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Abstract. A variety V has an alg-universal n-expansion if the addition
of n nullary operations to algebras from V produces an alg-universal cat-
egory. It is proved that any semigroup variety V containing a semigroup
that is neither an inflation of a completely simple semigroup nor an infla-
tion of a semilattice of groups has an alg-universal 3-expansion. We say
that a variety V is var-relatively alg-universal if for some proper subvari-
ety W of V there is a faithful functor F' from the category of all digraphs
and compatible mappings into V such that Im(F'f) belongs to W for no
compatible mapping f and if f : FG — FG’ is a homomorphism where
G and G’ are digraphs then either Im(f) belongs to W or f = Fg for
a compatible mapping g : G — G’. For a cardinal o > 2, a variety
V is a-determined if any set A of V-algebras of cardinality a such that
the endomorphism monoids of A and B are isomorphic for all A, B € A
contains distinct isomorphic algebras. Similar sufficient conditions for a
semigroup variety V to be a-determined for no cardinal « or var-relatively
alg-universal are given. These results are proved by an analysis of three
specific semigroup varieties.
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1 Introduction

For an object A of a category K, let End(A) denote the endomorphism
monoid of A, and let Mon(K) be the class of all monoids M isomorphic to
End(A) for some K-object A. A K-object A is called rigid if End(A) consists of
the identity endomorphism alone. We say that a category K is monoid-universal
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if Mon(K) consists of all monoids. The class Mon(K) describes a representative
power of the ‘structure’ of K-objects. We can naturally generalize these notions.
Let Cat(K) denote the family of all categories IL such that there exists a full
embedding ® : L — K. Observe that if K is a concrete category then any
category in Cat(K) is concrete. We restrict ourselves to the investigation of
concrete categories and thus we say that a concrete category K is universal if
Cat(K) consists of all concrete categories and K is algebraically universal (or
alg-universal) if any category of algebras (of a given similarity type) and all their
homomorphisms belongs to Cat(K). Clearly, Cat(K) describes a representative
power of K more fully than Mon(K). The folklore observation below shows the
key feature of alg-universality, the ‘localized’ selection of morphisms common to
all categories of algebras. Specifically, a concrete category L belongs to Cat(K)
for any alg-universal category K whenever

there exists a cardinal « such that for any mapping f : |A| — |B] of the
underlying sets |A| and | B| of any L-objects A and B such that for every
subset Z C |A| of cardinality « there is an L-morphism ¢g : A — B such
that f and the underlying mapping of g coincide on Z, there exists an
L-morphism h : A — B whose underlying mapping is f.

Examples and basic properties of universal, alg-universal and monoid-universal
categories can be found in the monograph by A. Pultr and V. Trnkov4 [31]. We
recall several facts about the relations between these notions.

Theorem 1.1 (Hedrlin—Kuéera Theorem)/31] Any alg-universal category
is universal if and only if the class of all measurable cardinals is a set. a

This result was strengthened by L. Kucera and A. Pultr in [28] and [31],
where they proved that the existence of a full embedding of the category dual to
A(A) into the category A(A’) implies that the class of all measurable cardinals
is a set (we recall that A(A) is the variety of all algebras of a given similarity
type A).

Theorem 1.2 (Hedrlin—Sichler Theorem) [19] and [31] If K is an alg-
universal category then for every monoid M and every cardinal o there exists a
set C of K-objects of cardinality o such that End(A) is isomorphic to M for all
A € C and there exists no K-morphism between any two distinct A, B € C.

If K is universal then for every monoid M there exists a proper class S of
K objects such that End(A) is isomorphic to M for all A € C and there exists
no K-morphism between any two distinct A, B € C.

If K is alg-universal then for every monoid M there exists a proper class C of
non-isomorphic K-objects such that End(A) is isomorphic to M for all A € C.

O

Thus any alg-universal category is monoid universal. The next theorem by
J. Rosicky resolves the reverse implication.
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Theorem 1.3 [32] There exists a concrete, complete, cocomplete, well-powered
and co-well-powered monoid-universal category that is not alg-universal. O

The category of Theorem 1.3 is artificially constructed, and it is an open
question whether there exists some natural monoid-universal category that is
not alg-universal. Thus it is not known whether there exists a monoid-universal
variety (or quasivariety) that is not alg-universal.

Alg-universality and universality of a concrete category are independent of
its forgetful functor. Next we connect these notions. Let A(1,1) be the variety
of all unary algebras with two unary operations endowed by its natural forgetful
functor U : A(1,1) — SET. We say that a concrete category K (with an under-
lying functor V : K — SET) is ff-alg-universal if there exists a full embedding
®: A(1,1) — K such that F sends any finite algebra of A(1,1) to a K-object
whose underlying set is finite. If there exists a set functor G with Uo F = GoV,
we say that K is strongly alg-universal.

Adams—Dziobiak theorem below demonstrates the importance of these no-
tions. According to Sapir [33], a quasivariety Q of algebras of finite type is called
@-universal if for any quasivariety V of algebras of a finite type, the inclusion-
ordered lattice L(V) of all subquasivarieties of V is a quotient of a sublattice of
the inclusion-ordered lattice L(Q) of all subquasivarieties of Q.

Theorem 1.4 (Adams—Dziobiak Theorem) [3] Any ff-alg-universal qua-
stvariety of finite type is Q-universal. m|

M. E. Adams and W. Dziobiak asked whether the assumptions of their the-
orem can be weakened. Some restrictions on its possible generalizations were
shown by J. Sichler and the second author of this paper in [27]. The basic
characterization of ff-alg-universality was given in [24].

This paper investigates the representative power of semigroup structure in
the dependence on semigroup varieties. The initial result is due to Z. Hedrlin
and J. Lambek, who proved that the variety SEM of all semigroups is alg-
universal [18]. This result was generalized by J. Sichler and the second author
of this paper as follows.

Theorem 1.5 [23] and [26] For any semigroup variety V the following condi-
tions are equivalent:

1. 'V is monoid-universal;

2. V is alg-universal;

3. 'V is strongly alg-universal;

4. there exists an infinite rigid semigroup S € V;

5. for some prime p there exists a semigroup S € V such that End(S) is the

cyclic group of order p;

6. V contains all commutative semigroups and for any n > 1 the identity
(zy)™ = 2™y™ fails in V. a
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If the condition (6) fails then it is easy to see that V is not alg-universal.
Indeed, if V does not contain all commutative semigroups then any S € V con-
tains an idempotent element s € S and a constant mapping with the value s
is an endomorphism of S. If V satisfies the identity (xy)™ = z™y™ for some
n > 1 then the mapping z — z" is an endomorphism of any S € V. Thus
if a semigroup variety V fails the condition (6), then there exist only finitely
many non-isomorphic rigid semigroups in V and, by Theorem 1.2, V is not
alg-universal. The aim of this paper is to study the representative power of
semigroup varieties if we avoid these ‘trivial homomorphisms’ by means of dis-
regarding them or eliminating them by additional operations. We show that
from either point of view, for many semigroup varieties the existence of these
‘trivial homomorphisms’ is the only reason why they are not alg-universal. Only
for the semigroup varieties near the bottom of the inclusion-ordered lattice of
semigroup varieties does the semigroup structure substantially restrict homo-
morphisms, these varieties are far away from alg-universal varieties. Next we
formalize these ideas.

Two objects A and B of a category K are equimorphic if End(A) and End(B)
are isomorphic. For a cardinal o > 2, we say that a category K is a-determined
if any set of equimorphic K-objects of a cardinality a contains at least two iso-
morphic objects. By the Hedrlin-Sichler Theorem, no alg-universal category is
a-determined for any cardinal a and, indeed, we can say that any a-determined
category is far away from any alg-universal category. This motivates an effort to
find examples of a-determined categories and to characterize a-determined cat-
egories for some cardinal o. The review paper [1] summarizes results concerning
determinacy, while the theory of determined categories was developed in [22].
B. M. Schein ([34] and [35]) has initialized the investigation of a-determinacy for
band varieties. The results about a-determinacy for band varieties are recalled
in the last section.

Next we formalize a way of disregarding ‘trivial morphisms’. For a category
K, a class Z of K-morphisms is called an ideal if for K-morphisms f: A — B
and g : B — C we have go f € Z whenever f € Z or g € Z. If Z is an ideal of
K then we say that a functor ® : L — K is a Z-full embedding whenever

® is faithful and ®f ¢ Z for every L-morphism f;
if f:®A — ®B is a K-morphism for L-objects A and B then either f € Z
or f = &g for an L-morphism g : A — B.

Thus @ is a full embedding exactly when ® is a Z-full embedding for the
empty ideal Z = (). We say that a category K is Z-relatively alg-universal for
an ideal Z if there exists a Z-full embedding ® from an alg-universal category
into K. If @ also preserves finite objects then K is Z-relatively ff-alg-universal.
To apply these notions to algebras we describe a way to determine ideals. For
a class C of K-objects, let Z¢ denote the class of all K-morphisms f: A — B
such that there exist C € C and K-morphisms g : A — C and h : C — B
with f = hog. It is easy to verify that Z¢ is an ideal in K. If W is a
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proper subvariety of a variety V such that V is Zw-relatively alg-universal (or
Zw-relatively ff-alg-universal) then we say that V is W-relatively alg-universal
(or W-relatively ff-alg-universal). We say that a variety V is var-relatively
universal (or var-relatively ff-universal) if V is W-relatively alg-universal (or
W-relatively ff-alg-universal) for some proper subvariety W of V, and V is
weakly var-relatively universal if V is Z 4-relatively alg-universal where A is the
union of all proper subvarieties of V. Speaking informally, if V is a var-relatively
universal variety then for some proper subvariety W of V, the homomorphisms
between algebras from V can be divided into two disjoint classes. The first class
consists of homomorphisms factorizing through an algebra in W and this class
of homomorphism shows that V is not alg-universal. And the second class of
homomorphisms contains an alg-universal subcategory as a ‘full subcategory’.

The second way of avoiding certain algebra homomorphisms is their elimi-
nation by means of expanding the similarity type of the variety V by additional
operations. For example, the variety of lattices consists of expansions of cer-
tain semilattices by the second semilattice operation satisfying some identities.
The preservation of the second operation eliminates some semilattice homomor-
phisms. The added operations bring additional structure and clearly nullary
operations code a least amount of structure. Therefore we shall investigate only
expansions by nullary operations. We say that a variety V has an alg-universal
k-nullary expansion (an alg-universal k-expansion) where k is a cardinal if the
variety V with added k nullary operations is alg-universal. An ff-alg-universal
k-expansion is defined analogously. Clearly, a variety V is alg-universal exactly
when V has an alg-universal 0-expansion.

Alg-universal expansions were studied for band varieties [11] and for the
variety of distributive lattices [6] and [20], var-relative universality was studied
for band varieties [12], for varieties of distributive p-algebras [5] and [7], for
varieties of distributive dp-algebras [25] and [27], and for varieties of Heyting
algebras [21]. The results for band varieties are recalled in the last section. Any
variety known to be var-relatively universal has an alg-universal k-expansion for
some finite k. This motivates the following conjecture.

Conjecture 1.6 If a variety V is var-relatively universal then there exists a
cardinal « such that V has an alg-universal a-expansion.

Since there exists a band variety with an alg-universal 2-expansion that is
not var-relatively universal, see [11] and [12], it appears that the existence of
an alg-universal a-expansion is weaker than var-relative universality. Further,
there exists a 3-determined variety of bands having an alg-universal 2-expansion
[10] and [11], see also the last section. Thus the determinacy and the existence
of alg-universal expansion are not disjunctive. Furthermore, there exists an n-
determined finitely generated variety of dp-algebras (here n is a natural number)
that is weakly var-relatively universal, see [25] and [27], but a relation of var-
relative universality to determinacy is an open problem.
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For a semigroup S, let Var(S) denote the least semigroup variety containing
the semigroup S. We recall that T € Var(S) if and only if T is a quotient
semigroup of a subdirect power T” of S. And T" is a subdirect power of S if and
only if for every pair of distinct elements x and y of T’ there exists a semigroup
homomorphism f : T/ — S with f(z) # f(y).

Consider semigroups My, Ms and M3 given by the following multiplication
tables

Mi|l|la |0 Ms|alb |c |0 Msidla |b |c
1 |1|a |0 a |0lc |0 |0 d |ala |a |b
a |[0]0 |0 b |c|0O |0 |0 a |ala |a |a
0 (0|0 |0 c (0|0 |0 |O b |b|b |b|b

0 (0|0 |0 |0 c |clec |c|c

Let MY be the subsemigroup of My on the set {a,0} and let M} be the
subsemigroup of M3 on the set {a,b,d}. We prove the following theorem

Theorem 1.7 The variety Var(My) has an ff-alg-universal 3-expansion, it is
3-determined and it is not var-relatively universal.

The variety Var(Ms) has an ff-alg-universal 1-expansion, it is a-determined
for no cardinal o and it is Var(MY})-relatively ff-alg-universal.

The variety Var(Ms) has an ff-alg-universal 2-expansion, it is a-determined
for no cardinal o and it is Var(M})-relatively ff-alg-universal.

The second section contains auxiliary technical statements concerning graphs.
These statements are exploited in the constructions presented in subsequent sec-
tions. The third section is devoted to the variety Var(M;) and it contains the
proof of the first statement of Theorem 1.7. The fourth section concerns the
variety Var(M3z) and aims to prove the second statement of Theorem 1.7. The
third statement of Theorem 1.7 is proved in the fifth section which studies the
variety Var(Ms). The last section discusses consequences of Theorem 1.7 for
semigroup varieties. We deduce sufficient conditions under which a semigroup
variety V fulfills one of the following statements:

1. V has an alg-universal n-expansion for some natural number n;
2. V is var-relatively ff-universal;

3. V is a-determined for no cardinal o.

Several open problems are formulated and given in this section. The relation
between these notions and @Q-universality is also discussed.

In this paper any semilattice is viewed as a join semilattice. Thus the induced
partial order on the underlying set of the semilattice is given by s < t if and only
if st = t. Further we identify the natural number n with the set {0,1,...,n—1}
of all natural numbers less than n.
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2 Graphs

First we investigate undirected graphs. For a set X, let 82X denote the set
of all doubletons of X. An undirected graph is a pair (V, E) where V is a non-
empty set and § # E C PBoV. A mapping f : V — W is called a compatible
mapping from an undirected graph (V, E) to an undirected graph (W, D) if
{f(v), f(w)} € D for all {v,w} € E (thus f(v) # f(w) for {v,w} € E). If
G = (V,E) is an undirected graph then elements of V are called vertices and
elements of E are called edges. Let GRA denote the category of all undirected
graphs and compatible mappings. We recall

Theorem 2.1 [31] GRA is ff-alg-universal. m]

Next, for an undirected graph G = (V, E) define special sets that are used in
the fourth section. Define a set Up(G) = V' x{0,1,2}UX where X = {x; | i € 9}
is disjoint with V' x {0,1,2} and let us define four subsets of P2 (Uy(G)) by

Po(G) = {{zs,mi11} | i € 8} U {{wo, za}}U

{{zo, (v,0)}, {zs, (v,2)} | v € VI U {{(v,7), (v,i+ 1)} | v € V,i € 2},
Pi(G)= {{zi,x;} | i,j €9, i # j, {wi,x;} ¢ Po(G)}U

Hzi, (0,0} v eV, i €9\ {0}} U {{zs, (v, D)} |veEV,i€9}U

Hzi, (v,2)} v eV, i€ 8},
PQ(G): {{(Uvi)>(w7j)} ‘ {va} €L, i,j €3, |Z _.7| < 1}U{{(U70)?(w72)} | v, w € V}7
Ps(G)= {{(v,9), (w, j)} [v,w €V, v £ w, {v,w} & E, 4,5 €3, i —j[ <1}

For v € V and i € 3 define p(v,i) = v and for v,w € V and 4, j € 3 with v # w
define p({(v,%), (w,j)}) = {v,w}. Set R(G) = P2V \ E. Next we give basic
properties of these sets that are exploited by the constructions presented in the
fourth section.

Lemma 2.2 Let G = (V, E) € GRA be an undirected graph. Then we have:

1. The graph (Up(G), Po(G)) is the union of the cycle (xo,x1, T2, T3, T4, To)
of length 5 and of the cycles

(w0, 24,5, T6, 77, T8, (v, 2), (v, 1), (v,0), 20)

of length 9 for all v € V. The graph (Up(G), Po(G)) contains exactly one
cycle of length 5 and it is the shortest cycle of (Ug(G), Po(G)). Any cycle
of length 9 in (Up(GQ), Po(Q)) has a form (xg, x4, x5, Te, X7, Ts, (v,2), (v,1),
(v,0),zq) for somev e V.

2. If (Yo,Y1,- - s YUm—1) is a cycle from the graph (Up(G), Po(G)) and if i,j €
m — 1 are distinct then {y;,y;} ¢ Ps(G).

3. P(G), Pi(G), Py(G) and P3(G) are pairwise disjoint sets and
Uiy Pi(G) = Fa(Uo(G))-
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4. If{u,w} € P3(Q) then p({u,w}) is defined and p({u, w}) = {p(u), p(w)} €
R(G).

Proof. These statements follow from the definitions of sets P;(G) for ¢ =
0,1,2,3, by a direct verification. O

Lemma 2.3 Let A = {a; | i € m} be a set of size m for m > 3 and let
f+ A — B be a mapping with |B| < m. Then there exist i,j € m such
that i — j # —1,0,1 mod m and either f(a;) = f(a;) or {f(a;), f(a;)} =
{f(ar), f(ak+1 mod m)} for some k € m.

