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Abstract. The well-known connection between hyperidentities of an al-
gebra and identities satisfied by the clone of this algebra is studied here in
a restricted setting, that of n-ary strongly full hyperidentities and identi-
ties of the n-ary clone of term operations of an algebra induced by strongly
full terms, both of a type consisting only of n-ary operation symbols. We
call such a type an n-ary type. Using the concept of a weakly invariant
congruence relation we characterize varieties of n-ary type whose identities
consist of strongly full terms which are closed under taking of isomorphic
copies of their clones of all strongly full n-ary term operations. Finally,
we show that a variety of m-ary type defined by identities consisting of
strongly full terms has this property if and only if it is Ogp-solid for the
monoid Ogr of all strongly full hypersubstitutions which have surjective
extensions.
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1. Preliminaries

In this paper we consider algebras whose fundamental operations have the
same arities n. The type 7, of such an algebra is a sequence (n,...,n,...).
Let (f;)ier be an indexed set of operation symbols of arity n. We denote by
X :={z1,...,2,,...} a countably infinite set of individual variables, and for
each m > 1let X,,, := {x1,..., 2y }. Then the union W, (X) = U,>1 W, (X))
is the set of all (finitary) terms of type 7,,. The set W, (X) of all terms is the
universe of the absolutely free algebra F, (X) := (W, (X);(f;)icr) of type
7, on the alphabet X where the operations are defined by f,(t1,t2,...,t,)
= fi(t1,ta,...,t,) for every n-tuple (t1,t2,...,t,) of terms. Similarly, the
set Wy, (X,,) of m-ary terms is the universe of the free algebra F, (X,,) =

(Wi, (Xm); (fi)icr) on the alphabet X,,,. Terms can be visualized as trees,
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where the vertices are labelled by operation symbols and the leaves are la-
belled by variables. For instance, the following tree corresponds to the term

f(f(@1,22), f(f(21,22), f(z1,22)))-

T2X1 T2X1 T2

1
f\\ AN

N\
N\
AN
N\

Now we consider the concept of a term in a restricted setting. Strongly full
terms are inductively defined by the following steps:

(i) fi(z1,...,2zn),1 € I, is a strongly full term,
(i) If ¢1,...,t, are strongly full terms, then f;(¢,...,t,) is strongly full.

The set WTSHF (X,,) of strongly full n-ary terms is the universe of an algebra
FE(Xy) == (WEF(X,); (f,)ier) of our type 7,. This algebra is generated by

the set I}, := {fi(x1,...2,) | i € I}. It is clearly a subalgebra of the absolutely

free algebra F, (X) := (W, (X); (f,)icr) of type 7, generated by the alphabet
X. On the set WS (X,,) we define an (n + 1)-ary operation S” as follows:

(1) S:Ll(fl(‘rla e ’xn)7t1a cee 5tn) = fi(tla v atn)a

(11) Sg(fi(sl, ey Sn),fl, ce 7tn) = fi<sg(81,t1, e 7tn)7 ey
S (Spyt1y e ytn)) fOr S1,..., 8pyt1, ..ty € Wf;F(Xn)
Then clonespm, := (W5 (X,,); S7) is an algebra of type 7 = (n+ 1) with F),
as a generating system. The algebra clonegpT, is called the clone of strongly
full terms of type 7,.
If A = (A; (ff1)ics) is an algebra of type 7, (n-ary algebra), then every strongly
full term t of type 7, induces a term operation t* on A via the following steps:

@) [filwr, . zn)]A = S

(i) If ¢{4,...,t are the n-ary term operations which are induced by the
strongly full terms t1,...,t, € W2F(X,,), then (fi(t1,...,t,))* =
FA{, ... ) is the n-ary term operation induced by fi(t1,...,t,).

Here the right hand side of the equation in (ii) means the m-ary operation
defined by fA(t, ..., t2) (a1, ... a,) == At a1, ... an), ..., t ag, ... a,))
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for every (ai,...,a,) € A™. Let Té?,) (A) be the set of all these term operations.

On the set T g}) (A) we define inductively an (n+ 1)-ary superposition operation
Sy, by

(i) SmAfA Y, ) = AR .t for ty, .ty € WIT(X,),

() S st = FASRA D
Sg’ (Sn’tlv vtn))

This gives an algebra TS(;) (A) = (Tg};) (A); S™4) called the n-ary strongly full
(term) clone of the n-ary algebra A.

