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A PROBABILISTIC GENERALIZATION OF
INTEGRABILITY FOR POSITIVE FUNCTIONS

Octavian Lipovan'

Abstract. The purpose of this paper is to develop an integration theory
for positive functions with respect to a probabilistic measure in the mean-
ing of Serstnev, using submeasures with probabilistic structures and the
topological ring associated to them. The probabilistic measures are intro-
duced for modelling those situations in which we have only probabilistic
information about the measure of a set [7]. The point of view adopted
to define the integral and the set of integrable functions belongs to Sion,
Bartle, Dunford and Schwartz. It is shown that the classical theory of
integration with respect to a positive measure is naturally included in our
general case.
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1. Preliminary concepts

This paper uses the terminology and notations from [7] and [8].

Let D4 be the family of all distribution functions F such that F (0) = 0
(recall that F' is nondecreasing, left continuous and sup,.q F (z) = 1). By ¢g
we denote the function of D, such that g (z) = 1, for all z > 0.

The mapping

v Dy x Dy — Dy 7y (F,G) () = sup Min (F (u),G (v))
utv=x
is a triangular function, and (D4, 7p) is a commutative semigroup with unit
go9. We denote by (D4, 7y, dr) the uniform topological semigroup with respect
to the modified Levy’s metric dy,.

If j denotes the identity function on [—oo, 00|, then for any F in D, and
a > 0, the distribution function in D, , whose value is F (%), for any x > 0,
may be conveniently denoted by F' (%)

In [11], it is shown that

J AR J
(£(2) () =r (L) Fepes anmo

In the sequel we make the conventions : F (%) = gg, F (é) = go9 and we

denote z7;M1 =TM (Fz) =TM (Fl,TM (FQ,...,TM (anl,Fn)))
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Definition 1. Let S be a nonempty set and S C P (S) an algebra of subsets.
A set function p : S — Dy is called probabilistic measure (in the meaning of
Serstnev) on S if:

(mi) s (4) = o, iff A=0.

(m2) A, Be€S,ANB =10 implies u(AUB) =1y (u(A),u(B)).

We will denote p (A) = pa, pu(A) (z) = pa (z), for any z > 0.

Remark 1. Every real measure may be regarded as a probabilistic measure of
special kind. If v : S — IR, is a measure, then using the function €y, a prob-
abilistic measure on S can be defined by pa (x) = eg (x — v (A)). The number
wa () is interpreted as the probability that the measure v (A) is less than x.

In [8] we defined a general form of submeasure with a probabilistic v-struc-
ture in such a way that the topological ring of sets induced is a uniform space.
Let IV be a family of subsets of D with the properties:
(n)aelV = ¢ €a,
(n)uelVvelV = JwelV,wCuNu,
(v3) [GeEDL,G>F ,Feuel] = G €u,
that is, U/ is a filter base at €9 on D, compatible with the relation > .

Definition 2. Let S be a ring of subsets of a fized set S. A mapping v :
S —Dy such that:

(mi) A=0 <= 74 (z) = 20 () Yo >0

(me) AC B = ya(z) =7y (z) Yz >0

(PSms) (Vv eV ,(F)u € V;va € u,yp € u) = Yaup €V
is called submeasure with the probabilistic v-structure and (S,~,v) will be called
a ring with probabilistic v-structure. In [8] there were defined the submeasu-
res with probabilistic B-structure, probabilistic H-submeasure, probabilistic f-
submeasure and the v-Serstnev submeasure.

Definition 3. If v : § — Dy is a submeasure with probabilistic v-structure,
then the Jordan extension of vy is defined by

'Y* : P(S)_)DJrv
vi(z) = sup{ye(zx), ACEcS}, ACS.

Remark 2. Let I' = {v'};c; be a family of submeasures with probabilistic v-
structures on S and consider the family fr = {Vk, : K =finite C I,v € V}
where Vi, ={A€P(S),7y €v,ie€ K}.

Then there exists a unique topology v on P (S) so that [P (S)] (T') = (P (S),
N, 1) is a topological ring and Br is a normal base of neighborhoods of 0.

We denote by E, - E the convergence from the space [P(S)(T).

We say that the set E € S is T-finite (I'-negligible) if for any i € I,
SUP,~0 Ve (@) = 1 (7% (z) = &0 (w) ,x > 0, respectively) .
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2. Basic assumptions

Let [0,00] be endowed with the usual additive operation and the natural
topology.

Then ([0,00],%) is a compact and uniform semigroup, where 3 is the uni-
form structure on [0, co].

We fix a probabilistic measure p : & =D, and choose a family of sub-
measures with probabilistic V—structures, I';,, so that the following continuity
axioms are satisfied:

C4) For every A € S and every entourage W from (D4, Ty, dr) there exists
the entourage o € ¥ with the following property: if the sequence {(a;,b;)}%,
is from o and if {E;}? , is a sequence of pairwise disjoint sets from S, then

( Fausen (). Fepnon (1)) ew
i=1 a; i=1 b;

C3) For any a € [0, 0],
lim g l = €.
T, a

Epes?