Proof. If there exists b € B such that f=1(b) is not a singleton and f~1(b) #
{@i, @i+1 mod m } for all i € m then there exist distinct 4, j € m such that |[i—j| #
1 mod m and f(a;) = f(a;) = b and the statement is true. Since |B| < m there
exists b € B such that f~!(b) is not a singleton. By the first part of the proof,
we can assume that f=(b) = {a;, @;+1 mod m } for some i € m. Since m > 3 we
have i+2—i = 2 mod m and thus if we set j = i4+2 mod m and k = i+1 mod m
then a; = ag+1 mod m and f(a;) = f(ax). Thus the statement is proved. a

Next we prove an auxiliary statement about directed graphs. First we recall
several basic notions about directed graphs. A directed graph (a digraph) is an
ordered pair G = (X, R) where X is aset and R C X x X. If (X, R) and (Y, 5)
are directed graphs then a mapping f : X — Y is called a compatible mapping
from (X, R) to (V,9) if (f(x), f(y)) € S for all (z,y) € R. If G = (X,R) is
a directed graph then elements of X are called nodes of G and elements of R
are called arcs of G. An arc (x,2) € R is called a loop. For R C X x X, let
us define Op(R) = {(y,z) | (z,y) € R}. A directed graph G = (X, R) is called
strongly connected if for every pair of nodes x,y € X there exists a sequence
x = xo,T1,...,T, =y such that (x;,z;41) € Rforall i =0,1,...,n — 1. Let
DG denote the category of all directed graphs and compatible mappings.

Next we introduce an auxiliary category DG(2). A triple (X, Ry, R2), where
X isaset and Ry, Ry C X x X are subsets, is an object of DG(2) and morphisms
of DG(2) from (X, Ry, R2) to (X', R}, R}) are all mappings f : X — X’ such
that f : (X,R;) — (X', R}) is a compatible mapping for ¢« = 1,2. We say
that (X, Ry, R2) € DG(2) is weakly connected if for every pair of distinct nodes
x,y € X there exists a sequence & = xg,1,...,2L, = y such that (x;,z;41) €
R; UOp(R1) U RaUOp(Ry) for all i =0,1,...,n — 1. First we show a folklore
statement about DG(2).

Proposition 2.4 There exists a full embedding 2 : GRA — DG(2) such that

1. QG is weakly connected for all undirected graphs G;

2. for any undirected graph G, the underlying set of QG 1is finite if and only
if the underlying set of G is finite;

3. if QG = (X, Ry, R2) for an undirected graph G, then Ry is a symmetric
relation (i.e., (z,y) € R1 < (y,x) € R1), Ry is an antisymmetric relation
(i.e., (z,y) € Ra = (y,xz) ¢ Rs) and neither Ry nor Ry have any loops;
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4. for every undirected graph G there exist two distinct nodes vg and wg
of QG such that Qf (va) = vgr and Qf(wg) = wgs for any compatible
mapping f: G — G’ € GRA.

Proof. Let G = (V, E) be an undirected graph. Choose distinct elements vg
and wg with vg,we ¢ V and define QG = (Xg, R1,¢, Re,g) where Xg =
VU{vg,wag}, Ri,ec = {(uw,t) | {u,t} € E} and Roc = {(u,va) | u € V} U
{(u,wg) | v € V}U{(vg,wg)}. For a compatible mapping f : G — G’ define
Qf : Xg — Xqg' such that Qf(v) = f(v) for all v € V, Qf(vg) = vg’ and
Qf (we) = wg. It is easy to see that Qf : QG — QG is a morphism of DG(2),
thus € is an embedding. A verification of statements (1), (2), (3), and (4) of
Q2 is straightforward. It remains to prove that Q is full. Let G = (V, E) and
G’ = (V' E’) be undirected graphs and let f : QG — QG’ be a morphism of
DG(2). Observe that

(i) if z € V then (z,2) € Ry g for no z € Xg;
(ii) (z,vg) € Ra,g for all z € V and (vg,wa) € Ra,q;
(ii) (z,wg) € Ry g for all z € Xg \ {wg}, and (wg, 2) € Re @ forno z € Xg.

Since f is a compatible mapping from (X, Ras.c) to (Xg/, R2.g’), we have
f(V) C V' f(vg) = var and f(wg) = wg:. Since f is also a compatible
mapping from (Xg,R1,g) to (Xa/, R1,c’) we deduce that the domain-range
restriction g of f to V and V'’ is a compatible mapping from G to G’ with
Qg = f. The proof is complete. O

Next we construct a full embedding of DG(2) into DG, using a standard sip-
construction, see [29] or [31]. First we give several auxiliary notions and facts.
We say that T' C X is a triangle in a digraph G = (X, R) if |T'| = 3 and (¢,¢') € R
or (t',t) € R for every pair of distinct nodes t and ¢’ of T. We say that a set
U C X is triangle connected in a digraph G = (X, R) if for every node v € U
there exists a triangle T in G with w € T'C U and for distinct triangles T and T”
in G with TUT’ C U there exists a sequence of triangles T' = Ty, T5, ..., Ty =T’
in U with |sz(U3<ZTJ)| > 2foreveryi=2,3,...,k. Anyset U C X is called
a triangle component if it is a maximal triangle connected subset of X. It is
easy to see that any large enough triangle connected set is a subset of a triangle
component and if U; and Us are distinct triangle components of a digraph G
and if u,v € Uy NU; are distinct nodes then there exists no triangle 7" in G with
u,v € T (in contrary, T' C U; NUs and by the maximality of triangle components
Uy = U, — a contradiction). If f : (X, R) — (X', R’) is a compatible mapping
between digraphs and if (X', R’) has no loops then f(U) is triangle connected
in (X', R’) for every triangle component U of (X, R).

Consider digraphs D, and Dy from Figure 1.
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€1 ¢y
y bp/  \b3 by by b b \_ by,
aTAVAVA LTNTSA
T 2 oy o aN\_a a3 & ag
[ c

Figure 1. The digraphs D; and Do.
Thus Dy = (D, C;) and Dy = (D, C3) where
D={a;]i=1,2,345 U{b|i=1,234}U{ci,cs},
and C; = CU{(c1,b1)}, Ca = CU{(bg,c1)} for

C= {(alv a2)v (a27 a3)a (a3,a4)7 (a47 a5)v (bI’ a1)7 (a2a bl)a (b2a a2)> (ag, b2>7 (b3va'3)’
Ea4,b3§,gb4,a4;}(a5,b4),(bl,bg),(bg,bg),(bg,b4),(b2,c1),(cl,bg),(al,%),
as,C2),(C2,0Q1) .

Lemma 2.5 The graphs Dy and Ds satisfy the following conditions:

1. The digraphs Dy and Do are strongly connected without loops and (az,a4),
(a4,a2) ¢ CiLUCs.
2. If (s,t) € C; is an arc for j € {1,2} then there exists u with (t,u), (u, s) €

Cj.

3. If (s,t), (t,u), (s,u) € C; for some j € {1,2} then s = b3, t = ag and
u = b2.

4. The set D is triangle connected in D; for every i € {1,2}.

5. If f: D; — Dj is a compatible mapping for i,j € {1,2} then i =j and f

18 the identity mapping.

6. If f : D; — (D, Op(Cy)) is a compatible mapping for i,j € {1,2} then i #
g, flag) = ag—k for allk = 1,2,...,5, f(by) = bs_ for all k =1,2,3,4
and f(ck) = ¢k for allk =1,2.

Proof. The statements (1)—(4) are clear, see Figure 1. We prove the statement
(5). Assume that i,j € {1,2} and f : D; — Dj is a compatible mapping. Then
the statement (3) implies that f(a3) = a3, f(ba) = by and f(b3) = b3 because,
by (1), D, has no loops. In both D; and Dj, (a2, as, b2) is the unique cycle of
length 3 containing the arc (as, by), therefore f(as) = as. For the same reason,
we obtain f(as4) = a4 and f(c1) = ¢1. Since (a1, a2) € C; we deduce that f(ay) €
{a1,b2} and, by the dual reason f(as) € {bs3,as5}. From the arc (a1,as5) € C; it
follows that f(a1) = a1 and f(as) = a5 because (ba,b3), (b2, a5), (a1,b3) ¢ C;.
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Since (ay,as2,b1), (aq,as,bs) and (aq,as,c2) are the only cycles of length 3 in
D; containing arcs (a1,asz), (a4,as5) and (a1, as) from C; respectively, we find
that f(b1) = b1, f(bs) = by and f(ca) = co. Thus f is the identity mapping and
since D; is not a subgraph of D; for i # j, we conclude that ¢ = j and (5) is
proved.

The proof of (6) is dual to the proof of (5). Assume that f : (D,C;) —
(D,0Op(C})) is a compatible mapping for i, j € {1,2}. By (3), observe that if
(s,t), (s,u), (t,u) € Op(Cj) then s = b, t = ag and u = bz. Thus f(b3) = bo,
f(as) = ag and f(bs) = by. The unique cycles of length 3 containing arcs
(b3, b2), (bs,as) and (ag, bs) imply that f(c1) = ¢1, f(az) = a4 and f(as) = a9
(analogously to the proof of (5)). Using the cycle (a1,as5,¢c2) in C; and C;
and by arguments dual to those in the proof of (5), conclude that f(a;) = as,
f((l5) = aj, f(bl) = b47 f(b4) = bl, and f(CQ) = ¢cy. From (Cl,bl) S C1,
(Cl,bl) §é 02, (b4,61) S 02, (b4701) ¢ (7 we obtain that (bl,Cl) S Op(C’l),
(b1,c1) ¢ Op(Cs), (c1,b4) € Op(C2), (c1,bs) ¢ Op(Ct). This demonstrates that
i # 7 and completes the proof of (6). O

Next we prove the main theorem for digraphs.

Theorem 2.6 There exists an ff-alg-universal full subcategory DG4 of DG such
that

1. any digraph G € DGy is strongly connected and has no loops;

2. for any digraph G = (X, R) € DG, and for any arc (x,y) € R there exist
a node z € X and arcs (y, 2),(z,x) € R;

3. for any digraph G = (X, R) € DGy there exist two distinct nodes ag,bg €
X such that f(ag) = ag’ and f(bg) = bg: for any compatible mapping
f:G— G €DGy;

4. for any digraph G = (X, R) € DGy neither (ag,bg) nor (bg,ag) is an
arc of G;

5. if (X,R),(X',R') € DGy then there exists no compatible mapping [ :
(X, R) — (X', Op(R)).

Proof. We shall construct a functor A : DG(2) — DG such that Ao is a
full embedding from GRA preserving finiteness and the full subcategory DG,
consisting of digraphs Ao QG for all undirected graphs G satisfies the conditions
(1)=(5). Let G = (X, Ry, R2) be an object of DG(2). Define Y’ = (D x {1} x
R1)U (D x {2} x Ry) and

QI = {((u7i7 (xay))v (Uviv (xvy))) | (S {172}7 (u,v) € Ci? (x,y) € RZ}

By Lemma 2.5(4), T C Y’ is a triangle component of (Y’,Q’) if and only if
T =D x {i} x {(z,y)} for some i € {1,2} and some (z,y) € R;. Let ~ be the
least equivalence such that for all x € X

(i) (a2,4, (z,y)) ~ (a2,4, (x,2)) for all (z,y) € R;, (z,2) € R; and i,j €
{1,2};
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(ii) (as,t,(y,z)) ~ (as,4,(z,2)) for all (y,x) € R;, (2,2) € R; and i,j €
{12k

(il) (ag,1,(x,y)) ~ (a4,],(z,2)) for all (z,y) € R;, (z,2) € R; and i,j €
{1,2}.

Let [u] denote the class of ~ containing v € Y’. By a direct calculation,
(aiy J, (z,y)) ~ (air, 7', (2',y")) if and only if one of the following possibilities
occurs: ¢ =i =2, j,§ E{lQ}andx—x ori =1 =437 E{lQ}and
y—y ori=2,1=4,j,77€{l,2andz =y' ori=4,7 =2, 5,5 € {1,2} and
y = x’. Hence we can identify an element x € X with the class of ~ containing
one of the following elements:

(az, 1, (z,y)) for some (z,y) € Ry;
(a2,2, (z,y)) for some (z,y) € Ro;
(a4, 1, (y,z)) for some (y,x) € Ry;
(as,2, (y,z)) for some (y,x) € Rs.

Observe that this convention is correct because distinct elements of Y’ belong
to the same class of ~ if and only if for a fixed x € X they satisfy one of the
conditions. Define Y =Y’/ ~ and Q = {([u],[v]) | (u,v) € Q'}. Then X C Y.
Observe that

(o) [[ulNn(Dx{i} x{(z,y)})| <1forallue Y’ alli e {1,2} and (z,y) € R;,

(o) if u,v € Y are distinct and [u] and [v] are not singletons, then (by Lemma
2.5(1)), (u,v),(v,u) ¢ Q" and thus ([u], [v]), ([v],[u]) ¢ Q; hence there
exists no triangle T in (Y, Q) with [u], [v] € T,

(o) for every i € {1,2} and every (z,y) € R; there exist exactly two more-
element classes of ~ intersecting D x {i} x {(z,y)}.

As a consequence (Y, Q) satisfies these conditions:

(Y, Q) has no loops,

a subset T C Y is a triangle component of (Y, Q) if and only if T = {[u] |
u € D x {i} x {(x,y)}} for some i € {1,2} and some (z,y) € R;,

for i € {1,2}, and (x,y) € R;, the induced subgraph of (Y, Q) on the set
D x {i} x {(x,y)} is isomorphic to D;,

any arc from @ belongs to a triangle component of (Y, @),

for every (z,y) € Q there exists z € Y with (y, 2),(z,7) € Q

(z,y) eQ fornox,ye X CY.

Further, if (X, Ry, R2) is weakly connected then (Y, Q) is strongly connected
because, by Lemma 2.5(1), D; and Dy are strongly connected (indeed, for any
reX,xe{(ul|ueDx{i} x{(x,y)}} and x € {[u] | v € D x{j} x {(z,2)}}
for all i € {1,2} and (z,y) € R; and for all j € {1,2} and (z,z) € R;). Let
us define A(X, Ry, R2) = (Y,Q). We can summarize: if (X, Ry, Rz) is weakly
connected then A(X, Ry, Ry) satisfies the statements (1), (2) and if ag and b
are chosen from X then the statement (4) holds.
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For a morphism f : (X, Ry, Rs) — (V,51,52) of DG(2) define a mapping
Af:Y — Z where A(X, Ry, Rs) = (V,Q), A(V,51,52) = (Z,T) by

Af([(d i, (z,9))]) = [(d, i, (f (), £()))]

for all d € D, i € {1,2} and (z,y) € R;. It is easy to see that Af is a correctly
defined compatible mapping from (Y, Q) to (Z,T). Furthermore, Af(X) C V
and Af(x) = f(x) for all z € X, and hence we conclude that A : DG(2) — DG
is a faithful functor.

Next we prove that A is full on the full subcategory of DG(2) formed by
all objects of DG(2) without isolated nodes. Let (X, Ry, R2) and (V, S1,.52) be
objects of DG(2) such that for every x € X there exists (z,y) € Ry U Ry or
(z,2) € Ry URy. Assume that f : (Y,Q) — (Z,T) is a compatible mapping
of digraphs for A(X, Ry, R2) = (Y,Q) and A(V,51,52) = (Z,T). From the
description of triangle components and from Lemma 2.5(4) and (5) it follows
that for every i € {1,2} and for every arc (z,y) € R; there exists an arc (z’,y’) €
S; such that f([(d,1, (z,y))]) = [(d,4, (2',y))] for all d € D. Thus f(X) CV
and the domain-range restriction g of f on X and V satisfies (g(x),g(y)) € S;
for all (z,y) € R; and ¢ € {1,2}. Therefore g is a compatible mapping from
(X, R;) to (V,S;) for i = 1,2, and whence ¢ : (X, Ry, R2) — (V,51,52) is a
morphism of DG(2) with Ag = f.

Let DG be a full subcategory of DG whose objects form the class

{A(QG) | G € GRA is an undirected graph}.

For an undirected graph G, let asng) = va and byoa) = wg. Then, by the
foregoing considerations, Theorem 2.1 and Proposition 2.4, DG, is an ff-alg-
universal category satisfying statements (1)—(4).

It remains to prove (5). Let G; = (V,E) and Gy = (W, F) be undi-
rected graphs and let us denote QG1 = (X, Ry, R2), A(QG1) = (V,Q), QG2 =
(U, S1,52), and A(G2) = (Z,T). Assume that f: (Y,Q) — (Z,0p(T)) is a
compatible mapping. By the definition of €2, we obtain

(i) X =V U{v,w}, U=WU{v,w} for distinct v and w such that v, w ¢
VUuw,
(ii) Ry and S; are symmetric relations, i.e. (z,y) € Ry if and only if (y,z) €
Ry and (z,y) € Sy if and only if (y,z) € Si;
(iii) Ro and Sy are antisymmetric relations, i.e. if (x,y) € Ry then (y,z) ¢ Ra
and if (z,y) € Sz then (y,z) ¢ Sa.

For every (z,y) € Ry, {[(d,1,(z,y))] | d € D} is a triangle component of
(Y,Q). Since (Z,T) has no loops, {f([(d,1,(x,y))]) | d € D} is triangle con-
nected, and Lemma 2.5(6) implies that there exists (z/,y") € Sy such that
f([(ak, 1, (z,9)]) = [(a6—k, 2, (z',y'))] for all k = 1,2,...,5. Since z = [(az, 1,
(m,y))], Yy = [(a471,(9c,y))], z' = [(a2727(x/>yl))]7 and y' = [<a472a (xlay/))] we
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find that f(x)
clude that (y,
such that f([

f(y) = 2’. Since R; is a symmetric relation we con-
€ R nd for an analogous reason, there exists (z”,y"”) € Sy
( 1, (y,2))]) = [(a6—k,2, (z",y"))] for all & = 1,2,...,5. Since
Yy = [(aQa s (y ))] and T = [(a4,1,(y,z))], we deduce that f(y) = y// =2
and f(xz) = 2” = y'. Whence (2/,y), (v',2’) € Sz and this is a contradiction
because Sy is an antisymmetric relation. The proof of (5) is complete. o

g
A,

3. The variety Var(M;)

For a semigroup S = (S, ), let 7(S) denote the union of all subsemigroups
of S that are groups. For s € S, let us define L(S); = {z € S| Ju € S, zu = s}
and R(S)s ={x € S| Jue S, ur=s}. Asubset AC S is closed if it has these
properties:

(cl) ab € A for a,b € A;
(c2) if a® € A for some a € S then a € A4;
(c3) if abb € Afor a € S then a € A, if ba,b € A for a € S, then a € A.