In the case n = 1, this unary strongly full term clone forms a semigroup called
the transition semigroup of A, which has been intensively studied; see for in-
stance [3]. In the next section we will find out that the clone of strongly full
n-ary terms of type 7, and the m-ary strongly full (term) clone of the n-ary
algebra A belong to the same variety.

2. The Variety of Strongly Full Clones

Using a new set of variables X = (Y;);ecs indexed by I, and an (n + 1)—ary
operation symbol S7 we define a new language of type 7 = (n+ 1) and consider
equations formulated in this new language.

Proposition 2.1 The algebra clonesrTy, satisfies the following identity
() S"(XO,S (X, Xoyo oy Xng1)y oo, S X, Xoy oo, Xng1)) =
S"(S”(XO, “,...7Xin),X2,...,Xn+1).

Proof. We will give a proof by induction on the complexity of the strongly
full term which is substituted for Xy. If we substitute for X, the strongly
full term f;(z1,...,2,) and for X;,,..., X, ,Xo,..., X,41 the n-ary terms

ti17 . ,tin,tg, e ,tn+1, then we obtain

Splfilwr, . ooyxn), Sy (i, 2, . - -, tn+1) St ta,y s tng))
_f’L( (117t27'-~ tn—‘,—l) (1”7 IR n+1))
_Ss(fl( SR tn),tg,... n-‘rl)

= SZ(S;]L(fz(SCM - ,IEn),t“, .. 7tzn) tg, e tn+1)
using the definition of S7;.
If we substitute for Xy the term ¢ = f;(s1,...,s,) and assume inductively that
(C) is satisfied for s1,..., sp, then

S;’ll(fi(sl, .. .7Sn),SZ(ti1,t2, ... ,tn+1), ey S:Ll(ﬁi”,tg - ,tn+1))
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= fz( (81, n(tll,tg,...,tn+1),...,Sg(tin,t2...,tn+1)),...,
S"(sn,S (t“,tg,...,tn+1),...,Sg(tin,tg...,thrl)))

= fz(SZ(SZ(Sly 21,...,ti"),tg,...,tn+1),...,
Sﬁ(Sﬁ(sn,til,...,tin),tg,...,tn_,_l))

= Sg(fi(sg(sl,til,...,tin),...,Sg(Sn,til,...,tin)),tg,...,tn_;,_l))
Sg(Sg(fi(Sl,...,Sn),til,...,tin),t27...,tn+1)

- SQ(SZ(LQ“...,tin)7t2,...,tn+1).

This shows that the algebra clonegp, satisfies (C). O

Algebras (M;.S) of type n + 1 which satisfy (C) are called Menger algebras of
rank n; see in [8], [4].

In a similar way one shows that also Ts(;i) (A) satisfies (C). Let V57 be the
variety of type (n 4 1) generated by the identity (C'). Both algebras belong to
this variety.

Now we consider the free algebra Fysrc({Y; | i € I}) in the variety
generated by a special alphabet {Y; | iel }. The fact that this alphabet is in
bijection with the set of fundamental operations (f;);er of type 7,, and hence
with the set F. of fundamental terms which generates clonesr7,, will give us
an isomorphism between this free algebra and the clonegpT,.

SFC
‘/'r71 )

Theorem 2.2 The algebra clonespt, is isomorphic to Fysrc({Y; | i € I}),
and therefore free with respect to the variety VTiF C . and freely generated by the

set

{fi(z1,...,@n) | i € I}.

Proof. We define a mapping ¢ : W57 (X,,) — Fysrc({Y; | i € T}) inductively
as follows: !

