y) if and only if

(3.1) R* € (X,Y)
and
(3.2) WA € (X, ¢o) for allm =0,1,...

where R = AU and the matrices WA= (n =0,1,...) are defined by

_ 0<k<
w;?ﬁc = j:Zma 7tk O<k<m) (m=0,1,...).
0 (k>m)

Proof. First we assume A € (Z,Y). Then A,, € Z° for all n, hence the condition
(12) holds and
(3.3) R(A,) = (RY), € X” for all n

by Theorem 2.3 (or 2.4). Let € X be given. Then A,, € Z implies
(3.4) (R, (x) = An(2) for all n

by (4) and A(z) € Y yields R*(x) € Y. Thus the condition (11) also holds.

Conversely, we assume that the conditions (11) and (12) are satisfied. Then
(13) holds, and this and (12) jointly imply A, € Z? for all n by Theorem 2.3
(or 2.4). Now (14) again holds and we conclude that A € (Z,Y). O

4. Some applications

In this section we apply our results.
First we give an application of Proposition 2.1.

Example 4.1 Let p = (pr)i2o € loo:, P > 1 and g = pr/(pr — 1) for k =
0,1,.... Wewrite {(p) ={z € w: > prolzr|P* < o}, bv(p) = (U(p))a and, for
all N € IN\ {1},

S(N) = {a Ew: supZ|an|q’”‘ N~ < oo}.

™ k=0

Then
(4.1) M (bv(p),co) = co N U S(N);
NeIN\{1}
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if (pr)3 s a constant sequence, that is p, = p > 1 for all k, we write bv? =
bu(p) and

-1
(4.2) Mbo?, o) = co N ((n + 1)1/Q);;°:0) s o

Proof. Now T'= A and U = ¥, hence B,, = anel™ for the rows of the matrix
B. By Proposition 2.1, a € M (bv(p), ¢o) if and only if B € (¢(p), ¢o) and this is
the case by [2, Theorem 1 (i)] and [11, 8.3.6, p. 123] if and only if

(4.3)supz |bp | N7 = supz |an|T N™% < oo for some N € IN'\ {1}
" k=0 " k=0

and limy, oo bpy = lim, o0 an, = 0 for each k. Thus we have shown (15).
Furthermore, the special case in (16) is an immediate consequence of (15). O
Now we give an application of Theorem 2.4.

Example 4.2 Let 6 be a positive real and T be the Cesaro matrixz of order §,
that is

Aé:l
_— Agk (0<k<n) (n=0,1,...),
0 (k>mn)

where A} = (":5) denotes the nt" Cesaro coefficient of order 5. We write
Cs = cp. Then a € (Cs)? if and only if

oo

(4.4) ZA5 Z klaj < 00,
ij=k
(4.5) supZAi ZA].__‘Sglaj < 00
" k=0 j=n
and
(4.6) lim ZA‘SZ 0 ta; = 0.
j=n

Proof. Now the matrices U and W are given by upr = A7571A6 Wk =
Azz A‘Sk a; for 0 <k <nand upy = wppy =0for k>n (n=0,1,...).
Furthermore, Ri(a) = A? > ,kA 5k a;. First, R(a) € ¢® = ¢ if and only if
condition the (18) holds. Furthermore by [11, Theorem 1.3.6, p. 6], W € (¢, co)
if and only if sup, Y 7o |wni| < co which is condition (19), lim, e wpr = 0
which is redundant (cf. (6)), and lim, oo Y pey Wnk = 0, which is condition
(20). Thus the statement holds by Theorem 2.4 and Remark 2.5. ad
In the special case were T'= A, Theorem 2.3 yields [6, Theorem 2.5].



170 E. Malkowsky, E. Savas

Corollary 4.3 Let X be a normal FK space (or a BK space) with AK. We
write E for the matriz with e, = 1 for k > n and ep, = 0 for k < n (n =
0,1,...). Then a € (Xa)? if and only if a € (XP)g and W € (X, cy) where
W, = (E,)!"(a) for the rows of the matriz W. This can be written in the form

(4.7) (Xa)? = (X’ N M(Xa,co)) (cf. [6, Theorem 2.5]).