By straightforward verification, we obtain

Lemma 3.1 The semigroup M, satisfies the identities 2%y = xy, x2y? = y°z?
and 2%y? = (zy)?. O

Next we recall several notions useful in a characterization of endomorphism
monoids, see [22] or [25]. For a semigroup S and for f, g € End(S) we write

fzgif fog=gand fof=Ff,
f=xgif f=g=f;

and we say that f covers g if f and g are idempotents such that f =g, f % g
and for h € End(S) with f > h = g we have either f < h or h < g. Clearly, if
f,g € End(S) then

f = g if and only if f is idempotent and Im(g) C Im(f);

f =g if and only if f and g are idempotent and Im(f) = Im(g);

f covers g if and only if f and g are idempotents, Im(g) € Im(f) and
for every idempotent h € End(S) with Im(g) C Im(h) C Im(f) we have
either Tm(f) = Im(h) or Im(g) = Im(h).

The following proposition gives several important properties of semigroups
S satisfying the identities from Lemma 3.1.

Proposition 3.2 Let S = (S,-) be a semigroup satisfying identities z%y = xy
and 2%y? = y*2? = (zy)?. Then

1. r(S) = {s € S| s*> = s} is a semilattice and a left ideal of S;
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2.

3.

10.

if s € S\r(8S) then either s is irreducible in S or {x € S | xs = s} = L(S)s
is a closed set in S with L(S)s N7 (S) # 0;

if u € R(S)s for some s € S\ r(S) then u € S\ r(S), L(S), C L(S)s,
R(S)u C R(S)s, tu € R(S)s for all t € L(S)s and either v = s or
s & R(S)u;

. the mapping f : S — S given by f(s) = s for all s € S is an idempotent

endomorphism of S with Im(f) = r(S);

a constant mapping f of S with the value s € S is an endomorphism of S
if and only if s € r(S);

Im(f) is a doubleton for an idempotent endomorphism f € End(S) if and
only if 1 < |{g € End(S) | g is constant and f covers g}| < 2;

if X Cr(S) is a two-element chain then there exists an idempotent endo-
morphism f of S such that Im(f) = X and f covers exactly two constant
endomorphisms of S; conversely, if f is an idempotent endomorphism of S
that covers exactly two constant endomorphisms of S then Im(f) C r(S)
is a two-element chain;

if s € S\1(8S) is irreducible then there exists an idempotent endomorphism
f of S such that Im(f) = {s,s%}, f~1(s) = {s} and f covers exactly one
constant endomorphism of S; conversely, if f is an idempotent endomor-
phism of S that covers exactly one constant endomorphism of S then there
exists an irreducible s € S\ 7(S) such that Im(f) = {s,s*} and any
t € f=1(s) is irreducible;

if s € S\ r(8S) is reducible then for every t € L(S)s Nr(S) there exists an
idempotent endomorphism f of S such that Im(f) = {s,s*,t}, f~1(s) =
R(S)s, f7H(t) = L(S)s and if f covers an idempotent endomorphism g of
S then Im(g) = {s2,t}; conversely, if f is an idempotent endomorphism
of S such that any idempotent endomorphisms g1 and g of S covered by
f satisfy g1 < g2 and Im(g1) is a doubleton, then there exists a reducible
s € S\r(S) and t € L(S)s N7 (S) such that Im(f) = {s,s%,t}, f71(t) =
ULL(S) | f(w) = s}, and £~ (s) = ULR(S), | F(u) = s} C S\ r(S);

if f is an idempotent endomorphism of S such that there exists a reducible
s € S\r(S) with s € Im(f) then s* € r(S)N Im(f) and L(S)sN Im(f) # 0;
in particular, | Im(f) Nr(S)| > 2.

Proof. The identity z?y = xy implies the identity =3 = 2. Thus any subsemi-
group of S that is a group is a singleton and hence r(S) = {s € S| s> = s} =
{s? | s € S}. From z%y? = y?2? we conclude that r(S) is a semilattice. Finally,
the identities (zy)? = 2%y? and 2%y = xy imply xy? = 2%y = (zy)?. Hence
r(S) is a left ideal of S, and (1) is proved.

To prove (2), assume that s € S\ r(S) is reducible. If zu = s for some
u,x € S then

s = zu = 2’u = z(ru) = s

and hence £(S); C {x € S | zs = s}. It is clear that {z € S | s = s} C L(S),
and hence {x € S | zs = s} = L(S)s. To prove that £(S)s is closed we observe

that
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if x,y € L(S)s then (zy)s = z(ys) = xs = s and (cl) is true;

if 22 € L(S), then s = 2%s = s and (c2) is true;

if a,ba € L(S)s then bs = b(as) = (ba)s = s and b € L(S)s;

ifa,ab € L(S)s then, by (c1), a® € L(S)s and (ab)? = b?a? € L(S)s; hence,
by the foregoing step, b*> € L(S)s and, by (c2), we obtain b € L(S)s, thus
(c3) is true.

Since s is reducible we deduce that £(S); # 0, thus there exists y € L(S)s and,
by (c2), y?> € 7(S) N L(S)s. Thus 7(S) N L(S), # O and the proof of (2) is
complete.

To prove (3), assume that v € R(S), for some s € S\ r(S). Then there
exists t € S with tu = s, and, by (1), v ¢ r(S). If x € £(S), then, by (2),
zu = u and hence

zs = 225 = 2%ty = 2%t%u = t?2%u = tu = ts = s,
therefore z € L(S), and L£(S), € L(S)s. If z € R(S), then yx = u for some
y € S and hence tyx = tu = s. Therefore x € R(S)s and hence R(S), C R(S)s.
If x € L(S);s then

2

s =xs = 15 = 2%tu = 2%t>

u =tz = tzxu,
and thus zu € R(S),. Finally, if s € R(S),, then u = vs for some v € S and
hence

s = tu = t?u = t2vs = t?0v%s = V225 = v%s = vs = u.

Whence either s = u or s ¢ R(S), and (3) is proved.

(4) follows from the identity a?b? = (ab)? and (1).

(5) is a consequence of (1).

Next we define special endomorphisms of S proving the first statements of
(7), (8) and (9). If X C r(S) is a doubleton subsemigroup of S then X is a
two-element chain in the semilattice r(S) (we recall that, by a convention, a
partial ordering on r(S) is defined so that z < y just when zy = yx = y for
x,y € r(S)). Assume that {z < y} = X. Define a mapping f : S — S by

x if 2% <«
f(z)_{y if 22 £ x.
It is easy to verify that f is an idempotent endomorphism of S. Clearly, f covers

exactly two constant endomorphisms of S. If s € S\ 7(S) is irreducible then
obviously the mapping f :.S — S given by

s if z =3,

f(z)—{ s?2 ifze S\ {s}

is an idempotent endomorphism of S with Im(f) = {s,s*} and f~1(s) = {s}.
It is easy to see that f covers exactly one constant endomorphism of S. If
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s € 8\ r(S) is reducible and ¢ € L(S); N r(S) then we prove that a mapping
f S5 — S such that

S 1f z € R(S)S7
f(z)= t if z € L(S)s,
s2 ifze 8\ (L(S)s UR(S),)

is an idempotent endomorphism of S with Im(f) = {s,t,s%}, f~(s) = R(S)s
and f~1(t) = L(S)s. To prove the correctness of the definition it suffices to
prove that £(S)s NR(S)s = 0. For u € L(S)s NR(S), there exist x,y € S with
zu = s = uy. By (2), us = s and thus

s = u’s = vlru = vlxu = 2?ud = 2%

By (1), s € r(S) — a contradiction with s € S\ r(S). If we prove that zy € L(S),
implies z,y € L(Ss) and zy ¢ R(S)s whenever x ¢ L(S)s then, by (3), we
conclude that f is an endomorphism. From zy € L£(S) it follows, by (cl), that
(ry)? € L(S),. Since 2%(zy)? = 222%y? = 2%y? = (vy)? we conclude, by (c3),
that 22 € £(S);. Whence, by (c2), z € L(S)s and, by (c3), also y € L£(S)s.
If vy € R(S)s then txy = s for some ¢t € S. Thus tx € L(S)s and, by the
foregoing step, x € L(S)s, and thus zy ¢ R(S)s whenever « ¢ L£(S),. Whence
f is a correctly defined idempotent endomorphism of S. Clearly, if f covers an
idempotent endomorphism g of S then Im(g) = {¢,s} C r(S).

Observe that if s € Im(f)\ r(S) is reducible for an idempotent f € End(S),
then s € Im(f) and Im(f) N L(S)s N7(S) # 0. Indeed, by (2), s = tu for
some ¢ € r(S) and v € S and hence f(t) € L(S)s Nr(S). Note that, by (2),
s2 ¢ L(S)s and thus | Im(f) Nr(S)| > 2. Thus (10) is proved.

To prove (6), observe that Im(f) is a subsemigroup of S. Thus if Im(f)
is a doubleton then 1 < |{g € End(S) | g is constant and f covers g}| < 2.
To prove the reverse implication, assume that f € End(S) is idempotent with
1 < |{g € End(S) | g is constant and f covers g}| < 2. Then f is non-constant.
First assume that [#(S) N Im(f)| > 2. Since Im(f) N ~r(S) is a subsemigroup
of S for every x € Im(f) N r(S) there exists a two-element chain X with z €
X C Im(f) Nnr(S). By the foregoing construction, there exists an idempotent
endomorphism f’ € End(S) with Im(f’) = X. Hence g <X f' < f for every
constant endomorphism g € End(S) with ¢ < f and {z} = Im(g). Thus
Im(f") = Im(f) = r(S)N Im(f) is a doubleton. Assume that |r(S)N Im(f)| =
1. Since f is non-constant there exists s € Im(f)\ r(S). Clearly {s?} =
r(S)N Im(f). If s is irreducible, then, by the foregoing construction, there exists
an idempotent endomorphism f’ € End(S) with Im(f’) = {s,s*} C Im(f).
Analogously to the above, we deduce that Im(f’) = Im(f). If s is reducible
then, (10) implies that | Im(f) Nr(S)| > 2 — a contradiction; the proof of (6) is
complete.

The first statement of (7) and/or of (8) follows from the foregoing construc-
tion. The second statement of (7) and/or of (8) follows from (6), (10) and from
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the fact that Im(f) is a subsemigroup of S for every f € End(S). Thus (7) and
(8) are proved.

The first statement of (9) follows from the foregoing construction. Con-
versely, assume that f € End(S) is an idempotent endomorphism such that
any idempotent endomorphisms g; and go of S covered by f satisfy g1 < go and
Im(g1) is a doubleton. Let g € End(S) be an idempotent endomorphism covered
by f. First we prove that Im(g) C r(S). Assume the contrary. Since Im(g) is
a doubleton, by (8), there exists an irreducible s with {s} = Im(g) \ 7(S). If
Im(f)N7(S) # Im(g) Nr(S), then there exists z € (Im(f)N7(S))\ Im(g) such
that {z,s%} is a chain (because Im(f) Nr(S) is a subsemilattice of r(S)). By
(7), there exists an idempotent endomorphism ¢’ of S with Im(g’) = {z,s?}.
Since ¢'(s) = s? and s is irreducible, the mapping

£(2) _{ g'(2) ifz#s,

s ifz=s

is an idempotent endomorphism of S with Im(g) € Im(f’) € Im(f). Then
Im(f) = Im(f’) because f covers g and Im(g) # Im(f’) — this is a contradiction
because Im(g) # Im(g’) and f covers ¢’. If Im(f) Nr(S) = Im(g) Nr(S)
then, by (10), any v € Im(f)\ {s?} is irreducible and u? = s?. Choose
w € Im(f)\ Im(g). Then, clearly, the mapping

u if z = u,
f/(z): S ifZZS,
5?2 ifz2€ 9\ {u,s}

is an idempotent endomorphism of S with Im(g) C Im(f’) € Im(f). Hence
Im(f) = Im(f’) and, by (8), there exists an idempotent endomorphism ¢’ of S
such that f covers ¢’ and Im(g) # Im(g’) = {u,s*} — a contradiction. Whence
Im(g) € r(S) and, by (7), Im(g) is a two-element chain. If there exists a
three-element chain X = {u < v < w} with Im(g) C X C Im(f) then the
mapping

u if f(2)? <,

fl(z)=< v if f(2)? <wvand f(2)? £ u,

w  if f(z)2£w
is an idempotent endomorphism of S with Im(g) € Im(f’) € Im(f). Thus
Im(f) = Im(f’); but there exist three distinct two-element chains contained
in Im(f) and (7) yields a contradiction. In what follows, we assume that
Im(g) = {u < v}. Then there exists no z € (Im(f)Nr(S))\ Im(g) comparable
to u (else there exists a three element chain X with Im(g) € X C Im(f)). If
there exists z € ( Im(f)Nr(S))\ Im(g) then z < v and, by a direct verification,
the mapping

x if f(2)? <a,
flle)=1 v if f(2)° <w,
v if f(2)2 £ xand f(2)2 L u
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is an idempotent endomorphism of S with Im(g) C Im(f’) C Im(f). Thus
Im(f) = Im(f’); but there exist two distinct two-element chains contained in
Im(f) and (7) yields a contradiction. Thus Im(f)N7(S) = Im(g). Choose
s € Im(f)\ Im(g), then s> € Im(g). If s is irreducible then the mapping

£(2) _{ 9(2) ifz#s,

] s ifz=s

is an idempotent endomorphism of S with Im(g) C Im(f’) C Im(f). Hence
Im(f) = Im(J’) and, by (8), there exists an idempotent endomorphism g’ of S
with Im(g’) = {s, s®>}. We obtain a contradiction because Im(g) # Im(g’) and
f covers g’. Thus we can assume that s is reducible and, by (10), s> = v and
u € L(S)s. Tt is clear that f=1(s) € S\ r(S). For t € S\ r(S) with f(t) = s we
have f(w) = u for all w € L(S); because wt =t and f(t') = s for all ' € R(S);
because t = w't’ for some w’ € R(S). On the other hand, if f(w) = u and
f(t) = s then s =us = f(w)f(t) = f(wt) and w € L(S)ws, t € R(S)w: and (9)
is proved. O

By Proposition 3.2(3), for a semigroup S satisfying the hypothesis of Propo-
sition 3.2 we can define a partial ordering Cg on the set S\ 7(S) so that v C v
for u,v € S\ r(S) just when u € R(S),.

It is well known that any constant endomorphism of S is a left zero of End(S)
and that any semigroup isomorphism preserves left zeros. From the definition,
for a monoid isomorphism ¢ : End(S) — End(T) it follows that

1. f and g are endomorphisms of S with f > g if and only if ¢(f) and ¢(g)
are endomorphisms of T with ¢(f) = &(g);

2. f and g are endomorphisms of S with f < g if and only if ¢(f) and ¢(g)
are endomorphisms of T with ¢(f) =< ¢(g);

3. f and g are endomorphisms of S such that f covers g if and only if ¢(f)
and ¢(g) are endomorphisms of T such that ¢(f) covers ¢(g).

Combining these facts with Proposition 3.2, we immediately obtain the following
corollary.

Corollary 3.3 Let S = (S,-) and T = (T,-) be semigroups satisfying the iden-
tities 2%y = xy, v2y? = y*2? and 2%y? = (vy)?, and let ¢ : End(S) — End(T)
be a monoid isomorphism. Then

1. f € End(S) is constant if and only if ¢(f) € End(T) is constant;

2. f € End(S) is idempotent such that Im(f) C r(S) is a doubleton if and
only if ¢(f) € End(T) is idempotent such that Im(é(f)) C r(T) is a
doubleton;

3. f € End(S) is idempotent such that Im(f) = {s,s?} for some irre-
ducible s € S\ r(S) if and only if ¢(f) € End(T) is idempotent such
that Im(o(f)) = {t,t%} for some irreducible t € T \ r(T);



56 M. Demlova, V. Koubek

4. f € End(S) is idempotent such that Im(f) = {s,s?,v} for a reducible
s € S\ r(S) and v € L(S); Nr(S) if and only if ¢(f) € End(T) is
idempotent such that Im(¢(f)) = {t,t?,w} for a reducible t € T \ 7(T)
and w € L(T)s Nr(T);

5. f € End(S) is idempotent with Im(f) = r(S) if and only if &(f) € End(T)
is idempotent with Im(o(f)) = r(T). ad

Theorem 3.4 Var(M;) is 3-determined but not 2-determined.

Proof. Let S be a family of equimorphic semigroups from Var(Ml). By Lemma
3.1, any semigroup in Var(M;) satisfies the identities 2%y = zy and 2%y>
(zy)? = y?*2? and thus we can apply Proposition 3.2 and Corollary 3.3. It
is clear that for any S;,S, € S, there exists a monoid isomorphism ¢s, s, :
End(S;) — End(S2) such that

¢s,s is the identity mapping for every S € S;
¢Sg,Sg o ¢81752 = gﬁsl’s3 for all Slv SQ, Sg € S.

For S; = (S1,-),S2 = (S2,-) € S define a mapping s, s, : S1 — S2 as follows.