(i) e(fi(z1...2y,)) =Y, for every i € I,

Since ¢ maps the generating system of clonegp7, onto the generating system
of Fysre({Y; | @ € I}) it is surjective. We prove the homomorphism prop-
erty @(S™(to,t1,- .. tn)) = S™(o(to), - .., @(tn)) by induction on the complex-
ity of the term tqy. If to = filzy, ..., xy), then o(SP(fi(x1, ... Zn)t1, .oy tn))
= o(filt1,- - tn)) = Su (Vi p(t), - --7<P(fn)):Sﬁ(ﬁp(fi(iﬂh-~-7$n))7<P(t1)7~-,
©(tyn)). Inductively, assume that to = fi(s1,...,5,) and that (S} (s;,t1,...,t5))
= g]{(@(sj) .oy (ty)) for all 1 < j <n. Then
P(S3 (fi(s1,- -5 8n), 1, -5 tn))

= (fZ(S”(sl,tl,...7 tn), SP(S2,t1, oy tn)y ey, SP(Spy 1y ey tn))

= Sn( Z,(p(S”(shth...,t )) (Sn<82,t1,... )) .. ( (Sn,th...,tn)))
S (Vay S (p(51), @0(t1), -+, ()5, St ((50), ( 1), 90(tn)))
= S(SH(Yi(51); -5 9(50))s (1), -, 2 (tn)))
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= S2(e(fils1,--180))s(t1), - p(tn)))
= S:Ll((p(to)vso(tl)"“v (tn))

Thus ¢ is a homomorphism. The mapping ¢ is bijective since {Y; | i € I} is a
free independent set and therefore we have

Yz:}/j = ’L:j = fi(zl,...,osn):fj(xl,...,zn).

Thus ¢ is a bijection between the generating sets of clonesp7, and Fysrc (X),

and hence it is bijective on anF (X,). Altogether, ¢ is an isomorphism. O

3. Strongly full Hypersubstitutions and Substitutions of
clonespt,

Since clonespt, = (WSF(X,,); S7) is free, freely generated by the set F, ,
any mapping 7 from this generating set into WTSn F(X,,) can be uniquely extended
to an endomorphism 77 from clonegpT,. Such mappings are called substitutions.
We will denote by Substgr the set of all such clone substitutions. We introduce
a binary composition operation ® on this set, by setting n; © 1y := 71 0 12,
where o denotes the usual composition of functions. Denoting by id the identity
mapping on {fi(z1,...,x,) | i € I}, we see that (Substgp; ®,id) is a monoid.
In order to examine the connection between this monoid and the monoid of
hypersubstitutions of type 7,, we introduce some basic concepts about hyper-
identities and hypersubstitutions. Note that although these concepts can be
defined for arbitrary type, we define them here only for type 7,, and for strongly
full terms.

Definition 3.1 A strongly full hypersubstitution of n-ary type T, is a mapping
from the set {f; | i € I} of n-ary operation symbols of the type 1, to the set
WTSHF(X,L) of all strongly full n-ary terms of type T,.

Any strongly full hypersubstitution ¢ induces a mapping 6 defined on the set
WZEF(X,) of all n-ary terms of the type 7,, as follows.

Definition 3.2 Let o be a strongly full hypersubstitution of type 7,. Then o
induces a mapping 6 : W2F(X,,) — W5F(X,,), by setting

(Z) a—[fi(zlaaxn)] = J(fi)7 (NS I;

(i1) &[fi(t1, ..., tn)] :==o(fi)(G[t1],-..,0[tn]) := S(o(fi),b[t1], ..., O[tn])-

Let Hyp®F (7,,) be the set of all strongly full hypersubstitutions of type 7,,. By
setting o1 o 09 := 61 009, we define a binary operation o; on HypSF(Tn). This
operation is associative, and together with the identity hypersubstitution ;g
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defined by o;4(f;) = fi(x1,...,7,) we have a monoid (Hyp®F (,,); on, 0ia). Let
M be any submonoid of Hyp®¥ (7). If A = (A; (f)ies) is an n-ary algebra,
then an identity s ~ ¢ in A is said to be an M-hyperidentity in A if 5[s] = 5[]
is an identity in A for every hypersubstitution o € M. In the special case
that M is all of Hyp®F(7,), an M-hyperidentity is usually called a strongly
full hyperidentity. An identity is an M-hyperidentity of a variety V if it is an
M-hyperidentity of every algebra in V. A variety in which every identity of the
variety holds as an M-hyperidentity is called an M-solid variety, or a S F-solid
variety in the special case M = Hyp3¥(7,). For more detailed information on
hyperidentities we refer the reader to [1].