Generalizing the model defined in [4] we introduce a uniform structure on
[0, 00]° in the following way:

To a finite K C I,v € IV and the entourage 0 € ¥ we associate the set
Wi (v,0) = {(£,9) € [0, x [0,00]"; V¥ . (s).a(s)go} € V11 € K-

The family {Wk (v,0);v € IV ¢ € ¥} forms a fundamental system of en-
tourages for a uniform structure Ur, on [0, oo]®

We denote [0,00]° (T,) = ([o, a]® ,UFM) .

If {f.} is a generalized sequence from [0, 00]®, and if {f.} converges to f in
[0, oo]S (T').), we say that {fa} converges to f in I', submeasures and denote by

fo =5 F. )
In the sequel we define the integrability of functions from the space [0, 00]

3. Integrable functions

Definition 4. A step function f € [0, oo]S is I';,-integrable if the following
conditions are fulfilled:
a) f takes a finite number of distinct values 1,2, ..., x, on the sets B, Fa,

n
... E, € S respectively; (we denote f = > x;xE,, where xg is the characteristic

i=1
function of E)
b) If x; = oo it results that E; is T, -negligible.
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For E € S the I -integral of f on E is defined by

/ fdp= ™ pp.Ag <j> .
E 1=1 xZ;

We denote by £ (S,T',) the I',-integrable step functions set.

Theorem 1. (i) Relatively to the operation of addition (f+g)(s) = f(s) +
g(s), £(S,T',) is a subsemigroup of [0, 00]®

(ii) For E € S, the map f — /fdu of £(S,T,) in Dy is additive in the
E

L}f+wdu—TM(Lj@uégwo,ﬁgefwlh)

(t33) For f € £(S,T,,), the map E Ny (E), that is denoting g = 0 (E) =

sense that

/fdu, we have
E

n

HG&ZFJ%>EO&:&#$
i=1
and By = €.
(iv) For f € £(S,T,), hFr,n O = /fdu = &o.
Epes? Fpesh

Proof. (i) Suppose that f and g are I',-integrable step functions having the
form f = Z TiXA; » § = Z yixB,- Then the values 21, 22,...,2, of f + g are

=1
P
found among the elements z; +y;, 1 <i<n,1 <!<mand f+g= > zkXE,,
k=1
where E}, is the union of all the sets A; N B; for which z; + y; = zx. If 2z =
and x; + y; = 2, then Ey, is I',-neglijable. Thus f 4 g is I',-integrable.
If Py is the set of all pairs (4,1) with x; + y; = 2, then A; N By is a void if
(,1) is in none of the sets Py, k =1,2,...,p and hence

» )
J
dy= T™ <
/E(f‘f'g) p= 2 RENE (zk)
- ™ J
= ™ _ S
k=1 |:(i,1) eP,CMEmA’mB’} (zk)

n m j
— TM[ TM _
i=1 [z - 1’uEﬁAmBl] (xi +yl)
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=TM {TM [ ™ Lipna, ﬁBL:| () , ™ [ ™ Lipna, mBl:| ()}
i=1|1l=1 Z; i=1|1l=1
n j m
=TyM {TM HENA, () ™ ppaB, ()} =TM [/ fdu/ gdu}
i=1 xT; =1

(ii) Suppose that f € £(S,T',), having the form f = Z x4, A €S and
let E=UE;, be, E,NE; =0,i# j, E; € S. If

0 =0(E / fdp = TM MEnA, (i)
then we have

i\ i\ AN j
HENA | —— | =K/ n — | =HUn - = :uE NAL\ 7 )
2y (_UlEi) na, \ 2 O nan \m) = )
=

1=

It comes out that

oo =0)= [ Mmcn (£)] = 20 [ Breon ()] -

-/ fin| = 0 (0.

The remaining conclusions of the theorem follow from Definitions 1.1 and
3.1 and by hypothesis C7) and Cs). O

The extension of the integral from the step functions to the arbitrary func-
tions from [0, 00]° is based on the following result:

Lemma 1. Let {f.} be a generalized sequence from the space € (S,T'),), which

is Cauchy in 0, 00]° (Th)- {/ fadu} in order to be a Cauchy sequence in Dy

E

uniform with respect to E € S it is necessary and sufficient that:

(a) For any neighborhood N of eg in (D4, Ty, dy), there exists an index
g, a finite set K C I andv €V so that:

a>ap and v% €v, i € K, imply/fadue./\/.
E

(b) For any neighborhood N of €g in (D4, Tar,dr), there exists an index oy

and F € S, with F' a I',-finite, so that

/fdue]\/ifazao and E€S, EcS—F.
E

Proof. To prove the first assertion, we notice that for any neighborhood N
of g9, there exists a symmetric entourage W of the uniform structure from
(D4, Tar,dr) so that W2 (g9) C N.