If s € r(S1) then, by Proposition 3.2(5), the constant mapping f, : S; —
S1 with the value s is an endomorphism of S;, and, by Corollary 3.3(1),
¢s,.8,(fs) is also a constant mapping, say that its value is ¢t € S3. By
Proposition 3.2(5), t € 7(S2) and we define g, s,(s) = t.

If s € S1\ r(Sy) is irreducible then, by Proposition 3.2(8), there exists an
idempotent endomorphism fs of S; with Im(fs) = {s,s?}. By Corollary
3.3(3), there exists an irreducible ¢ € Sy \ 7(S2) with Im(¢s, s,(fs)) =
{t,t*}. Define vg, s,(s) = t.

If s € S1\ 7(Sy) is reducible then, by Proposition 3.2(9), for v € £(S1)s
there exists an idempotent endomorphism fs, of S; with Im(fs,.) =
{s,s%,u}. By Corollary 3.3(4), and Proposition 3.2(9), there exist a re-
ducible t € S5\ r(S2) and v € L(S2), with Im(¢s,.s,(fsu)) = {t, 1%, v}.
Define s, s,(s) = t.

Since ¢s, s, preserves the relation <, the definition of ¢g, s, is independent of
the choice of fs and fs . (observe that fs . o fs. = fs. for all reducible s €
S1\7(S1) and u,u’ € L(S1)s). Moreover, from the bijectivity of ¢g, g, it follows
that g, s, is also a bijection and ¢, s,(r(S1)) = r(S2). Let f € End(S;). If
s € T(Sl) then fo f, = ff(s) and hence ¢g, s, (f)(wsl7s2( )) V8,8, (f( )) It
s € 81\ r(Sy) is irreducible then, by (10), either f(s) is irreducible or f(s) =
f(s®) €7(8). Thus fofs = ff(,) and hence ¢s, s, (f)(Vs, 5,(5)) = ¥s, s, (f(5))-
Finally, assume that s € Sq \ 7(S1) is reducible. Choose u € £(S1)s. By (10), if
f(s) € S1\r(S1) then f(s) is reducible and thus

fres) ey if f(s) € 1\ r(S1),
fofsu=19 9repa i f(s) = f(s%) # f(u),
frs) if f(s) = f(u),
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where g, is an idempotent endomorphism of S; with Im(g,.) = {u,v}. By
the definition of g, s, and Corollary 3.3(2), we get ¢s, s,(f)(¥s, s,(s)) =
wshsz (f(S)) Thus

(a) (bShSZ (f)(wsl,sz (S)) = '(/151,52 (f(s)) for all s € 55.

For S = (S5,-) € S, by Proposition 3.2(4), there exists an idempotent endomor-
phism hg of S with hg(s) = s? for all s € S. By Proposition 3.2(1), Im(hs) =
r(S) and, by [22], the subsemigroup hsEnd(S)hs of End(S) is isomorphic to
End(r(S)). From Corollary 3.3(5) it follows that ¢g, s,(hs, End(S1)hs,) =
hs,End(S2)hs,. Define an equivalence ~ on § so that S; ~ Sg just when
the domain range restriction of ¢g, s, to (S1) and r(Sz) is a semigroup iso-
morphism between the respective subsemigroups r(S1) and 7(S2) of S; and S,.
According to B. M. Schein [34], ~ has at most two classes. To complete the proof
it suffices to show that if S; ~ Sy then s, g, : S1 — Sy is an isomorphism.
Assume that S; = (S1,-) and Sy = (S, ). Thus we must prove that

(b) ’(/}51752 (S)'(/)ShSz (t) = wSLSz (St) for all Sat S Sl-

Assume that s,t € S;. If t € 7(S;) then, by Proposition 3.2(1), st € r(S1)
and hence t> = t and (st)? = st. Since vg, s,(r(S1)) = r(S2) and vs, s,
is an isomorphism between subsemigroups r(S;) and 7(S2) we deduce that

Us,,8.(5)Us,,5,(t) = s, s, (st) whenever s, s,(s%) = (¢s,,5,(5))*. Therefore
we first prove that

(c) Vs, .s,(5%) = (¥s,.8,(5))? for all s € S;.

If s € r(S1) then vs, s,(s) € r(S2) and (c) is true. If s € Sy \ r(Sy) is ir-
reducible, then, by Proposition 3.2(8), there exists an idempotent endomor-
phism f of S; with Im(f) = {s,s?}, by Corollary 3.3(3) and Proposition
3.2(8), there exists an irreducible u € Sy \ r(S2) with Im(¢(f)) = {u,u?}. By
(a)7 1,[)51732(8),1/)51752(52) € Im(¢(f)) Since ¢S1,S2(52) € T(SQ) we conclude
that /(/)S2,S2(S) = u and '(/}51752(82) = u2’ thus wS1,Sz(S2) = ({lpS1,Sz(S))2’ If
s € S1\r(S1) is reducible, then, by Proposition 3.2(9), for every u € £(S1)s there
exists an idempotent endomorphism f of S1 with Im(f) = {s, s?,u}. By Corol-
lary 3.3(4) and Proposition 3.2(9), there exist a reducible v € So\r(S2) and w €
‘C(SQ)U with Im(¢(f)) = {1)71)2,11)}. By (a)’ wslys2(s)7ws17s2(s2)7¢sl7sz(u) €
Im(¢(f)) and wSLSz (82)31/]5152 (U) € T(SQ)a thus 1/151,32 (S) = v. Since u < 82
and w < v? and since, by the hypothesis, ¥g, s, is an isomorphism between
r(S1) and r(S2) and therefore it is an isomorphism of posets we conclude that
Vs, s,(s?) = v% Thus (c) is proved. Hence (b) is proved whenever ¢ € r(S;).
Assume that ¢ € Sy \ 7(S1). According to the identities (zy)? = 22y? and
2%y = ry we deduce that (st)? = s*t?> = st? and according to the foregoing part
of the proof (s, s,(st))? = vs,.s,(5)¥s, s,(t?) because t? € r(S;). Observe
that if s € L(S1), and t € R(Sy), for some u € Sy \ 7(S1) then there exists
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v € L(S1), with vt = u and, by Proposition 3.2(2), vu = u = su. Hence
u = s?u = s2v*t = v2s%t = v¥st = vst

and thus st € R(S1), and, by Proposition 3.2(3), st ¢ r(S1) and st Cg, u.
From s € £(S1)st and t € R(S1)s it follows that

(d) st € S1\r(S1) if and only if there exists u € S;\7(S1) with s € £(S1), and
t € R(S1)4; moreover, if st € S;\ r(S1) and s € £(S1), and t € R(S1)y
for some u € S7 \ 7(S1) then st Cg, u.

From the definition of C it follows that if ¢, s,(R(S1)u) = R(S2)ys, s, (u) for
all w € S1\r(S1) then u Cg, v if and only if ¥g, s,(u) C 9, s,(v) for all u,v €
Sl \T(Sl) Thus if 1/}51752(R(S1)u) = R(SQ)l/)sl,SQ(u) and '(/)51752(‘C<Sl)u) =
L(S2)ys, s, () for all u € 51\ 7r(S1), then (d) implies (b), and the proof will be
complete.

We recall that vg, s,({u | v € S1\ 7(S1) is reducible}) = {u | v € S\
r(S2) is reducible}. Let u € S7 \ r(S1) be reducible. By Proposition 3.2(9),
v € L(S1)y if and only if there exists an idempotent endomorphism f of Sy
with Im(f) = {u,u?,v}. By Corollary 3.3(4), Proposition 3.2(9) and (10) and
(a), then v, s,(v) € L(S2)ys, s,(u) and, by the symmetry, we conclude that
¥s,,8, (L£(S1)u) = L(S2)ys, s, (u)- By Proposition 3.2(9), w € R(S1)y if and only
if f(w) = u for every idempotent endomorphism f of S; with v € Im(f) and
| Im(f)| =3. By (a)’ then ¢s, s, (f)(’(/)shsz (w)) = 1s,.8, (u) and, by Corollary
3.3(4) and Proposition 3.2(9), we conclude that vs, s, (w) € R(S2)ys, s, (u)- BY
the symmetry, we obtain s, s,(R(S1)u = R(S2)ys, s, (u) and the proof of (b)
is complete. Thus g, s, : S1 — S is an isomorphism and the variety Var(M;)
is 3-determined.

Since Var(M;) contains all semilattices and since the variety of semilattices
is not 2-determined, see [34], the proof is complete. o

Theorem 3.5 The variety Var(My) is not (weakly) var-relatively universal.

Proof. Let S = (5, -) € Var(M;) be a semigroup generating the variety Var(M;).
By Lemma 3.1, S satisfies the identities 2%y = zy and (2y)? = 2%y? = y?2? but
it is not a commutative semigroup. Observe that if any element s € S\ r(S) is
irreducible then us = (us)? = u?s? = s?u? = (su)? = sufor allu € S, and hence
S is a commutative semigroup. Therefore there exists a reducible s € S\ 7(S).
By Proposition 3.2(9), there exists an idempotent endomorphism f of S such
that Im(f) is isomorphic to M;. Whence S is isomorphic to M; whenever
the subsemigroup Im(f) generates the variety Var(M;) only for the identity
endomorphism f of S. On the other hand, if Var(Mj;) is weakly var-relatively
universal then, by Theorem 1.2, there exists a proper class of non-isomorphic
semigroups such that Im(f) generates the variety Var(M;) only for the identity
endomorphism f. Therefore Var(M;) is not weakly var-relatively universal. O

For a directed graph G = (X, R) let us define a groupoid ¥,G = (T(G),-)
where T(G) = RU(X x5)U{a,b,c,a’,V,c,u,v,w,0} (assume RN(X x5) =0,
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{a,b,c,a’ ¥/, ;u,v,w,0} N (RU(X x5))=0and a, b, ¢, a’, V, ¢, u, v, w, 0
are pairwise distinct elements), and

(ml) a = a?, a(z,y) = a(z,0) = a(x,2) = (x,2) and a(x,1) = au = u for all
xGXandall( y) € R;

(m2) b = b, b(x,y) = b(y,1) = b(y,3) = (y,3) and b(y,0) = bv = v for all
y € X and all (x,y) € R;

(m3) ¢ = %, ¢(x,0) = ¢(
x € X and all (z,y)

(md) (z,y)(2',y") = o' (z,

(mb) (=, )(33 O)z'x,O)z( 0 = (V)2 =10 for all 2,2’ € X;

(m6) (z,1)(a’,1) = (z,1) = (z,1) = ()2 = for all z,2’ € X;

(m7) the product of all remaining pairs is 0.

(,y)a’ = ()—aforall( y), (@ y) € R

The proposition below describes ¥oG for a directed graph G.

Proposition 3.6 For any digraph G the groupoid VoG belongs to the variety
Var(My).

Proof. For any directed graph G = (X, R) we construct a family F(G) of
homomorphisms from ¥oG to M; such that for any pair {z,y} of distinct
elements of T(G) there exists f € F(G) with f(z) # f(y).

For x € RU(X x2) define a mapping f, : T(G) — {1, a,0} so that f.(z) =a
and f,(y) =0 for y € T(G) \ {z}. Since z is irreducible, it is easy to see that
fz : Y9G — M; is a homomorphism. For z € X and ¢ = 2, 3,4 define mappings
f@) : T(G) — {1,a,0} as follows:

1 ifz=a, 1 ifz=a,
) a ifz=(zr,y) €R, ) oa ifz=u,
fa2)(2) = a if z=(x,i) for i =0,2, Fulz) = a ifz=(y,1)e X x{1},
0 else, 0 else,
1 ifz=b, 1 ifz=b,
) a ifz=(y,x)€R, ) oa ifz=v,
Ja3)(2) = a if z=(z,i) fori=1,3, Fol2) = a if z=(y,0) € X x {0},
0 else, 0 else,
e L g
fen(z) =2 a if z= (i) forie{0,1,4}, fu(z)= 0 if e (y’ )€ R
0 else, ’ ’
0 else.
Since {a}, {b} and {c} are subgroupoids of UG, by (m1)-(m7) it follows that

the maps f(,,) for x € X and i € {2,3,4} and fu, fu, fu are homomorphisms
from UG to M;. For z € {a’,V', '} define a mapping f, : T(G) — {1,a,0} by

1 if2?2=ux,

fa(2) :{ 0 eclse.
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A direct calculation demonstrates that f, : VoG — M; is a homomorphism for
x € {a,V,}. Clearly f;1(a) = {2} for € RU (X x 2), (,i) € f(;li)(a) C
{(z,i))JURU (X x2) forz € X,i€{2,3,4}, z € f;'(a) C{z} URU (X x 2)
for x € {u,v,w}, f'(1) ={a}, £, (1) = {b}, f,' (1) = {c} and 2w € [ '(1) €
{£}URU (X x2) for z € {a’,V’,}. Whence homomorphisms from ¥,G to M;
separate elements of ¥oG. Thus VoG is a subdirect power of M and therefore
UG € Var(Ml). O

If G = (X,R) and G’ = (X', R') are directed graphs then for a compatible
mapping f : G — G’ define a mapping ¥y f : T(G) — T(G’) by

z if z € {a,b,c,a’, b, u,v,w,0},
Uof(2) =1 (f(2).f(y) ifz=(2,y)€R,
(f(z),19) if z=(x,7) for z € X and ¢ € 5.

Since f is compatible we deduce that (f(z), f(y)) € R’ for all (z,y) € R, and
therefore Wy f is correctly defined.

Lemma 3.7 If G and G’ are directed graphs and if f : G — G’ is a compatible
mapping, then ¥of : VoG — VoG’ is a semigroup homomorphism.

Proof. Clearly, ¥of(R) C R’ and ¥o(X x {i}) C (X' x {i}) for all i € 5. Then

(m1)—(m7) complete the proof because ¥ f(z) = z for all z € {a,b,c,a’, V', ,u,

v,w,0}. O
As a consequence we immediately obtain

Statement 3.8 U is a faithful functor from the category of all directed graphs
and compatible mappings into Var(My). O

Consider the category DG, from Theorem 2.6. Then for every G = (X, R) €
DG; there exists ag € X such that f(ag) = ag’ for every compatible mapping
f: G — G’ € DG,. Define a functor ¥; from DG, into the 3-expansion V
of Var(M;) so that for G € DG, we set ¥1G = (V(G,&;,i = 0,1,2) where
&; is a nullary operation satisfying &;(0) = (ag,i + 2) for ¢ = 0,1,2. Since
Uy f(ag,i) = (ags,t) for every compatible mapping f : G — G’ and every
1 € 5, we deduce that ¥y f = ¥y f is a homomorphism from ¥ G into UG’ for
every compatible mapping f : G — G’ € DG,. We can summarize as follows.

Corollary 3.9 ¥, : DGy — V is a faithful functor for the 3-expansion variety
V of Var(My). O

To prove that ¥y is full consider graphs G = (X, R), G’ = (X', R’) € DG,
and a homomorphism [ : VG — UG’

Lemma 3.10 f(z) = z for every z € {a,b,c,a’,V',c,u,v,w,0}, f(R) C R/,
and there exists a mapping g : X — X' such that f(z,i) = (g(x),i) for all
r e X andi € 5.
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Proof. Observe that z(ag,2) = (ag,2) for x € T(G) if and only if z = aq,
z(ag,3) = (ag,3) for z € T(G) if and only if + = b and z(ag,4) = (ag,4)
for v € T(G) if and only if # = ¢. Since f preserves nullary operations we
conclude that f(ag,?) = (ags,%) for i = 2,3,4 and whence f(a) = a, f(b) =b
and f(c) = c¢. From (ag,2)? = 0 it follows that f(0) = 0. Since az = (ag,2)
and cz = (ag,4) for x € T(G) if and only if z = (ag,0) and since bz =
(ag,3) and cx = (ag,4) for z € T(G) if and only if 2 = (ag,1), we obtain
flag,0) = (ag/,0) and f(ag,1) = (ag/,1). Since (ag,0)? =¥, (ag,1)? =,
alag, 1) = u, and b(ag,0) = v we conclude that f(b') =¥, f() =, f(u) = u,
and f(v) = v. Furthermore, 22 = ¥’ and ax = u for z € T(G) if and only if
r € X x {1} and 2% = ¢ and bz = v for x € T(G) if and only if x € X x {0}.
Whence f(X x {i}) C X’ x {i} for i = 0,1. Note that a(z,0) = (z,2), ¢(z,0) =
c(z,1) = (z,4) and b(x,1) = (x,3) for all x € X. Then f(a) = a, f(b) = b,
f(e) = cand f(X x {i}) € X’ x {i} for i = 0,1 imply the existence of a
mapping g : X — X’ such that f(z,7) = (g(z),4) for all z € X and i € 5.
Finally, ax € X x {0} and bz € X x {1} for € T(G) if and only if z € R
and thus f(R) C R’. Since 22 = @/ and cz = w for all z € R we obtain that
f(a') =d' and f(w) = w. O

Theorem 3.11 ¥ is a full embedding of DG, into the 3-expansion V of Var(My)
which preserves finiteness.

Proof. Let G = (X,R) and G’ = (X', R’) be digraphs from DG, and let
f:91G — ¥; G’ be a homomorphism. By Lemma 3.10, there exists a mapping
g: X — X' such that f(z,i) = (g(z),4) for all z € X and alli € 5 and f(z) = 2
for all z € {a,b,c,a’,V', ¢, u,v,w,0}. Observe that there exists z € T(G) such
that az = (z,2) and bz = (y, 3) for x,y € X if and only if z = (x,y) € R. Then
af(z) = (9(x),2) and bf(2) = (9(y),3) and hence f(z) = (g9(),9(y)) € R".
Thus g : G — G’ is a compatible mapping with W19 = f. Therefore, by
Corollary 3.9, ¥, is a full embedding. From the definition of ¥ it follows that
U, and hence also ¥ preserve the finiteness. O

Theorem 2.6 provides the following corollary.
Corollary 3.12 The variety Var(My) has an ff-alg-universal 3-expansion. O

The first statement of Theorem 1.7 is a consequence of Theorems 3.4, 3.5
and Corollary 3.12.