Between strongly full hypersubstitutions and substitutions of clonegg7, there
is a close interconnection.

Proposition 3.3 The monoids (Substsr; ®,id) and (Hyp®F (1,);0n,0:i4) are
isomorphic.

Proof. We define a mapping ¢ : Substsp — Hyp°F'(1,,) by ¥(n) := no
0iq- This gives a well-defined mapping between Substsr and Hyp3¥(7,). The
mapping 1 is surjective, since any strongly full hypersubstitution o can be
obtained as ¢ (n) for n =c o a;il. The mapping v is also injective, since

Yim)=v(m2) = mooia=m0o0a = M =1"n,

since ;4 is a bijection. To show that 1 is a homomorphism, we first verify the
following additional property:

(nooia)"[t] = m(t), (%)

where 7 is the unique extension of 7). For the fundamental terms ¢t = f;(z1, ..., 2,)
we have
(mooia) " [filzr,...,an)] = (no0id)(fi)

= n(fl(xh BRI In)) = ﬁ(fl(xla s axn))a
by (C) and the definition of the extension of a hypersubstitution. The claimed
property then follows by induction. Now for the homomorphism property for 1
we have
Y(m) on ¥(n2) = (mooia) on (n200ia)

= (m o i) o (N2 0 0iq)

=17 o (n200ia), by property (*) above,

= (1 on2) ° oid, by associativity

=(m On) o 0, by definition of ®,

= P(m ©n2)- m]

The condition (*) shows that extensions of hypersubstitutions are endomor-
phisms of clonegp7,. Further it is clear that the monoid End(clonegpt,,) of all
endomorphisms of clonegpT, is isomorphic to (HypSF(Tn); Oh, Tid)-
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For the next proof we will need the following mapping g. Let A be any n-ary
algebra. We define g : {fi(v1,...,2,) | i € I} — {f | i € I}, by letting
g(fi(x1,...,2,)) = f, for each i € I. Since clonegpT, is free with respect to
the variety V7C and since 7, S(g) (A) is an element of this variety, this mapping
g has a unique extension to a surjective homomorphism g. It is clear that the
mapping g assigns to each term ¢ € W2F(X,,) the induced term operation ¢.
We denote by Id5¥ (A) the set of all identities s ~ ¢ in A with s,t € W2F(X,,).
Such identities are called strongly full identities. Then we have:

Theorem 3.4 Let A be an algebra of type 7, and let s ~ t € Id5F A. Then
st is a strongly full hyperidentity in A iff s =t is an identity in TSSZ,) (A).

Proof. We first assume that s ~ t is a strongly full hyperidentity of A. This
means that for every o € Hyp®F'(7,,) we have 6[s] ~ 6[t] € Id5F A, i.e. 6[s]* =
o[t]*, and hence that §(&[s]) = g(&[t]). To show that s ~ ¢ holds in TS(;) (A),
we will show that (s) = v(t) for every valuation v : {f;(z1,...,z,} |1 €T} —
Tg}) (A). Since g is surjective, there exists a clone substitution 7, such that v
= g o1, using the axiom of choice. Then 7, 0 0;4 is a hypersubstitution, which
we shall denote by o,. Then we have

o(s) = (g o7,)(s) = (go (1 © 0ia) ") (s) = G(G[s])-

Similarly, we have o(t) = g(6,[t]). Since by our assumption we have g(6,[s]) =
G(0,[t]), we get U(s) = ©(t), as required. Conversely, let s ~ ¢ € Id Té}) (A), so
that s,t € W5F(X,,) and for every valuation mapping v we have v(s) = v(t).
Let o be any SF-hypersubstitution. By the surjectivity from Proposition 3.3,
there is a clone substitution 7, such that n, o o;,g = 0. We take v to be the
valuation g o 7,. Then

[* =5(6[s]) = (g o (s 0 0ia) ")(8) = (g0 7,)(5) = V(s),

again using Property (*). Similarly, we have &[t]* = ©(t), and our assumption
that T(s) = ©(t) gives the desired equality. a