E

Proof. If T = A then R = E and wy = E;inaj for 0 < k <nand wp, =0
for k > n (n = 0,1,...), that is W,, = (E,)!"!(a) for n = 0,1,.... Thus the
first statement is an immediate consequence of Theorem 2.3 (or 2.4). Applying
Proposition 2.1 with XA and E(a) instead of X and a, we obtain E(a) €
M(Xa,cp) if and only if B € (X, o) where by, = E,(a) for 0 < k < n and
bp, =0for k>n (n=0,1,...), that is B=W. o

Example 4.4 We use the notations of Example 4.1 and Corollary 4.3 and write

S(N) = {a Ew: Z|ak|q"‘ N~ < oo}

k=0

for all N € IN\ {1}. Then

(4.8) (bv(p))” = U swynswy|

NeIN\{1} 5

that is a € (bv(p))? if and only there is an integer N > 1 such that

n

(4.9) > |Ex(a)|™ N™% < 0o and sup » _ |Ep(a)|% N™% < oo,
k=0

k=0
where E(a) = Z;’ik a; for k=0,1,.... In the special case where py, = p for
all k, we have
-1
(4.10) (bv?)P = (eq N <((n + 1)1/‘1);310) * zoo>
E

Proof. By [3, Theorem 1], a € (¢(p))? if and only if a € S(N) for some N €

IN\ {1}, and as in Example 4.1, W € (£(p),co) if and only if the condition in

(17) holds with a replaced by E(a), that is E(a) € S(N) for some N € IN\ {1}.

This shows (22). a
Next we apply Theorem 2.4.

Example 4.5 Let bv = bv(e) and bvg = bv Ncg. Then ((bug)a)? = (bsN ((n +
1)7010:0)_1 *loo) -
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Proof. The space bug is a BK space with AK by [11, Theorem 7.3.5 (i), p. 110]
which is not normal, since for the sequences = and y with z = 1/(k + 1) and
yr = (—1)*z we have |yx| < |2/ for all k and 2 € bvy, but y & bv. Therefore
we apply Theorem 2.4 and Corollary 4.3 to obtain a € ((bvg)a)? if and only
if E(a) € (bvy)? = bs (cf. [11, Theorem 7.3.5 (ii), p. 110]) and W € (bvg, o).
Now, by [11, Example 8.4.2A, p. 127], W € (buvy, ¢p) if and only if

m
E Wnk

k=0

sup

n,m

=sup(n+ 1)E,(a) < co.

Next we apply Theorem 3.1 to generalize [9, Theorem 2, p. 59].

Corollary 4.6 Letp = (pr)720,5 = (81)72¢ € oo, P& > 1, g1 = pi/(pr—1) for
E=0,1,... and loo(s) = {x € w : supy |xx|** < c0}. Then A € (bv(p), loo(s))
if and only if

for each n =0,1,... there is N,, > 1 such that
dk

4.11 LY e
(4.11) sup > | Y anj| N, % < oo
m k=0 |j=m
and
ax
oo oo
(4.12) supz Zaan_l/s" < oo for some N > 1.
™ k=0 |j=k

Proof. By Theorem 3.1, A € (bv(p), lo(s)) if and only if WA= € ({(p), co) for
all n which is (25), and R € (¢(p),¢(s)) which is (26) by [4, Theorem 7]. O

Corollary 4.7 (cf. [9, Theorem 2, p. 59]) Let s € . Then A € (bv,£(s)) if
and only if
0 Sn
(4.13) sup | sup Za”j Nt < oo for some N > 1.
n

Jj=k

Proof. If p = e in Corollary 4.6 then bv® = cs by [11, Theorem 7.3.5 (iii), p.
110}, and so (25) becomes redundant in Corollary 4.6. Thus A € (bv, {(s)) if
and only if R4 € (¢1,/5(s)) by Theorem 3.1, and by [4, Theorem 5 (i)] this is
(27). a
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