Remark. By Theorem 1.2 and Proposition 3.2(7), (8) and (9), the 1-expansion of
Var(M;) is not alg-universal because it has only finitely many non-isomorphic
rigid algebras. If S = (5,-,£,&1) is a rigid algebra from the 2-expansion of
Var(M;) then, by Proposition 3.2, S is finite whenever either both £,(0) and
€1(0) are irreducible or £,(0),£1(0) € r(S). But it is an open problem whether
the 2-expansion of Var(M;) is alg-universal.
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4 The variety Var(M;)

The aim of this section is to investigate the semigroup variety generated by
M. First we construct a functor @y from GRA into Var(Ms). For an undirected
graph G = (V, E) € GRA, the sets Uy(G), P;(G) for i =0,1,2,3, R(G) and p
were defined in the second section. We use these sets in the construction of a
groupoid ®¢G. The groupoid ®¢G is on the set U1 (G) = Up(G)UR(G)U{u,0}
(we assume that Up(G) N R(G) =0, u,0 ¢ Up(G) U R(G) and u # 0) and the
binary operation is defined as follows:

(m8) tw = 0 for t,w € Uy(G) such that ¢ = w or {t,w} € Py(G) or {t,w} N
(R(G) U {u,0}) # 0;
(m9) tw = u for distinct t,w € Up(G) C U(Gy) with {¢t,w} € Pl(G) U Py (G);
(m10) tw = {p(t),p(w)} = p({t,w}) for distinct t,w € Uy(G) C U;(G) with
{t,w} € P3(Q).

From Lemma 2.2(3) it follows that the definition of the binary operation is
correct.

Proposition 4.1 &,G € Var(Ms) for every graph G € GRA.

Proof. Assume that G = (V,E) € GRA. Consider the Ree’s quotient S =
C(Uy(G))/I of the free commutative semigroup C(Uy(G)) over the set Up(G)
by the ideal I generated by the set {2? | z € Up(G)}U{zyz | z,y,2 € U(Gy)}. If
we identify the ideal T with zero 0 then we can write S = (Up(G) UP2(Up(G))U
{0},:). Let ~ be the least equivalence on the set Uy(G) U PB2(Up(G)) U {0}
such that © ~ y just when z,y € Pi(G) U P2(G) or z,y € Py(G) U {0} or
z,y € P3(G) and p(z) = p(y). It is easy to see that ~ is a congruence of S
such that ®(G is isomorphic to S/ ~. A verification that the mapping f5 , :
Up(G) UP2(Up(G)) U {0} — {a,b,c,0} defined for distinct z,y € Up(G) by

a le:xa
fz,y(z) - c ifz= {xay}’
0 ifZ?é‘Tayv{x’y}

is a homomorphism from S to My is straightforward. Since the family {f; , |
x,y € Up(G), = # y} separates elements of S we conclude that S is a subdirect
power of My, thus its quotient oG belongs to Var(Ms). O

For a compatible mapping f : G — G’ where G = (V,E),G' = (W, D) €
GRA define a mapping ®qf : U1 (G) — U1 (G’) by

(f(v),%) if v = (v,4) forveV and i € 3,
T; if t = x; € X for some i € 9,

Bof(x) = { {fW),f@)} itz ={v,w} € R(G), f(v) # f(w), {f(v), fw)} & D,
u ife=wuorz={v,w}e R(G) with {f(v), f(w)} €D
0 ifx=0o0rz={v,w}e R(G)with f(v)= f(w).

b
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Lemma 4.2 If f : G — G’ is a compatible mapping from GRA then @ f :
P0G — ©¢G’ is a semigroup homomorphism.

Proof. First consider z,y € Up(G) C U;(G). Then zy = 0 just when = = y or
{z,y} € Py(G). Since @ f(x;) = =; for all i € 9 and since Do f(v,i) = (f(v),7)
for all v € V and ¢ € 3 we conclude that {®qf(x), Pof(y)} € Po(G’) whenever
{z,y} € P(G). Thus @0 f(z)®of(y) = Pof(zy) for all 2,y € Uy(G) with
xy = 0 because ®of(0) = 0. Further zy = u just when z # y and {z,y} €
P, (G) U Py(G). Analogously as for Py(G) we obtain that {®gf(z), ®of(y)} €
P (G') whenever {z,y} € P1(G). Since @of(V x {i}) CW x {i} for i € 3 and
since f is a compatible mapping we deduce that {®gf(z),Pof(y)} € P(G')
whenever {z,y} € Py(G). Thus @y f(2)Pof(y) = Pof(zy) for all z,y € Uy(G)
with zy = u because ®gf(u) = u. By Lemma 2.2, {z,y} € P5(G) in the
remaining case. Then there exist distinct v,w € V and ¢,5 € 3 such that
{vyw} ¢ E, |i—j| <1land z = (v,i), y = (w,j). We have (v,i)(w,j) =
fow} = p({z,y}) € R(G), of(x) = (f(v),i) and Dof(y) = (F(w),)). If
f(v) = f(w) then &g f({v,w}) =0 and

Do f(x)Pof(y) = (f(v),i)(f(w),4) = 0= Dof({v,w}) = Pof(xy).

Assume that f(v) # f(w) and {f(v), f(w)} € D. Then {®of(x),Pof(y)} €
Py (G') and @ f({v,w}) = u. Thus

Qo f(2)Pof(y) = (f(v),1)(f(w),]) = u=Pof({v,w}) = Pof(zy).

Assume that f(v) # f(w) and {f(v), f(w)} ¢ D. Then ®of({v,w}) = {£(v),
f(w)} € R(G') CUL(G") and {®gf (), Pof(y)} € P3(G'). Thus

Do f(2)Pof(y) = (f(v),))(f(w),)) ={f (), f(w)} = Pof({v,w}) = Do f(xy).

We can summarize that ®¢f(z)®of(y) = @of(zy) for all z,y € Up(G).

Since zy = 0 whenever z € R(G) U {u,0} or y € R(G) U {u,0} and since
D0 f(R(G) U {u,0}) € R(G') U {u,0} we conclude that @ f(z)Po(y) = 0 =
D0 f(0) = @o f(zy) whenever z € R(G)U{u,0} or y € R(G)U{u,0}. Thus ®¢f
is a semigroup homomorphism from ®¢G to ®¢G’. O

Observe that for G € GRA, the subsemigroup of ®¢G generated by the
set {x1,x3} is isomorphic to My (the underlying set is {x1,z3,u,0}). Thus for
every compatible mapping f € GRA, M, is isomorphic to a subsemigroup of
Im(®g f). Hence we immediately obtain

Corollary 4.3 @ is an embedding of GRA into Var(Ms) such that ®o f(u) = u
and o f ¢ ZVM’(M/) for every compatible mapping f € GRA. m]
2

To complete our results about Var(Ms), we investigate semigroup homo-
morphisms from oG to G’.
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Lemma 4.4 If f : &G — oG’ is a semigroup homomorphism for graphs
G = (V,E) and G' = (W, D) from GRA with f(u) = u, then f(0) =0, f(x;) =
x; for alli € 9, and there exists a mapping g : V. — W with f(v,i) = (g(v),1)
forallveV andi=0,1,2.

Proof. From f(u) = u it follows that f(0) = 0 because u? = 0. By Lemma 2.2,
either {f(z;) | i € 5} = {z; | i € 5} or [{f(z;) | i € 5} < 5. If {f(z:) |7 €
5}| < 5 then, by Lemma 2.3, there exist ¢, j € 5 such that i —j # —1,0,1 mod 5
and either f(z;) = f(z;) or f(z;) = f(zx) and f(x;) = f(@k+1 mod 5) for some
k € 5. Thus {z;,z,;} € Pi(G) and therefore z;z; = u. If f(x;) = f(x;) then
f(u) = f(ziz;) = f(zi)f(z;) = 0 — a contradiction. If f(x;) = f(zx) and
f(x;) = f(Tk+1 mod 5) then {&g, Zr41 moa 5} € Po(G) and hence

f(u) = f(xlxj) = f(l‘z)f(l’]) = f(xk)f('rk+l mod 5) = f((l?kdfk+1 mod 5) = f(O) =0

again a contradiction. Thus {f(x;) | ¢ € 5} = {=; | ¢ € 5}. Since V is
a non-empty set we conclude, by Lemma 2.2(1), that C = {zo} U {x; | i €
{4,5,...,8}} U{(v,4) | i € 3} is a cycle in (Up(G), Py(G)) for every v € V.
By Lemma 2.3, if |f(C)| < 9 then there exist z,y € C such that = # y,
{2y} ¢ Po(G) and cither f(z) = f(y) or f(x) = f(a’) and f(y) = f(y) for
some {z’,y'} € Py(G). Then zy = u and analogously as above f(z)f(y) = 0,
this is a contradiction. Thus f is one-to-one on the set C' and hence f(C) is a
cycle (of length 9) in (Up(G'), Po(G')). By Lemma 2.2(1), there exists w, € W
such that

f{zot U{(v,d) [i €3} U{z; |j=4,...,8}) =

={zo} U{(wy,?) |1 €3}U{z;|j=4,...,8}

Define a mapping g : V. — W such that g(v) = w, for all v € V. Since the
intersection of cycles

(o, x1, %2, 3, Ta,x0) and (@0, x4, s, T6, T7, T8, (v,2), (v,1), (v,0),z0)

is the set {xg,x4} we conclude that f({zg,z4}) = {x0,24}. We prove that
f(zo) = mo. If f(zg) = x4 then f(v,0) = x5, for all v € V. Since § # E, there
exists {v,w} € E, then (v,0)(w,0) = u but u = f(u) = f(v,0)f(w,0) = x525 =
0 — a contradiction. Thus f(zg) = x¢ and f(x4) = x4. Since f is injective on
the sets {x; | i € 5} and {x; | i = 0,4,5,6,7,8} U{(v,i) |i €3} forallv eV
and since f(0) = 0 we conclude, by Lemma 2.2(1), that f(z;) = z; for all i € 9
and f(v,i) = (g(v),4) for all v € V and i € 3. O

Lemma 4.5 If f : &0G — ®¢G’ is a semigroup homomorphism for graphs
G = (V,E) and G’ = (W, D) from GRA with f(u) = u, then there exists a
compatible mapping g : G — G’ with ®og = f.
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Proof. By Lemma 4.4, there exists a mapping g : V. — W such that f(x;) = x;

for alli € 9, f(u) =u, f(0) =0 and f(v,i) = (g(v),¢) for all v € V and i € 3.

Assume that v,w € V with {v,w} € E. Then (v,0)(w,1) = u and hence
u=f(u) = f((v,0)(w,1)) = f(v,0)f(w,1) = (g(v),0)(g(w, 1)).

Hence {(g(v),0),(g(w),1)} € Py(G’) and thus {g(v),g(w)} € D and there-
fore g : G — G’ is a compatible mapping. To prove that f = ®gg consider
{v,w} € R(G). Then {v,w} ¢ E and (v,0)(w, 1) = {v,w}. If g(v) = g(w) then
{f(v,0), f(w,1)} € Py(G’) and hence

f{v,w}) = f((v,0)(w, 1)) = f(v,0)f(w, 1) = (9(v),0)(g(w), 1) = 0 = Bog({v,w}).

If g(v) # g(w) then

fRv,w}) = f((v,0)(w, 1)) = f(v,0)f(w, 1) = (9(v), 0)(g(w), 1).
If {g(v),g(w)} € D then f({v,w}) = (9(v),0)(g(w),1) = u = Pog({v,w}),
and if {g(v), g(w)} ¢ D then f({v,w}) = (9(v),0)(9(w),1) = {g(v),g(w)} =
Dog({v,w}). Thus f(x) = Pog(z) for all x € U;(G), and the proof is complete.

O

Lemma 4.6 If f : &G — ®¢G’ is a semigroup homomorphism for graphs
G = (V,E) and G’ = (W, D) from GRA such that f(u) # u, then f(u) =0,
F(R(G)) = {0}, and there exists {x,y} € Po(G') with Im(f)NUy(G) C {z,y}.
Thus Im(f) is a zero-semigroup.

Proof. First we recall that V' # () £ W. Observe that for every y € R(G)U{u, 0}
there exist v, w € Up(G) with vw = y. On the other hand, any y € Up(G’) is
irreducible in ®oG’ and hence we obtain that f(R(G) U {u 0}) NUG") = 0.
Since y?> = 0 for all y € U;(G) we conclude that f(0) = 0. Assume that
fw) = {v,w} € R(G'). Then {x1,x5},{x1,27},{xs,27} € P;(G) and hence
T125 = 107 = w507 = u. By (m10), {y [ 3z, yz = {v,w}} = {v,w} x3=Z,
and for z,2' € Z, 4, we have zz' = {v, w} just when {z,2'} € P3(G). Observe
that {y,z} N ({v} x 3) and {y,z} N ({w} x 3) are singletons for all {y,z} €
P3(G) NP2(Zy.w). Thus (Z, 4, Ps(G) N Pa(Zy,.)) is a bipartite graph but
f(z1), f(zs) and f(z7) form a cycle of length 3 in (Z, 4, P3(G) N P2(Z, w)),
this is a contradiction. Thus f(u) ¢ R(G’) and whence f(u) = 0. Assume
that f({v,w}) = {v',w'} for some {v,w} € R(G) and {v',w'} € R(G’). Then,
by (m9) and (m10), (v,7)(w,j) = {v,w} = (w,j)(v,4) for i,j € 3 with |i —
Jjl €1 and (v,0)(w,2) = (v,2)(w,0) = (w,0)(v,2) = (w,2)(v,0) = u. Since
(v, 1)(w,j) = {v,w} for all j € 3, it follows that f(v,1)f(w,j) = f({v,w}) =
{v',w'} for all j € 3. Thus we may assume that f(v,1) = (v',4) and f(w,j) €
{w'} x 3 for all j € 3 and, for an analogous reason, f(v,j) € {v'} x 3 for all
j € 3. Since {(v,i)(w, j) | 4,5 € 3} = {{v,w},u} and {(v',4), (w',j) [ i,j € 3} =
{{v',w'},u} we conclude that f(u) € {{v/,w'},u} and this is a contradiction
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Witah(f(u)) = 0. Thus f({v,w}) ¢ R(G’). Assume that f({v,w}) = u. By (m8)
and (m9),

fo,)f(v,5) = f(w,i) f(w,5) = f(v,0)f(w,2) = f(v,2)f(w,0) = f(w,0)f(v,2)
= f(w,2)f(v,0)=0

for all4,j € 3. Since for every i € 3 there exists some j; € 3 with f(v,4)f(w, j;) =

= f({v,w}) = f(w,i)f(v, j;), we must have f(v,7), f(w,i) € Uy(G') for all i €
3. Hence ((v,0), (v, 1), £(v,2), f(0,0)) and (£(w,0), f(w,1), f(w,2), f(w,0))
are cycles of the graph (Up(G'), Py(G’)) and, by Lemma 2 2(1), {f(v,i) | i €
3}, [{f(w,4) | i € 3}] < 2. Thus

(f(©,0), f(v,1), f(v,2), f(w,0), f(w, 1), f(w,2), f(v,0))

is a cycle of length at most 4 in (Up(G’), Po(G’)), and, by Lemma 2.2(1),
{f(v,9), f(w,i) | i € 3} < 2. From (v,1)(w,j) = {v,w} for all j € 3 it
follows that f(v,1) # f(w,j) for all j € 3 and analogously we obtain that
f(w,1) # f(v,j) for all j € 3. Hence f(v,i) = f(v,5) # f(w,i) = f(w,7) for all
1,7 € 3 and thus

f(u) = f((v,0)(w,2)) = f(v,0)f(w,2) = fv, 1) f(w,1) = f((v,)(w, 1)) = f{v, w}),

this is a contradiction. Whence we conclude that f(R(G) U {u,0}) = {0} and
Im(f) is a zero-semigroup. By (m8), if z,y € Im(f) N Uy(G’) are distinct
then {z,y} € Py(G’). By Lemma 2.2(1), there exists no cycle of length 3 in
(Uo(G'), Po(G")) and thus | Im(f) N Up(G')| < 2 and if | Im(f) N Up(G')| = 2
then Im(f)NUy(G’) € Py(G'). The proof is complete. O

It is obvious that any zero-semigroup belongs to Var(MJ). This fact is used
in the theorem below.

Theorem 4.7 The variety Var(Ms) has an ff-alg-universal 1-expansion and
is Var(MY))-relatively ff-alg-universal.

Proof. By Corollary 4.3 and Lemmas 4.5 and 4.6, &5 : GRA — Var(M,) is
Var(M})-relatively full embedding from GRA into Var(Ms) preserving finite-
ness and, by Theorem 2.1, the variety Var(Ms) is Var(MJ})-relatively ff-alg-
universal.

To prove that the variety Var(Ms) has an ff-alg-universal 1-expansion con-
sider a functor ®; from GRA into the l-expansion of the variety Var(Ms)
such that ®1G = (PG, s, ) where £p,c(0) = u for every G € GRA and
&, f = Oy f for every compatible mapping f € GRA. By Corollary 4.3 and
Lemma 4.5, ®; is a full embedding from GRA into the expansion of the variety
Var(Ms3) by one nullary operation. Since ®; preserves finiteness we conclude, us-
ing Theorem 2.1, that the variety Var(Msj) has an ff-alg-universal 1-expansion.
O
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Theorem 4.8 Var(Ma) is a-determined for no cardinal c.