Let L(tau,) be the lattice of all varieties of type 7,,. For any variety V of
type 7, we can form the variety SFA(V) of type 7,, determined by all n-ary
strongly full identities of V. More precisely, if SFZ(7,) := WEF(X,,)2 U {s ~
s|s€ W, (X,)}, then SEA(V) := Mod(SFE(r,) N IdV), where SFF(V) :=
SFE(r,) N IdV is a congruence relation on F, (X,) (and on the subalgebra
F2F(X,)). In general, SEF(V) is not fully invariant since it is not closed
under substitutions and therefore SEF(V) is not an equational theory. It is
easy to see that the operator

SFE t P(Wr, (Xn) x Wr (X5)) — P(Wr, (Xy) x W (Xn))
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(where P denotes the formation of the power set) is a kernel operator. The
variety V is a subvariety of SEZ(V). The operator SFZ : L(7,) — L(7,)
defined by V + SEA(V) is a closure operator. Indeed, extensivity and mono-
tonicity are clear. From SFE(V) C IdModSFE (V) there follows SEE(V) C
IdModSFF(V)NnW3F(X,)? and ModSFF(V) 2 Mod(IdModSFE (V)N
W2F(X,,)?) and therefore, SFA (V) D Mod(SFF(SFA(V))) = SEA(SFA(V)).
The converse inclusion follows from extensivity. Therefore SF4 is idempotent
and thus it is a closure operator. As a consequence, the class of all varieties V'
with V = SEA(V) forms a sublattice Lgr(7,,) of the lattice £(,,) of all varieties
of type 7,.

We recall that a variety V of type 7, is called M-solid if every identity in V'
is satisfied as an M-hyperidentity. For M = Hyp®F'(r,,) we speak of SF-solid
varieties. Then we have

Corollary 3.5 Let A be an algebra of type 7,. Then the variety SEA(V(A))
is SF-solid iff TS(;) (A) is free with respect to itself, freely generated by the set
{fA i €I}, meaning that every mapping from {f* | i € I} to 7;(;3)(A) can be
extended to an endomorphism of TSS;?) (A).

Proof. Using the equivalence from Theorem 3.4, we will show that TS(;) (A) is
free iff every identity s ~ t € IdSF2(V(A)) is also an identity in 7, Sg;) (A).
Suppose first that TS(;) (A) is free with respect to itself, freely generated by the
set {ff* | i € I}. Let s = t be any identity in Id3"(SFA(V(A))), so that
g(s) = g(t). To show that s ~ t is an identity in Tég) (A), we will show that
v(s) = v(t) for any valuation mapping v : F,;, — Tg}) (A). Given v, we define
a mapping o, : {fA i€ I} — Tg})(A) by a,(f) = v(fi(21,...,2,)). Since

fZA = fJA — i:j — fi(xl,...,xn):fj(arl,...,xn)
= v(fi(z1,...,zn)) = v(fj(z1,...,2p))
= av(fi(1'17~o~,xn)) = av(fj(xlv"'vxn))v

the mapping «,, is well-defined. Since the set F, generates the algebra clonesp7y,
the mapping v can be uniquely extended to v on the set WTSF (X,). Then we
have

g(s) = g(t) = au(g(s)) = @ (g(t)) = v(s) = (1),

showing that s ~ t € IdTé.?;) (A).
For the converse direction, we show that when SF2(V(A)) is SF-solid, any

mapping « : {f* |i € I} — Té?;) (A) can be extended to an endomorphism

of ’TS(Z) (A). We consider the mapping @ = aog : W2I(X,) — T(n)(.A)
with @(t4) = @og(t), which is a valuation of terms. Then for any terms
s,t € WIF(X,), it follows from s* = ¢4 that g(s) = g(t) and hence that
a( A)y =a(g(s)) = a(g(t)) = a(tt), since @o 7 is a valuation and every identity
of SEA(V(A)) is a clonespTy-identity. This shows that @ is well-defined. Tt is
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also an endomorphism since @(S™A(sA 144, ... 1)) = @(G(ST(s,t1, ..., tn))) =
(@5 g)(Sp(s tr,....tn)) = Sy (@og(s), aog(t), ..., aog(tn)) = S (@(s™),
a(tft),...,a(td)), using the fact that @o g is the homomorphism extending the

valuation a o g defined on the generating set of the free algebra clonespt,. Fi-
nally, @ extends a since a(f') = aog(fi(z1,..., 7)) = (o g)(fi(z1,...,2,))
= alg(fi(r1,...,2n))) = a(f{), for each i € I. O

Proposition 3.6 Let A be an n-ary algebra. Then the set SEF(A):= SFE(V(A))
is a congruence on clonesrT, and the quotient algebra clonespt,/SFF(A) is

isomorphic to TS(Z) (A).