58 O. Lipovan

Let ag be such that if o > ag, we have (/ fadu,/ fad,u> € W for any
E E

EeS.
From Theorem 3.1 (iv), it results that there exists v € V/, K = finite C I

so that we have / Joodi € W (g9) if v € v,i € K. Therefore / fadp € N
E E

if @ > ap and 7% € v,i € K, that is the condition (a) holds. The condition
(b) is obtained by taking F' = {s € S; fa, (s) # 0}. We have F' € S, T',-finite

and/ faodp =0 for any £ € S, with EC S — F.
E

To prove the converse, let W be a symmetric entourage for (D, Tas,dr) and
let o, a finite set K C I,v € IV and F be chosen depending on the neighborhood
W (e0) and satisfying the conditions a) and b).

For F and W, let the entourage o € 3 be chosen according to axiom C7. We
write: Fpor = {s € 5;(fa(s), far (s)) ¢ 0}, Foaor €S.

Since {f,} is Cauchy in [0, oo]® ('), there exists a > g so that ’y?;a, € v,
i€ K, for a,a’ > 3. For E € S, in the semigroup D, x D, we can write

( / Fadp, / fafdu) -
E E
- {TM K / Fadp, / fa/du> ,
EmFaa’ EﬁFaa/
( / Fud, / fa/duﬂ ,
E—(F,/(F) E—(F, . /NF)
( / fadp, / / fa/du> }
E—(F,/NF) E—(F,/NF)

€ 7 {7 [W (€0) X W (g0) , W (0)) , W (€0)], W}

Cru [t (WEW2) W2 CW for a0 > .

Note: (i) 1y (UN) ={my (F,G); Feld,GeN}Y,UN C D, x Dy
(#4) In the semigroup Dy x Dy for (Fy,G1),(Fa,G2) € Dy x Dy we note
™ [(F1, G1) , (Fa, G2)] = (ar (F1, Fa) , 7ar (G, G2)) - 0

Corollary 1. Let {fo} and {gg} be two generalized sequences from the space
E(S,T,) convergent in [O,oo]s (T'y) to the same function. If {/ fad,u} and
E

{/ ggd,u} are generalized Cauchy sequences in (D4, Ty, dr) uniformly in E €
E

S, then for any entourage W from D there exist oy and By so that if a > «y

and B > Py, it results in (/ fad,u,/ ggdp) €W, uniformly in E € S.
E E
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Proof. Given a symmetric entourage W, from (D, 7as,dr) so that
v [T WP, WE)  WE] C W,

we choose an entourage o € X according to Wi in conformity with the axiom
Ci. We denote F3 = {s € S;(fa (s),95(s)) ¢ o}. From the previous lemma it
results that there exist o, 5o, v € UV, K = finite C I so that if F' € S, F,I',,-finite

and a > ag, 8 > Bo, v ev,ieK,ECS—F,EGSimply/fadpewl (€0) s
E

and / gpdp € Wi (eo) -

Bthypothesis there exist a3 > ag and 81 > [y so that for a > 1,06 >
we have v* (F,5) € v,i € K. Expressing the pair (/ fad,u,/ ggdu) in the
same way as in the proof of the second statement frorjrgl LemmaES.l, the result
is obtained. m|
Definition 5. The function f € [0, oo]S is called I',,-integrable if there exists a
generalized sequence {fo} from € (S,T,) so that f, N f and {/E fadu} is

a generalized Cauchy sequence in (Dy,Tar,dr), uniformly in E € S. Then the
I\ -integral is an element from D, the completed space of D, defined by

/Efdu:hcryn/Efadu.

From Corollary 3.1, it results that the above I',-integral is properly defined.

We denote by £(S,T',) the set of T',-integrable functions from [0,00]°. Tt is
obvious that £ (S,I',) € £(S,T',) and the T',-integral restricted to &€ (S,T,)
coincides with the I',-integral from definition.

Theorem 2. (i) Relatively to the operation of addition, the set L(S,T')) is a
subsemigroup of [0, oo]s.

(i1) For E € S, the mapping [ — / fdu of L(S,T,) in ﬁJr 1s additive
E

<i-6~:/E(f+g)duTM (/Efdu,[Egdu>,f,geﬁ(S,Fu))

(t38) For f € L(S,T',) the mapping E — 6 (FE) = 0 = / fdu is additive
E

3 ziM1 (GEi),EiﬂEj:QJ,i;«éj, and9@:€0).

(iv) For f € L(S,T,) we have liFm O = €o.
“w
pes?

(ze : 9U7L1 E, =

E
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The proof follows from Corollary 3.1 and Definition 3.2.

Remark 3. If the family of submeasures is defined by the above probabilistic
V-structure we obtain: the integrability with probabilistic (3-structure, the in-
tegrability with probabilistic H-submeasure, the integrability with probabilistic
f-submeasure and the integrability with V-Serstnev submeasure, respectively.
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