Proof. Consider a graph G = (V,E) € GRA. Observe that I = R(G) U
{u,0} is an ideal of ®¢(G) and the Ree’s quotient ®o(G)/I of Pp(G) is a
zero semigroup. Further, if Z C R(G) U {z,y,u,0} for some {z,y} € Py(G),
then Z is a subsemigroup of ®¢(G) isomorphic to a zero-semigroup. Thus a
mapping [ : U1(G) — U1(G) such that f(R(G) U {u,0}) = {0} and Im(f) C
R(G) U {z,y,u,0} for some {z,y} € Py(G) is a semigroup endomorphism of
®(G). Conversely, by Lemma 4.6, if f € End(®¢(G)) with f(u) # u then
Ff(R(G) U{u,0}) = {0} and Im(f) € R(G) U {z,y,u,0} for some {z,y} €
Py(G). Hence E(G) = {f € End(®oG) | f(u) # u} is a subsemigroup of the
monoid End(®G).

Consider graphs G = (V, E),G' = (W, D) € GRA such that |V| = |W| and
|E| = |D|. Then also |R(G)| = |R(G")|. Choose bijections ¢ : V. — W and
¥ : R(G) — R(G') and define a mapping « : U1 (G)} — Ui (G') by

z if z € {xz;|i€9}U{u,0},
k(z) = ¢(v),i) if z=(v,i) forv eV and i € 3,
¥(2) if z € R(G).
Then for every f € End(®oG) with f(u) # u there exists a unique semigroup
endomorphism ¢o(f) € End(®oG’) with ¢o(f)(u) # u and ¢o(f) ok = Ko f.
Whence ¢g is a semigroup isomorphism between F(G) and E(G’). If G and
G’ are rigid graphs then the extension ¢ of ¢y such that ¢ maps the identity
mapping of ®oG to the identity mapping of ®oG’ is a monoid isomorphism
between End(®¢G) and End(®¢G’). Since for every infinite cardinal a there
exists a family {G; = (V;, F;) | ¢ € 2%} of non-isomorphic rigid graphs from
GRA with |V;| = |E;| = « for all i € 2¢ we conclude that for every infinite
cardinal « there exists a family {®¢G; | i € 2%} of non-isomorphic equimorphic
semigroups from the variety Var(Ms).

Whence Var(Ms;) is a-determined for no cardinal a. a

Thus the proof of the second statement of Theorem 1.7 is complete.

5 The variety Var(Ms3)

The aim of this section is to investigate the least semigroup variety containing
the semigroup Ms. We shall construct a functor Iy : DGy, — Var(M3) from
the category DG; defined in Theorem 2.6. For a digraph G = (X, R) with
distinguished nodes ag,bg € X, let IyG be a groupoid on the set Zy(G) =
RUX U{a,b,a1,by,u,v} (we assume that a, b, a1, b1, u, and v are pairwise
distinct vertices with {a,b,a1,b1,u,v} N (X UR) =0 = X N R) such that

(ml1l1) a(z,y) =z, b(z,y) =y for all (z,y) € R;
(m12) ax = u, bx = v for all z € X;
(m13) aa = ab = au = av = ab; = u and bb = ba = bu = bv = ba; = v;
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(m14) aa; = ag and bb; = bg (ag and bg are determined by Theorem 2.6(3));
(m15) st =s for all s € X URU {ay,by,u,v} and all t € Zy(G).

The following lemma gives basic properties of our groupoid.
Lemma 5.1 If G = (X, R) € DG, then

1. the set of all left zeros of TG is the set XURU{aq, b1, u,v} and, moreover,
X URU{ay,by,u,v} is the greatest subgroupoid of T'oG that is a left-zero
semigroup;

. there exists no z € Zy(G) such that bz = u or az = v;

. there exists no z € Zy(G) such that az € RU{a1,b1} or bz € RU{a1,b1};

. for every pair x,y € X there exists a sequence x = Tg,T1,...,Toy = Y
such that xo; € X, Toi4+1 € R and {ax2i+1,bx2i+1} = {xgi,$2i+2} fOT’ all
i=0,1,....n—1;

. ifaz € X then z € RU{a1}, if bz € X then z € RU{b1};

X ={az|z€ R} ={bz|z € R};

oG is a semigroup from the variety Var(Ms);

. the least congruence ~ of I'oG with u ~ v has exactly one non-singleton
class e = {u,v};

9. if T is a subsemigroup of ToG with TN{a,b} # 0 # TNR then T generates
the variety Var(Ms);

10. XU{a,b,u,v} is a subsemigroup of ToG belonging to the variety Var(MJ).

> Lo o

SRS

Proof. By (m15), any element from the set X U RU {aq,b1,u,v} is a left zero
of ToG and, by (m13), a and b are not idempotent elements of T'oG, hence (1)
follows. From (m11)—(14) it follows that {az | z € Zp(G)} = {z € X | I(z,y) €
R} U{u,ag} and {bz | z € Zp(G)} = {y € X | I(x,y) € R} U{v,bg}. The
statements (2) and (3) are consequences of these equalities. By (m12) and (m13)
ar = aa = ab = au = av = ab; = w and bx = bb = ba = bu = bv = ba; = v
for all z € X. Thus the statements (5) and (6) follow from (m11) and (m14),
and the statement (4) is a consequence of (m11) and the fact that G is strongly
connected (indeed, if z,y € X then there exists a sequence © = yo,y1,...,Yx = Y
of nodes of G with (y;,¥;+1) € R for all i = 0,1,...,k — 1, set xo; = y; and
Z2;4+1 = (Yi,¥it1)). To prove (7) consider a groupoid G; on the set Z/(G) =
(R x 3)U{a,b,u,v,a1,a2,by,ba} such that

a(r,0) = (r,1), b(r,0) = (r,2) for all r € R and aa; = ag, bby = by;

a(r,i) = aay = aa = ab = ab; = aby = au = av = u and b(r,i) = bby =
bb=ba =ba; =bas =bu=bv=vforallr € Rand i=1,2;

zt =z for all z € Z'(G) \ {a,b} and t € Z'(G).

For r € R, let f,, g, : Z'(G) — {a,b, ¢,d} be mappings such that

d ifz=a, d ifz=0,
) e ifz=(r0), ) e ifz=(r0),
=4 g (1) 9-(2) =9 3 . (r,2),
a if z#a,(r,0),(r,1), a if z#b,(r,0),(r,2),
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and let f/,¢',h' : Z'(G) — {a,b,c,d} be mappings such that

d if z =a, d if z=0,
) ¢ ifz=a, oy ) e ifz=0b,
filz) = b if z = aq, g'(z) = b if z = by,

a if z #a,a1,as, a if z # b, by, ba,

oy b ifze{b by, v} UR x {2},
h("‘)—{ a if 2 ¢ {bbs v} URx {2},

By a direct verification, f, and g, for all r € R and f’, ¢’ and h’ are ho-
momorphisms from G; to M3 separating elements of G;. Thus G; is a sub-
direct power of M3. Hence G; € Var(Mj) and Z'(G) \ {a,b} is the sub-
semigroup of Gy consisting of all left zeros of G;. Observe that f.((R x
{1,2}) U {a,b,u,v}) C {a,b,d} and g.((R x {1,2}) U {a,b,u,v}) C {a,b,d}
for all r € R, and f'((R x {1,2}) U{a,b,u,v}) C {a,b,d} and ¢’'((R x {1,2}) U
{a,b,u,v}) C {a,b,d}. For r € R, let C,. = {(r,0)}, for x € X\ {ag,bc},
let us define C, = {(r,1) | r = (z,y) € R}U{(r,2) | r = (2,2) € R},
Coc = {(r,1) | 7 = (ag,y) € RYU{(r,2) | r = (2,ac) € R} U {az},

e ={(r1)|r=(bag,y) € RIU{(r,2) | r = (2,bg) € R}U{bs}, and C, = {z}
for each z € {a,b,a1,b1,u,v}. It is easy to verify that {C, | z € Zy(G)} is a
decomposition of the set Z/(G). Consider the equivalence ~ on the set Z/(G)
corresponding to the decomposition {C, | z € Zy(G)}. Observe that any non-
singleton class is a subset of (R x {1,2}) U {u,v, az,bs} and therefore it is a
congruence of G and if we identify a class C, with z for all z € Zy(G) then we
obtain that the groupoid T'yG is a quotient of G;. Hence I'yG € Var(M3) and
(7) is proved. Since (Rx{1,2})U{a,b, as,bs,u,v} is saturated by ~ we conclude
that X U{a,b,u,v} is a subsemigroup of I'gG belonging to the variety Var(M5%)
and (10) is proved. The statement (8) is an easy consequence of (1) and (7).
For (z,y) € R, a direct calculation shows that the subsemigroup {(z,v),x,u,a}
of Ty G is generated by {(z,y),a}, and that the subsemigroup {(z,y),y,v, b} of
I'yG is generated by {(z,y),b}. It is easy to see that both these subsemigroups
of TyG are isomorphic to M3 and the proof of (9) is complete. ]

For a compatible mapping f : G — G’ € DG; define Ty f : Zo(G) — Zp(G')
so that

(z1) Tof(s) = s for all s € {a,b,a1,b1,u,v};
(z2) Tof(x) = f(x) for all x € X;
(23) Tof((2,)) = (f(2), f(y)) for all (z,y) € R

Lemma 5.2 T'yf : I'\G — T'gG’ is a homomorphism for every compatible map-
ping [ : G — G’ € DG,.

Proof. By Lemma 5.1(1), X U R U {a1,b1,u,v} (or X’ U R" U {a1,b1,u,v})
is a left-zero subsemigroup of I'yG (or T¢G’). Thus T'of(ay) = Tof(x) =
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Tof(x)Tof(y) for all z € X U RU {a1,b1,u,v} and all y € Zy(G) because
Tof(XURU{ay,by,u,v}) C X' UR U{ay,by,u,v}. Since

ax =u and bx = v for all z € X U{u,v},
a(x,y) =z and b(x,y) =y for all (z,y) € R,
aa; = ag, bby = bg and ab; = bay = u

and since

Lof(z,y) = (f(z), f(y)) for all (z,y) € R,
Tof(z) = f(x) for all x € X,
Tof(s) = s for all s € {a,b,u,v}

we conclude that Tof(st) = Tof(s)[of(t) for all s € {a,b} and all t € Zy(Q).
Thus I'gf : T9G — I')G’ is a homomorphism. O

As a consequence we obtain the following corollary.

Corollary 5.3 T'g is an embedding of DGy into the variety Var(Ms) which
preserves finiteness. |

Let V denote the variety that is the expansion of Var(M3) by two nullary op-
erations & and (. Define a functor I'y : DGs — V such that I''G = (fOG, ér,a,
¢r,a) for every G € DG, where I'yG is the subsemigroup of I'yG on the set
Zo(G) \ {a1,b1}, see Lemma 5.1(1) and (3), ér,c(0) = a, ¢r,c(0) = b and
I’y f is the domain-range restriction of I'gf to f‘oG and f‘oG’ (this is correct
because Tof~1(a1) = {a1}, Tof~1(b1) = {b1}) for every compatible mapping
f: G — G’. We immediately obtain the following corollary.

Corollary 5.4 T’y is an embedding of DG into the variety V which preserves
finiteness. a

Next we prove that I'y is a full embedding.

Theorem 5.5 I'y is a full embedding of DG into the variety V. The variety
Var(M3s) has an ff-alg-universal 2-expansion.

Proof. Let G = (X,R) and G’ = (X', R’) be digraphs from DG, and let
f:T1G — I't'G’ be a homomorphism of V. Since ér,g(0) = &r,e/(0) = a and
(r,a(0) = ¢r,a(0) = b we have f(a) = a and f(b) = b. From a? = u and
b* = v it follows that f(u) = u and f(v) = v. By Lemma 5.1(1), we conclude
that f(X U RU {u,v}) € X' U R U{u,v}. First we prove that f(X) C X'
and f(R) C R'. Since G is strongly connected we conclude that for every
x € X there exist y,z € X with (z,y), (2,z) € R. Then a(z,y) = z = b(z,x),
by (mll). From Lemma 5.1(3) it follows that f(z) ¢ R’ and from Lemma
5.1(2) it follows f(z) ¢ {u,v}. Thus f(z) € X’ and since € X is an arbitrary
element we conclude f(X) C X’. Lemma 5.1(5) implies that f(R) C R’ because
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a(z,y) =z € X and b(z,y) =y € X for all (z,y) € R. Let g be the domain-
range restriction of f to X and X’. Since a(z,y) = z, b(z,y) = y for all
(z,y) € R we conclude that g(z) = f(x) = f(a(z,y)) = f(a)f(z,y) = af(z,y)
and g(y) = f(y) = f(b(z,y)) = f(0)f(x,y) = bf(x,y). Whence f(z,y) =
(9(x),9(y)) and hence g : G — G’ is a compatible mapping and by a direct
calculation we obtain that I'yg = f. Thus I'y is a full embedding and Theorem
2.6 completes the proof. O

Next, we prove that the 1-expansion of Var(M3) is not alg-universal.

Lemma 5.6 Any rigid algebra in the 1-expansion of Var(Ms) has at most two
elements.

Proof. Let S = (5, -, €) be a rigid algebra in the 1-expansion of Var(M3), by the
nullary operation £. Let us assume that £(0) = s € S. By a direct inspection,
we obtain that every element of M3 is either irreducible or idempotent. This
property is preserved by products, subalgebras and homomorphic images, and
thus S satisfies this property. If s is idempotent then the constant mapping
with value s is an endomorphism of S and because S is rigid we obtain S = {s}.
If s is irreducible then the mapping

(t) = s ift =s,
IW= 2 ifte s \ {s}
is an endomorphism of S. Whence S = {s, s?} and the proof is complete. O

By Theorem 5.5 and Lemma 5.6 we obtain the following corollary.

Corollary 5.7 The variety Var(Ms) has an alg-universal a-expansion for a
cardinal o if and only if a > 2. O

Next we modify the functor I'y to obtain a ZVar(M’)'fuu embedding I's :
3

DGs — Var(Ms). For a digraph G € DGy, let T'2G be the quotient semigroup
I'yG/ ~ where ~ is the least congruence of I'yG with v ~ v. By Lemma 5.1(8),
e = {u,v} is the unique non-singleton class of ~. Let us denote Z;(G) =
RUX U{a,b,a1,b1,e} = Zy(G)/ ~. For a compatible mapping f : G — G/,
let us define T's f so that I'sf(z) =T f(z) for all z € RU X U {a,b,a1,b;} and
I'sf(e) = e. Then we can write I'yf = I'gf/~ because (I'of) "1 ({u,v}) = {u,v}.
Hence we obtain the following proposition.

Proposition 5.8 T's : DG, — Var(Ms) is an embedding such that the subsemi-
group Im(Taf) of ToG’ generates the variety Var(Ms) for every compatible
mapping [ : G — G’ € DG,.

Proof. From Lemma 5.1(7), (8) and Corollary 5.3 it follows that I'y : DG, —
Var(M3) is an embedding. For a compatible mapping f : G — G’ € DGy, we
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have Im(Tyf) N{a,b} # 0 # Im(T'yf) N R and Lemma 5.1(9) completes the
proof. O

To prove that T's is Var(Mj)-full we describe semigroup homomorphisms
between I'sG and I'sG’ for G, G’ € DGs;.

Proposition 5.9 Let G = (X,R) and G’ = (X', R') be digraphs from DGs.
Then a mapping f : Z1(G) — Z1(G’) is a semigroup homomorphism from T'sG
to oG’ if and only if it satisfies the following conditions:

1. f(RUXU{alablae}) C R/UX/U{alablve} and {f(a)af(b)} - {a’a b,f(E)},'
2. if {a,b} #{f(a), f(b)} then f(X U{e}) is a singleton;

3. if {f(a), f(b)} N {a,b} is a singleton then f(e) = e and Im(f) C X U
{a,b,e,d} where

ap if be{f(a), f(b)};

4. if {f(a), f(b)} = {a,b} then either there exists a compatible mapping g :
G — G’ with f =T2g or f(X U{e}) ={e} and Im(f) C X U{a,b,e}.

d:{ by ifae{f(a),f(0)},

Proof. Let f : I''G — TI';G’ be a semigroup homomorphism. By Lemma
5.1(1), f(RU X U {a1,b1,e}) € R U X' U {as,br,e}. Since a? = b? = e,
by Lemma 5.1(1) we obtain f(a) = f(e) or f(a) € {a,b} and analogously
f(b) = f(e) or f(b) € {a,b} and the statement (1) is true. Observe that for
every x € X and ¢ € {a,b} there exists z € R with = cz. Thus from
f(e) = f(e) it follows that f(z) = f(e)f(z) = f(e)f(z) = f(e). Hence if
f(a) € R"U X' U{ay,b1,e} or f(b) € R U X' U{ay,b1,e} then f(X U{e}) is
a singleton. If {f(a), f(b)} N {a,b} = ( then the statements (3) and (4) hold
(because the hypothesis of these statements are not satisfied) and therefore the
statements (1), (2), (3), and (4) are true.

Next assume that there exists ¢ € {a,b} with f(c) € {a,b}. From a? =
b? = e it follows that f(e) = e. Observe that, by (m12), (m13) and (m14),
{z € Z1(G') | f(c)z =e} = X' U{e,d} where

d—{ by if f(c¢) = a,
Tl a1 if f(e) =0

If, moreover, f(X) = {e} then, by (1), (m11) and (m14), f(z) € X' U{e, d} for
all z € RU{ay,b1} because cz € X U {e}. Therefore if {f(a), f(b)} N {a,b} #
0 # {f(a), f(b)} \ {a,b} then the statements (1), (2), (3), (4) are true (the
hypothesis of the statement (4) is not satisfied).