Proof. The set SFP(V(A)) is an equivalence relation on W2 (X,,). It is easy to
see that the operation S” preserves the relation SEZ(V(A)). Thus SEF(V(A))
is a congruence relation. The surjective homomorphism g maps clonegp7, onto
Tég)(A). By the homomorphism theorem we have TS(;) (A) = clonespTy /kerg.
Further we have kerg = SEF(V(A)). O

For any congruence 6 on clonegp7, we may consider the quotient algebra
MIE(9) == (WEF(X,,)/0; (f})icr) since 6 is also a congruence on F2F(X,).
This algebra is called SF-Myhill algebra of . The congruence SF,{EF(V(A))
is called the SF-Myhill congruence ([5]) on A and the corresponding quotient
algebra is called SF-Myhill algebra M (A). For any variety V we introduce
MSE(V) as quotient algebra (W2F(X,,)/Id5F; (f7)ier)-

Proposition 3.7 For every congruence 6 on clonespt, we have TS(IZ) (M3E(9))
& clonespT, /0, in particular TS(;) (MSF(A)) = TS(Z) (A).

Proof. ’TS(;,) (MSF(0)) is the strongly full clone generated by {f; | i € I}.
We consider a mapping ¢ : {fi(z1,...,2,) | i € I} — {f} | i € I} defined by
o(fi(x1,...,zpn)) = fF foralli € I. Since clonespTy, is free in the variety VT*iFC,
freely generated by the set {f;(x1,...,2,) | ¢ € I}, the mapping ¢ can be ex-
tended to a homomorphism ¢ which is surjective, since ¢ maps the generating
sets to each other. By definition Tg},) (M5F(0)) = clonesr /kerp. Tt is easy to
see that kery = 6. Then the special case follows from the previous definition. O

4. Isp-Closed Varieties of Type 7,

In this section we examine the connection between a variety V of type 7,
and the class of all strongly full clones {Tg}) (A) | A€V} of its algebras.

Definition 4.1 Let V be a variety of type 7,. Then SFA(V) is called Isp-
closed if whenever A € SEA(V) and TS(;) (A) = Té;i)(l’)’), then also B € SEA(V).
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We consider the following set of hypersubstitutions of type 7,:
Ogp := {0 |0 € Hyp®F(r,) and 6 is surjective}.

It is easy to see that Ogp is a submonoid of Hypsp(7,). Our aim is to show
that Igp-closedness is closely related to certain congruence relations. We recall
the concept of a weekly invariant congruence relation.

Definition 4.2 Let A be an algebra of arbitrary type. A congruence 8 € ConA
is said to be weakly invariant if for every p € ConA, the following condition is
satisfied: if there exists a homomorphism from A/6 onto A/p, then 6 C p.

Let A be an algebra, and let 6§ and p be any congruences on .A. By the second
isomorphism theorem, it always follows from 6§ C p that there exists a surjective
homomorphism A/8 — A/p, but the converse is in general not true. Weakly
invariant congruences were introduced in [6] and used for semigroup varieties in
[5]. They are related to isomorpically closed principal filters in the congruence
lattice.

Definition 4.3 A set C' of congruences of an algebra A of arbitrary type T is
said to be isomorphically closed if whenever 8 € C and A/0 =2 A/p it follows
that p € C.

The following theorem was proved for semigroups in [5] and for algebras of
arbitrary type in [2] .

Theorem 4.4 Let A be an algebra of arbitrary type 7, let V be a variety of
type T and let Fyy(X) be the free algebra with respect to V', freely generated by
X. Then

(i) A congruence 6 on A is weakly invariant iff the principal filter [0) generated
by 0 in ConA is isomorphically closed.

(ii) Every weakly invariant congruence on A is invariant under all surjective
endomorphisms of A.

Now we can characterize Igp-closed varieties of type 7,, generalizing the char-
acterization of o-closed varieties given in [5] for the unary case and for the n-ary
case in [2].