Assume that {f(a), f(b)} C {a,b}. First we prove that either f(X) = {e}
or f(X) C X'. Assume that f(z) # e for some x € X. Since for ¢ € {a,b}
there exists z € R with = ¢z we have f(z) = f(c)f(2) and, by Lemma 5.1(3),
f(z) ¢ R'U{as,b1} because f(c) € {a,b}. Whence f(z) € X'. By Lemma
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5.1(4), for every y € X there exists a sequence & = xg, 1, . .., T2, = y such that
T9; € X, Toi41 € R, {ax2i+1,bx2i+1} = {-T2i7x2i+2} for all 1 = 0,1,...,n— 1.
We prove that if f(z9;) € X’ for some i = 0,1,...,n — 1, then f(xg;12) € X'.
Assume that cxo;41 = xo; for ¢ € {a,b}. Then f(c)f(x2i11) = f(cxoir1) =
f(z2;) € X' and, by Lemma 5.1(5), if f(c) = a then f(z2;41) € R’ U {a1}, if
f(c) = b then f(z9;41) € R'U{b1}. Since ¢'x2;11 = Tai42 for ¢’ € {a,b} \ {c}
we deduce that f(x9;42) = f(¢/)f(x2:41) € X' whenever f(z2;41) € R’ because
f() € {a,b}. If f(@2i41) € R and f(c) = f(c) then f(z2i12) = f(c)f(22i41) =
f(z2;) € X'. Tt remains to consider the case of {f(a), f(b)} = {a,b} and
f(z2i41) ¢ R'. Then f(c) # f(c') implies f(22i42) = f(c')f(z2i41) = e, by
(m13) and (ml4), and if f(c) = a then f(x2,11) = a1 and f(z2;) = ag, if
f(c) =b then f(x9;41) = by and f(x2;) = bg/. By the definition of T'yG, either
(%2, T2i42) € R or (z2i42,22;) € R, and, by Theorem 2.6(2), there exists a
node z € X such that {xg;, 22,12, 2} is a cycle of length 3 in G. Thus there
exist 21,22 € R such that {az1,b21} = {22i49, 2}, {aze,b22} = {xa;, z}. Since
CTojr1 = Toj, C'Tar1 = Xosro we deduce that czy = X912, 21 = 2, c22 = 2,
c'zo = xg9;. If f(¢) = a then, by (m12), (m13) and (m14), f(z1) € X U {e, b1}
and f(z) = f(c)f(z1) € {e,ba'}, if f(c) = b then f(z1) € X U{e,a1} and
7() = J(@)f(1) € {e,aq} IF f(21) € X U {e}, then, by (m13), f(z) =
and, by the same argument, if f(c) = a then f(z9;) € {e,ba/}, if f(c) = b
then f(z2;) € {e,ag/} — this is a contradiction with the value of f(z2;). Thus,
if f(¢) = a then f(z1) = by and f(z) = bgs and if f(c) = b then f(z1) = a4
and () = ac. From {£(c)(22), F(¢)f(z2)} = 1 (z20), F(2)} = {agr, b} it
follows that either (ag/,bg’) € R’ or (bg/,ag’) € R’ — this is a contradiction
with Theorem 2.6(4). Therefore f(z2,42) € X and, by an easy induction, we
obtain that f(y) € X’. From Lemma 5.1(4) it follows that if f(z) # e for some
xz € X then f(X) C X'. Thus either f(X) C X’ or f(X) = {e}.
Next assume that f(a) = f(b) = ¢ € {a,b}. Then

flag) = flaar) = f(a)f(a1) = cf(a1) = f(0)f(a1) = f(bar) = f(e) = e

and hence f(X) = {e}. Thus if |{f(a), f(b)} N {a,b}| <1 then the statements
(1), (2), (3), and (4) are true (because the hypothesis of the statement (4) is
not satisfied).

If {f(a), f(b)} = {a,b} and f(X) = {e} then, by (m11), (m13) and (m14),
f(RU{a1,b1}) € (X U{e,a1}) N (X U{e,b1}) = X U{e}. Thus Im(f) C
X U{a,b,e}.

If {f(a), f(b)} = {a,b} and f(X) C X' then, by Lemma 5.1(5), f(R) C R'.
Let g : X — X’ be the domain-range restriction of f to X and X'. If (z,y) € R
then a(x,y) = x and b(x,y) = y. If f(a) = a then f(b) = b and

g(z) = f(x) = f(a(x,y)) = f(a)f(z,y) = af(x,y) and
9(y) = f(y) = f(b(z,y)) = f(b) f(x,y) = bf (z,y),

so that f(z,y) = (9(z),9(y)) € R and g : G — G’ is a compatible mapping.
Since aa; = ag, bay = ab; = e and bb; = bg and since g(ag) = ag’ and
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9(ba) = bas (by Theorem 2.6(3)), we conclude that f(a;) = a1, f(b1) = by and
f=Tag. If f(a) =b then f(b) = a and

g(z) = f(z) = fla(z,y)) = f
g(y) = f(y) = f(b(x,y)) =

so that f(x,y) = (9(y),9(x)) € R for all (z
with Theorem 2.6(5) and hence if {f(a), f(b)}
(2), (3), and (4) hold.

Therefore any semigroup homomorphism f : I''G — T'yG’ satisfies the
statements (1), (2), (3), and (4).

Conversely, assume that a mapping f : Z;(G) — Z1(G’) satisfies the state-
ments (1), (2), (3) and (4). We prove that f is a semigroup homomorphism from
I';G to I'sG'. First assume that f(a), f(b) ¢ {a,b}. Then f(X U{a,b,e}) is a
singleton and Im(f) C R'UX'U{aq,b1,e}. By Lemma 5.1(1), f(2) = f(2)f(t) =
f(zt) = f(z) for all z,t € RUX U{a1,by1,e}. Since f(XU{a,b,e}) is a singleton
we conclude that f(e) = f(c)f(z) = f(cz) for all z € Z1(G) and ¢ € {a, b} and
f: TG — I';G’ is a semigroup homomorphism. If {f(a), f(b)} N{a,b} is a sin-
gleton then f(XU{e}) = {e}, {f(a), f(b)} C {a,b,e} and f(RUXU{a1,b1,e}) C
X'U{e,d} where d = by if a € {f(a), f(b)} and d = a1 if b € {f(a), f(b)}. By
Lemma 5.1(1), f(2) = f(2)f(t) = f(zt) = f(2) for all z € RUX U{a1,by, e} and
t € Z1(G). By Lemma 5.1(6), {az | z € Z1(G)} = X U{e} = {bz | z € Z1(G)}
and thus e = f(¢)f(z) = f(cz) for all ¢ € {a,b} and z € Z;(G). Hence
f :T9G — T'sG’ is a semigroup homomorphism. If {f(a), f(b)} = {a,b} then
either f = T'ag for a compatible mapping g : G — G’ or f(X U {e}) = {e} and
f(RUX U{ay,b1,e}) C X'U{e}. In the first case, f is a homomorphism because
Iy is a functor into Var(Ms), in the second case, we obtain, by the argument
as above, that f : oG — I'sG’ is a semigroup homomorphism, and the proof
is complete. O

(a)f(xz,y) = bf(x,y) and

FO) f(x,y) =af(z,y),

1 (z,y) € R. This is a contradiction
)} = {a,b}, then the statements (1),

As a consequence we obtain the following corollary.

Corollary 5.10 Let G = (X, R) and G’ = (X', R’) be digraphs from DGy. If
f : TG — T'yG' is a semigroup homomorphism then either f = T'ag for a
compatible mapping g : G — G’ or f(X U {e}) is a singleton and Im(f) is a
subsemigroup of oG’ belonging to the variety Var(Mj). Let E(G) be the set
of all semigroup endomorphisms f of ToG such that f(X U{e}) is a singleton.
Then E(G) is a subsemigroup of End(T2G). Semigroups E(G) and E(G’) are
isomorphic if and only if | X| = |X’| and |R| = |R/|.

Proof. It { f(a), f(b)} # {a,b} then, by Proposition 5.9(2) and (3), f(XU{e}) is
a singleton and either Im(f) C R'UX'U{a,b1,e} or Im(f) C X' U{a,b,e,d}
where d = by if a € Im(f) and d = a1 if b € Im(f). In the first case,
by Lemma 5.1(1), Im(f) € Var(Mj) in the second case, by Lemma 5.1.(10),
Im(f) € Var(M5). If {f(a), f(b)} = {a, b} then Proposition 5.9(4) and Lemma
5.1(10) complete the proof of the first statement.
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To prove the second and the third statement, observe that, by Proposition
5.9, a mapping f : Z1(G) — Z1(G) belongs to E(G) if and only if it satisfies
one of the following conditions

1. f(X U{a,b,e}) is a singleton and Im(f) C RU X U{ay,by,e};

2. . {{(@, FO)} C {are}, F(X U{e}) = {e} and f(RU {as,b1}) C X U
& c {{ka), F(0)} C {b,e}, F(X U{e}) = {e} and F(RU {a1,b1}) C X U
4. {f(a), F0)} = {a,b}, F(X U{e}) = {e} and F(RU {ar,b1}) C X U{e}.

Now it is easy to see that E(G) is closed under the composition, and that
E(G) and E(G’) are isomorphic if and only if |X| = |X’| and |R| = |R/|.
Indeed, if ¢ : X — X’ and ¢ : R — R’ are bijections then define a bijection
w: Z1(G) — Z1(G) by setting

p(z) ifzelX,
u(z) =14 ¢(z) iftzeR,
z if z € {e,a,b,e1,b1}.

For f € E(G), let us denote v(f) = po fou~t. Then v is an isomorphism
between E(G) and E(G’). If | X| # |X'| or |R| # |R'| then |E(G)| # |E(G')|
and thus F(G) and E(G’) are not isomorphic. The proof is complete. a

The two theorems below follow from Proposition 5.8 and Corollary 5.10.
Theorem 5.11 The variety Var(Ms3) is Var(M%)-relatively ff-alg-universal.

Proof. From Proposition 5.8 and the first statement of Corollary 5.10, Ty is
Var(M}4)-full embedding of DG, into Var(M3). It is easy to see that I's preserves
finiteness. Thus Var(M3) is Var(Mj)-relatively ff-alg-universal. O

Theorem 5.12 The variety Var(Ms) is a-determined for no cardinal o

Proof. If G is a rigid graph from DG, then End(I'sG) is a semigroup E(G) with
the outer identity. Thus if G = (X, R) and G’ = (X', R’) are rigid graphs from
the category DG with | X| = | X’| and |R| = |R/|, then, by the third statement of
Corollary 5.10, I'sG and I'; G’ are equimorphic. Since for any infinite cardinal o
there exist 2% non-isomorphic connected rigid graphs in GRA, see [31] and since
for (V,E) € GRA with an infinite set V' we have |V| = |E| = | X| = |R| where
(X, R) = A(Q(V, E)), we conclude that for every infinite cardinal « there exist
2% non-isomorphic rigid digraphs in DG, with an underlying set of cardinality
a. Hence it follows that the variety Var(M3) is a-determined for no cardinal a.
O

The third statement of Theorem 1.7 is a consequence of Theorems 5.5, 5.11
and 5.12.



76 M. Demlova, V. Koubek

6 Semigroup varieties

The aim of this section is to characterize the varieties Var(M;), Var(Ms)
and Var(Ms) and to describe their positions in the lattice £(S) of all semigroup
varieties. We derive some consequences of Theorem 1.7 for other varieties. First
we recall several results about band varieties that are analogous to Theorem 1.7.
For this purpose we list the varieties near the zero of L(S) together with their
defining identities. We denote

T — the variety of trivial semigroups, x = vy;

SL — the variety of semilattices, zy = yx and 22 = «;

7S — the variety of zero semigroups, xy = uv; observe that Var(MJ}) = ZS;
LZS — the variety of left-zero semigroups, xy = z;

RZS — the variety of right-zero semigroups, yx = ;

AB,, — the variety of commutative groups of order p for a natural number
p>1, zy = yx and zPy = y;

RCB — the variety of rectangular bands, 22 = x and zyz = x;
LNB - the variety of left normal bands, 22 = x and zyz = z2y;
RNB — the variety of right normal bands, 22 = x and yzz = zyz;

NB - the variety of normal bands, 22 = x and zyzr = rzyz;

SLLZ — the variety of semilattices of left zero semigroups, 22> = x and
Tyxr = xY;
SRZ — the variety of semilattices of right zero semigroups, > = z and

Tyxr = Yyw;
LQN - the variety of left quasi-normal bands, z? = x and zyz = ryxz;
RQN - the variety of right quasi-normal bands, 22 = x and yzz = yrzx;
RB — the variety of regular bands, 2 = z and zyzx = ryzza;

LSN - the variety of left semi-normal bands, z? = = and zyz = xyzzrz;

RSN - the variety of right semi-normal bands, z? = x and zyz = zzryz.

It is well known that T is the zero in £(S) and that the varieties SL, ZS,
LZS, RZS and AB, for a prime p are atoms of the lattice £(S). The lattice
L(B) of all varieties of bands was described independently by A. P. Birjukov
[8], Ch. Fennemore [13] and J. Gerhard [14]. The lattice £(B) is a sublattice of
L(S). The inclusions between varieties of bands near the zero of L(S) are drawn
in Fig. 2.
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RB

LSKN RSN

LON ROQN

SLZ]! NB SR~Z

LNB RCB ™ RNB

LZS @ RZS
T

Figure 2. The inclusion of varieties of bands..

B. M. Schein proved that semilattices are 3-determined [34] and normal
bands are 5-determined [35]. The theorem below summarizes other known re-
sults concerning varieties of bands.

Theorem 6.1 The band varieties satisfy:

1. the varieties SLZ and SRZ are 3-determined and the varieties LQN and
RQN are 5-determined, [10];

2. the variety V of bands has an alg-universal a-expansion for some cardinal
a if and only if LNB C V or RNB C V, in this case V has an ff-alg-
universal 3-expansion, [11];

3. the wvariety V of bands has an alg-universal 2-expansion if and only if
SLZ CV or SRZ C V, in this case V has an ff-alg-universal 2-expansion;
no variety of bands has an alg-universal 1-expansion, [11];

4. the variety V of bands is var-relatively alg-universal if and only if LSN C'V
or RSN C V, in this case V is LQN-relatively ff-alg-universal or RQN-
relatively ff-alg-universal, [12]. O

It is an open question whether a variety V of bands properly containing
LQN or RQN is a-determined for some cardinal o. In [4], M. E. Adams and
W. Drziobiak used the techniques from [12] to prove that the varieties LSN and
RSN are Q-universal. Sapir generalized this result (cf. [4]) by showing that the
varieties LQN and RQN are Q-universal. J. Gerhard and A. Shafaat [15], and
M. Petrich [30] independently proved that the variety NB has only finitely many
subquasivarieties and thus it is not Q-universal. The question of whether the
varieties SLZ and SRZ are Q-universal remains open.
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Next we describe semigroup varieties Var(M;), Var(Msz) and Var(Ms).
First, for a semigroup S = (S, -) define its dual D(S) = (S,®) by s ®t = ts for
all s,t € S. Tt is easily seen that D(Msy) is isomorphic to My and that D(M;)
or D(M3) is not isomorphic to M or Mg, respectively. Since for semigroups
S=(S5,) and T = (T,-) a mapping f : S — T is a semigroup homomorphism
from S to T if and only if f is a semigroup homomorphism from D(S) to D(T)
we obtain by Theorem 1.7

Corollary 6.2 The variety Var(D(My)) has an ff-alg-universal 3-expansion,
it 1is 3-determined and it is not var-relatively universal.

The variety Var(D(Ms)) has an ff-alg-universal 2-expansion, it is a-determined
for no cardinal o and it is Var(D(M5}))-relatively ff-alg-universal. |

Below we describe algebraic properties of semigroup varieties Var(M;),
Var(D(M)), Var(Ms), Var(Mj3), and Var(D(Mj)).

Proposition 6.3 The variety Var(M,) is determined by the identities x%y =
vy, 22y = y?2? and 2%y* = (vy)%. The variety Var(D(M,)) is determined by
the identities zy* = zy, ¥%y? = y?2? and 2%y* = (xy)?. The varieties Var(M;)
and Var(D(My)) are join-irreducible in the lattice L(S) and cover the variety
ZSV SL in L(S).

Proof. By Lemma 3.1, any semigroup S € Var(M;) satisfies the identities
2%y = wy, 2%y? = y?2? and 2%y? = (vy)?. If a semigroup S satisfies the
identities 2%y = zy, 22y? = y%2? and 2%y? = (wy)? then, by Proposition 3.2(7),
(8) and (9), the family of homomorphisms from S to M separates elements of
S and thus S € Var(M;).

If a semigroup S = (S5,-) € Var(M;) contains a reducible element s €
S\7(S), then, by Proposition 3.2(9) and (10), M; is a homomorphic image of S
and therefore Var(S) = Var(M;). If any element of S\ r(S) is irreducible then,
by Proposition 3.2(7) and (8), the family of homomorphisms from S to either the
two-element semilattice or to the two-element zero-semigroup separates elements
of S. Whence S € ZSVSL and thus Var(M;) covers ZSVSL in £(S) and Var(M;j)
is join-irreducible in L(S).

The statements for Var(D(M;)) follow dually. O

Remark. Observe that the identities 2%y = zy and zy? = wxy fail in the semi-
group M and the identity x%y? = y22? fails in the semigroups M3 and D(M3).
Further, the identity xy? = xy fails in the semigroup M;. Whence Var(M,)
and Var(D(Mj)) are incomparable varieties in £(S) and the varieties Var(M;)
and Var(D(M;j)) do not contain the semigroups My, M3 and D(M3).

In 2], M. E. Adams and W. Dziobiak introduced the notion of a critical
algebra. A finite algebra A is critical if it is not a subdirect product of its proper
subalgebras. M. E. Adams and W. Dziobiak proved [2] that a quasivariety with
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only finitely many critical algebras cannot be Q-universal. Hence we obtain the
following corollary.

Corollary 6.4 The varieties Var(My) and Var(D(My)) have only finitely many
critical algebras and therefore are not Q-universal.

Proof. The proof of Proposition 6.3 implies the claim about Var(Mj) be-
cause any critical algebra in Var(M;) is a subalgebra of M;. The claim for
Var(D(My;)) follows dually. O

Proposition 6.5 The semigroup variety Var(May) is determined by the identi-
ties xy = yx and x* = uvw, covers the variety ZS in L(S) and is join-irreducible

in L(S).

Proof. Tt is easy to see that M satisfies both identities, and hence any semigroup
in Var(M,) satisfies them. Conversely, assume that the identities zy = ya and
22 = wovw hold in a semigroup S = (5,:). From the identity z? = wow it
follows that S satisfies the identity z? = 2%y = yx? and thus s is zero of S
for every s € S. Let 0 denote the zero of S (thus s? = 0 for all s € S). Since
rst = 0 for all r,s,t € S, either S is a singleton or S is generated by the set
S’ of all its irreducible elements. If S is a singleton then S € Var(Mas). Let
S" # (0. Let T =C(5")/I = (5" UP2(S") U{0},-) be the Ree’s quotient of the
free commutative semigroup C(S’) over the set S’ by the ideal I generated by
the set {22 |z € S'} U {xyz | z,y,2 € S'}. Analogously to Proposition 4.1, S is
a quotient of T and T is a subdirect power of My. Thus S € Var(Ms).

In [17] it was proved that Var(Mg) covers only ZS in L(S), therefore it is
join-irreducible in L(S). ad

Remark. Observe that the identity x?y = 22 fails in semigroups My, D(M;),
M3 and D(M3). Therefore the variety Var(Msz) does not contain the semigroups
Ml, D(Ml), M3 and D(Mg)

Proposition 6.6 The variety Var(Ms) is determined by the identity ryz = xy.
The variety Var(D(Mg3)) is determined by the identity xyz = yz. The variety
Var(M3) consists of all semigroups S = (S, ) such that the subsemigroup S? =
{st | s,t € S} of S is a left zero semigroup. The variety Var(D(Ms)) consists of
all semigroups S = (S, -) such that the subsemigroup S* = {st | s,t € S} of Sisa
right zero semigroup. The variety Var(Ms) covers the variety ZSVILZS in L(S)
and it is join-irreducible in L(S), the variety Var(D(Ms)) covers the variety
ZS NV RZS in L(S) and it is join-irreducible in L(S). Furthermore, Var(My%) =
ZS Vv LZS and Var(D(M})) = ZS V RZS.

Proof. These statements were proved already in [16]. Statement 9 in [16] says
that the semigroup variety determined by the identity xyz = xy consists of all
semigroups S = (.9, -) such that the subsemigroup S? of S consists of all left zeros
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of S and this variety covers only the variety ZS V ILZS. Moreover, in the proof
it is shown that this variety is generated by the semigroup M3 (in this paper,
M3 is denoted as Q). From this it follows the statements for Var(M3) and the
statements for Var(D(M3)) follow dually. The characterization of Var(M%) and
Var(D(M3)) is folklore. 0

As a consequence we obtain the following corollary.

Corollary 6.7 The varieties Var(My), Var(D(My)), Var(Ms), Var(M3) and
Var(D(M3)) are incomparable. a

The final part of this section is devoted to sufficient conditions under which
a semigroup variety contains one of the semigroups My, D(M;), My, M3, and
D(M3;). First we recall that the semigroup structure determines a partial order
< on the set of Green’s J-classes: for Green’s J-classes J; and J; of a semigroup
S we have J; < Js if and only if the ideal of S generated by J; contains Jy. We
prove some auxiliary statements.

Statement 6.8 Let S = (S,-) be a semigroup such that S satisfies the identity
2

22 = 22t for some positive integer n and r(S) is a left ideal. Then

1. r(8S) is the union of all regular J-classes;

2. a Green’s H-class of S contains an idempotent element if and only if it
belongs to a regular Green’s [J-class of S;

3. if st,ts € r(8S) for some s,t € S then st and ts belong to the same Green’s
J-class of S;

4. the Green’s relation J of S is a congruence of the subsemigroup r(S);

5. if J is the greatest Green’s [J-class of S then the least equivalence on S
coinciding with the Green’s relation H on J is a congruence of S.

Proof. Since S satisfies the identity 22 = 227", Green’s relations J and D of S
coincide. For every s € r(S) the Green’s L-class of S containing s is a subset
of 7(S) because r(S) is a left ideal. For every s € r(S), the Green’s H-class of
S containing s is a group and thus it contains an idempotent element. Hence
the Green’s J-class J of S containing s is regular and therefore any Green’s
L-class that is a subset of J contains an idempotent element, see [9], and thus
J C r(8S). The proof of (1) is complete.

By (1), (S) is a union of regular J-classes of S. Since for every s € r(S)
the Green’s H-class of S containing s is a subsemigroup of S that is a group,
we obtain (2).

Consider s,t € S. Then the Green’s class J;s of S containing ts is less than
the Green’s class Jysr of S containing stst = (st)? and the Green’s class Jy; of
S containing st is less than the Green’s class Jis;s of S containing tsts = (ts)Q.
If st,ts € r(S) then the Green’s H-classes Hy; and H;s of S containing st and
ts, respectively, are groups and thus (st)? € Hy and (ts)? € Hys. Therefore
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Jst = Jstst and Jps = Jises. Whence Jgp > Jis > Jsp and thus Jg = Jis, and (3)
is proved.

To prove (4), assume that s,t € r(S) belong to the same Green’s J-class of
S. Then there exists u € S such that sCu and uRt. From this for every v € S
we have svLuv and vuRvt, see [9]. Thus sv and uv and/or vu and vt belong to
the same Green’s J-class of S, and (3) completes the proof of (4).

By the hypothesis, J is an ideal and the description of semigroup structure,
see [9], completes the proof of (5). O

Statement 6.9 Let 'V be a semigroup variety.

1. If there exist a semigroup S = (S,-) € V and s € S such that s* # s for
all i # 2 then My € V.

If the identity x® = 2% fails in' 'V for all n > 1 then My € V.

[f Ml,'D(Ml) €V then My € V.

4. If My ¢ V then r(S) is a union of reqular Green’s J-classes for every
semigroup S € V.

5. If My ¢ V then r(S) is a subsemigroup for every S € V.

6. If My ¢ V and there exists a semigroup S € V such that v(S) is not a
right ideal, then My € V.

7. If My ¢ V and there exists a semigroup S € V such that 7(S) is not a left
ideal, then D(M;) € V.

8. If My ¢ V and if there exist a semigroup S = (S,-) € V and s,t € S such
that s € S\ r(S), t € r(S), t is contained in the ideal of S generated by s
and st # st for all m > 0 then M3 € V.

9. If My ¢ V and if there exist a semigroup S = (S,:) € V and s,t € S such
that s € S\ r(S), t € r(S), t is contained in the ideal of S generated by s
and ts # ts'T" for all n > 0 then D(M3) € V.

10. Let M, be a semigroup obtained from the semigroup My by setting ba = 0
instead of ba = c. If My € V then My € V.

11. If there exist a semigroup S = (S,-) € V and x,y,z € S\ 7(S) such that
zry = z and 2%y # z # xy® then My € V.

ot

Proof. We prove (1). By the hypothesis, V contains a semigroup T = (T, -)
where T' = {x, 22,23 = 2%} and x, 2% and 23 are pairwise distinct. It is easy to
see that My is isomorphic to a quotient of the subsemigroup

U = {(x7x7x3)7 (I7 x37x)’ (x2’x27x3)7 <x27x37m2)) (x27 x37‘r3)’ (x37x375€3)}

of T x T x T. Hence (1) follows.

(2) is a consequence of (1) — indeed, by (1), if My ¢ V then for every
S = (S,-) € V and for every s € S there exist n > 1 with s? = ¥, If
there exists a sequence {(S;,s;)}52; and an increasing sequence {n;}32; such
that S; = (5;,:) € V is a semigroup and s; € S; is an element such that n;

is the least number with s* = 5?””"’ for some natural number m, then for
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s = (s1)2; € [[;2,S: €S we have s? # s for all positive integers n. Since
S € V, by (1), My € V. Thus, if My ¢ V then V satisfies the identity 2 = 2"
for some positive integer n.
To prove (3), observe that My is isomorphic to a quotient of the subsemi-
group
V= {(17 a)’ (aa 1); (av a)7 (17 O)a (07 1)7 (a7 0)7 (Oa a)a (07 0)}

of Ml X D(Ml)

We prove (4). Consider a semigroup S = (S.:) € V such that there exists a
regular Green’s class J of S and x,y € J with 2y ¢ J. By (2), we can assume
that V satisfies the identity #2 = 21" for some positive integer n, and thus the
Green’s J-classes and the Green’s D-classes of S coincide. Since J is regular,
any Green’s L-class L C J and any Green’s class R C J contains an idempotent
element, see [9]. For z € J, let R, be the Green’s R-class containing z and L,
be the Green’s L-class containing z. From xy ¢ J it follows that the Green’s
H-class H = L, N R, does not contain an idempotent element, thus uv ¢ H for
all u,v € H, see [9]. If u € L, is an idempotent element then for w € H we
conclude that wu € H because u € L,,NR,, and uw, (wu)? ¢ J. Whence D(M; )
is isomorphic to a quotient of the subsemigroup of S generated by {u,w}. If
v is an idempotent element of R, then M, is isomorphic to a quotient of the
subsemigroup of S generated by {v,w}, and (3) completes the proof of (4).

Consider a semigroup S = (S, -) satisfying the identity 2 = 22*" for some
positive integer n and assume that there exist s,¢ € r(S) such that st ¢ r(S).
From s,t € r(S) it follows that s = s'™ and ¢ = t!*" and st ¢ r(S) implies
that st # (st)!*". Let W be the subsemigroup of S generated by {s,t}. Let I
be the greatest ideal from W such that st ¢ W. Then s,t,st ¢ I but (st)? € I.
Let V be the Ree’s quotient semigroup W/I. Then st and st belong to the
same Green’s L-class of W and st’ and st belong to the same Green’s R-class
of W for all natural numbers i. Hence st/ ¢ I for all positive integers i and j
and st and sts (or tst) do not belong to the same Green’s D-class and therefore
sts,tst,ts € I. Since s2" = s", t?" = t" the set U = {s",t",s"t",0 = I} is a
subsemigroup of V. It is easy to see that M is isomorphic to the subsemigroup
{s™,s"t",0} of U and D(M];) is isomorphic to the subsemigroup {t", s"t", 0} of
U. Therefore M1, D(M;) € Var(S), and (3) completes the proof of (5).

Let V be a semigroup variety with My ¢ V such that r(S) is not a right ideal
for some semigroup S = (5,-) € V. Thus there exist s € r(S) and ¢t € S\ (S)
with st ¢ 7(S). From My ¢ V it follows the existence of a positive integer n
such that the identity z? = 2>*" is satisfied in V, from s € 7(S) we obtain that
s = s and therefore s" is the idempotent element. Then st = s"T1t = s(s"t)
and thus s™t ¢ r(S). Whence M; is isomorphic to a Ree’s quotient of the
subsemigroup of S generated by {s", st} and (6) is proved.

The statement (7) is dual to (6).

If My ¢ V then, by (3), (4), (6) and (7) either 7(S) is a left ideal that is the
union of all regular Green’s J-classes for every semigroup S € V or r(S) is a
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right ideal that is the union of all regular Green’s J-classes for every semigroup
S € V. Assume that S € V is a semigroup satisfying the hypotheses of the
statement (8). Let U be the subsemigroup of S generated by {s,t} and let J
be the Green’s J-class of S containing ¢. According to Statement 6.8(2) the
subsemigroup of S generated by {t} is a group and thus U N J is the greatest
J-class of the semigroup U and, by Statement 6.8(5), the least equivalence ~
on U coinciding with the Green’s relation H of U on U N J is a congruence of
U. If st # st then st and s'™"t do not belong to the same Green’s L-class,
because the left inner translation of s must be injective on the Green’s L-class
containing st. Therefore st £ s't for all integers i > 2. Then M3 is isomorphic
to the quotient of U/ ~ by the least congruence ~ such that s ~ st ~ s for all
integers ¢ > 2. Hence (8) follows.

The statement (9) is dual to (8).

It is easy to see that M, is isomorphic to a quotient of the subsemigroup of
M, x My generated by {(a,b), (b,a)}, and (10) follows.

Assume that the hypothesis of (11) holds. It is easy to see that My or M,
is isomorphic to a quotient of the subsemigroup of S generated by {z,y}. Then
(10) completes the proof of (11). O

Corollary 6.10 A semigroup variety V is var-relatively ff-alg-universal and
it is a-determined for no cardinal o whenever it satisfies one of the following
conditions:

1. V fails the identity x® = x>T" for every positive integer n;

2. there exists a semigroup S € V such that r(S) is not the union of all
reqular Green’s [J-classes of S;

3. there exist semigroups S1,So € V such that r(S1) is not a left ideal of Sy
and r(S2) is not a right ideal of Sa;

4. there exist a semigroup S € V and z,y,z € S\ r(S) such that xy = z and

5. there exist a semigroup S € V, s € S\r(S) andt € r(S) such that t belongs
to the least ideal generated by s, s> = s?T™ € r(S) for some positive integer
n and st # st or ts # tsttm.

Proof. The statement is a combination of Theorem 1.7, Corollary 6.2 and State-
ment 6.9. O

If V is a semigroup variety satisfying that 22 = 22" for some positive integer
n and r(S) is a left ideal (or a right ideal) for any semigroup S € V, then observe
that the existence of a semigroup S € V such that 7(S) € LSN or r(S) € RSN
implies, by Theorem 6.1, that V is var-relatively ff-alg-universal but it is an

open question whether V is a-determined for some cardinal o > 1.

Theorem 6.11 A semigroup variety V has an ff-alg-universal 3-expansion
whenever there exists a semigroup S € V such that S is neither an inflation
of a completely simple semigroup nor an inflation of a semilattice of groups.
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Remark. If W is a variety consisting of completely simple semigroups (or semi-
lattices of groups) then the variety ZS V 'V consists of the inflations of W.

Proof. Let V be a semigroup variety. By Theorem 1.7, Corollary 6.2 and
Statement 6.9, we conclude that V has an ff-alg-universal 3-expansion if one of
the following condition is fulfilled:

(i) V fails the identity 22 = 22" for every positive integer n;

(ii) there exists a semigroup S € V such that r(S) is not an ideal;

(iii) there exist a semigroup S = (S,-) € V and a reducible element of S\ 7(S);

(iv) there exist a semigroup S = (5,-) € V, s € S\ r(S) and ¢ € r(S) such that
52 = 5217 for some positive integer n, t belongs to an ideal of S generated

by s and st # st or ts # ts'tn.

By Proposition 6.8(4), the Green’s relation J of S is a congruence on r(S)
and, by Proposition 6.8(1) and Statement 6.9(4), any regular Green’s class of
S is a subsemigroup that is a completely simple semigroup. If there exists a
semigroup S € V such that r(S) is neither a completely simple semigroup nor
a semilattice of groups then LNB C V or RNB C V and, by Theorem 6.1, V
has an ff-alg-universal 3-expansion. If r(S) is a completely simple semigroup
for a semigroup S € V, then, by (iv), S is an inflation of r(S). Thus we can
assume that r(S) is a semilattice of groups for a semigroup S = (S5,:) € V.
Then the Green’s J-classes of r(S) coincide with the Green’s H-classes of r(S),
and, by (iii), we have {st | s,t € S} = r(S). We prove that S is an inflation
of 7(S). Assume that V satisfies the identity 22> = 227" for some positive
integer n. To prove that S is an inflation of r(S) it suffices to prove that
ts = ts'T" or st = s'™¢ for all s € S\ 7(S) and t € S. For any v € S, let
H (v) be the Green’s H-class containing v. Observe that ts, st € r(S) and hence
ts = (ts)"*! € H(ts) and st = (st)"™' € H(st). Therefore H(ts) = H(st)
and ts’t,st?s € H(ts). Thus ts? s’t € H(ts) = H(ts?) = H(s*). From
this it follows that ts'*" s'*"¢ € H(ts). Since the left and/or the right inner
translation of s in S maps H(st) into itself, therefore both translations are
injective on H (ts). From this it follows that st = s!*"¢ and ts = ts'*" because
s? = 52T, We conclude that S is an inflation of r(S) and the proof is complete.
O

Remark. The Q-universality in the semigroup varieties and quasivarieties gen-
erated by semigroups My, M3 and D(M3) is studied in the new preprint ” Weak
alg-universality and Q-universality of semigroup quasivarieties” due to the au-
thors of this paper. It is shown that every variety Var(Ms), Var(Mj3) and
Var(D(M3)) contains a finite semigroup which generates the @-universal and
relatively ff-alg-universal quasivariety. On the other hand, the quasivarieties
generated by My, M3 and D(Ms) respectively are neither Q-universal nor
relatively ff-alg-universal. The analogous result was proved by M. V. Sapir
[33]. He proved that there exists a finite commutative three-nilpotent semi-
group S € Var(Ms;) such that the quasivariety generated by S is Q-universal.
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The semigroup presented in our preprint is substantially lesser than the Sapir’s
semigroup.

After submission of this paper we have obtained a remark from J. Sichler. He
has proved that Conjecture 1.6 is true. In fact, he proved that if V is a weakly
var-relatively alg-universal variety (or a weakly var-relatively ff-alg-universal
variety) then V has an alg-universal a-expansion (or an ff-alg-universal a-
expansion, respectively) for some cardinal « > 1.
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