Theorem 4.5 Let V' be a variety of type 7,. Then SFA(V) is Isp-closed iff
SFA(V) satisfies the following two properties:

(i) SFE(V) is weakly invariant.

(ii) A€ SEAV) iff MSF(A) € SFA(V).
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Proof. Suppose first that SEA (V) is Isp-closed. Property (i) follows from Igp-
closure and the result from Proposition 3.7 that for any algebra A in SF2 (V) we
have TS(;) (M3F(A)) = TS(;?) (A). By Theorem 4.4, we can prove that (i) holds
by showing that [SEZ(V)) is isomorphically closed. For this, let « 2 SEE(V),
and let 0 be a congruence on clonegpT, such that clonesp, /o = clonegpt, /0.
Since SEE(V) = N{SEF(A) | A € V}, the algebra M*F (V) is isomorphic to
a subdirect product of the algebras M5F(A) with A € SEA(V)(MSF(A) €
SEA(V) by (ii)), and thus MSF (V) € SEA(V). The inclusion o O SFF(V)
implies that there is a surjective homomorphism from M (V) onto M (a).
Combining these two facts gives MSF (a) € SEA(V). Furthermore by Proposi-
tion 3.7 we have TS(;%) (M3F(Q)) = clonespTn/a = clonespy, /0 = Tég)(MSF(H)),
and since SFA(V) is Isp-closed this gives M5F(0) € SEA(V). This means
that SFE(V) € SEE(MSF(0)), and we can finish the proof by showing that
SFE(M3F(0)) = 0, so that § € [SEE(V)). This equality SEF(MSF(0)) = 0
holds because

s~te SFEMIF ) < [slg=t]s & (s,t)€0.

Conversely, we assume that the variety V' of type 7, satisfies (i) and (ii). From
(ii) we get MSF(A) € SFA(V), for all A € SEA(V), and since M5 (V) is
isomorphic to a subdirect product of all these algebras, we also have MSF (V) €
SEA(V). To establish that SEA(V) is Igp-closed, let B and C be any two n-
ary algebras, and suppose that Tég) (B) = TS(?,) (C) and B € SEA(V). It follows
from Proposition 3.7 that clonespt,/SFF(B) = clonespr,/SFF(C), and since
B e SFA(V) we have SEF(V) C SFF(B). By (ii) SFF(V) is weakly invariant,
so we get SFE(V) C SFE(C). But then MF(C) is a homomorphic image
of M3F(V), and hence MS¥(C) € SFA(V). By (ii) we have C € SEA(V),
establishing that SFA(V) is Igp-closed. a

The next Theorem characterizes Igp-closure for SF-varieties in terms of
S F-solidity.

Theorem 4.6 A SF-variety SF2(V) of type 7, is Isp-closed iff it is Ogp-
solid.

Proof. First assume that SF2(V) is Ogp-solid, so that every s ~t € SEE(V)
is an Ogp-hyperidentity in SF2 (V). We claim that in fact A € SE2A(V) iff A
satisfies as an Ogp-hyperidentity every identity s ~ t in SFZ(V). From the
Osp-solidity of SFA(V) follows at first that from A € SEA(V) = ModSFE(V)
the algebra A satisfies every identity s ~ t € SFEF(V) as an Ogp-hyperidentity.
For the other direction we note that any Ogp-hyperidentity of an algebra is
also an identity, so A satisfies the basis identities SEF (V) of SF2(V). By

Theorem 3.4 from A | SFE(V) there follows T3W (A) = SFE(V). If
Osr-hyp
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A€ SEAV) and TS(;) (B) is isomorphic to TS(;) (A) then B € SFA(V) and thus
SFEA(V) is Isp-closed.

Conversely, assume that SFA(V) is Isp-closed. Then by Theorem 4.5 we
know that SEF (V) is both, weakly invariant and invariant under all surjective
endomorphisms of clonesr7,. Then for any identity s ~ t € SFEF(V), any
algebra A € SFA(V) and any surjective endomorphism 7, we have 1(s) ~
n(t) € IdT, S(;i) (A). Using the isomorphism from Proposition 3.3 this means
6[s] = &t] € SEE(V) for every 0 € Osp and SEA(V) is Ogp— solid. i
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