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DIFFERENT STRUCTURES IN OsckM AND ITS
SUBSPACES

Jovanka Nikić1

Abstract. The theory of OsckM was introduced by R. Miron and Gh.
Atanasiu in [3], [4]. R. Miron in [5], [6] gave the comprehensive theory of
higher order geometry and its application. In [1] the subspaces of Miron’s
OsckM was introduced and in [2] special adapted basis was constructed.
Using the above results we examine different structures in the subspaces
of OsckM .2
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1. Special adapted basis in T (OsckM) and T ∗(OsckM)

Here OsckM will be defined as a C∞ manifold in which the transformations
of the form (1.1) are allowed. It is formed as a tangent space of higher order of
the base manifold M .

Let E = OsckM be a (k + 1)n-dimensional C∞ manifold. In some local
chart (U,ϕ) some point u ∈ E has the coordinates

(xa, y1a, y2a, . . . , yka) = (y0a, y1a, y2a, . . . , yka) = (yAa),

where xa = y0a and

a, b, c, d, e, . . . = 1, 2, . . . , n, A,B,C,D, . . . = 0, 1, 2, . . . , k.

The following abbreviations:

∂Aa =
∂

∂yAa
, A = 1, 2, . . . , k, ∂a = ∂0a =

∂

∂xa
=

∂

∂y0a

will be used.
If in some other chart (U ′, ϕ′) the point u ∈ E has the coordinates

(xa′ , y1a′ , y2a′ , . . . , yka′), then in U∩U ′ the allowable coordinate transformations
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are given by:

xa′ = xa′(x1, x2, . . . , xn),(1)

y1a′ = (∂axa′)y1a = (∂0ay0a′)y1a,

y2a′ = (∂0ay1a′)y1a + (∂1ay1a′)y2a, . . . ,

yka′ = (∂0ay(k−1)a)y1a + (∂1ay(k−1)a)y2a + · · ·+ (∂(k−1)ay(k−1)a)yka.

The natural basis B̄ of T (E) is

B̄ = {∂0a, ∂1a, . . . , ∂ka}.(2)

The natural basis B̄∗ of T ∗(E) is

B̄∗ = {dy0a, dy1a, . . . , dyka}.(3)

The special adapted basis

B∗ = {δy0a, δy1a, δy2a, . . . , δyka}(4)

of T ∗(E) is given by [2]

δy0a = dxa = dy0a(5)

δy1a =
(

1
1

)
dy1a +

(
1
0

)
M1a

0b dy0b,

δy2a =
(

2
2

)
dy2a +

(
2
1

)
M1a

0b dy1b +
(

2
0

)
M2a

0b dy0b,

δy3a =
(

3
3

)
dy3a +

(
3
2

)
M1a

0b dy2b +
(

3
1

)
M2a

0b dy1b +
(

3
0

)
M3a

0b dy0b,

δy4a =
(

4
4

)
dy4a +

(
4
3

)
M1a

0b dy3b

+
(

4
2

)
M2a

0b dy2b +
(

4
1

)
M3a

0b dy1b +
(

4
0

)
M4a

0b dy0b, . . . ,

δyka =
(

k

k

)
dyka +

(
k

k − 1

)
M1a

0b dy(k−1)b +

+
(

k

k − 2

)
M

(k−2)a
0b dy(k−2)b + · · ·+

(
k

0

)
Mka

0b dy0b.

{δy0a, δy1a, . . . , δyka} form the adapted basis B∗ of T ∗(E). In the special
adapted bases B∗ (1.5) and B (1.7) the J structure has a simpler form.

Theorem 1.1. The necessary and sufficient conditions that δyAa are trans-
formed as d-tensor field, i.e.

δyAa′ =
∂xa′

∂xa
δyAa, A = 0, 1, . . . , k
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are the following equations

M1a
0b ∂0ay0b′ =

(
1
0

)
M1b′

0c′ ∂0by
0c′ + ∂0by

1b′ ,(6)

M2a
0b ∂0ay0b′ =

(
2
0

)
M2b′

0c′ ∂0by
0c′ +

(
2
1

)
M1b′

0c′ ∂0by
1c′ +

(
2
2

)
∂0by

2b′ ,

M3a
0b ∂0ay0b′ =

(
3
0

)
M3b′

0c′ ∂0by
0c′ +

(
3
1

)
M2b′

0c′ ∂0by
1c′ +

+
(

3
2

)
M1b′

0c′ ∂0by
2c′ +

(
3
3

)
∂0by

3b′ , . . . ,

Mka
0b ∂0ay0b′ =

(
k

0

)
Mkb′

0c′ ∂0by
0c′ +

(
k

1

)
M

(k−1)b′

0c′ ∂0by
1c′

+
(

k

2

)
M

(k−2)b′

0c′ ∂0by
2c′ + . . . +

+
(

k

k − 1

)
M1b′

0c′ ∂0by
(k−1)c′ +

(
k

k

)
∂0by

kb′ .

The special adapted basis B = {δ0a, δ1a, . . . , δka} of T (E) is given by [2]

δ0a =
(

0
0

)
∂0a −

(
1
0

)
N1b

0a∂1b −
(

2
0

)
N2b

0a∂2b −(7)

−
(

3
0

)
N3b

0a∂3b − · · · −
(

k

0

)
Nkb

0a∂kb,

δ1a =
(

1
1

)
∂1a −

(
2
1

)
N1b

0a∂2b −(8)

−
(

3
1

)
N2b

0a∂3b − · · · −
(

k

1

)
N

(k−1)b
0a ∂kb, . . . ,

δka =
(

k

k

)
∂ka.(9)

Theorem 1.2. The elements of the natural basis of T (E) : {∂0a, ∂1a, . . . , ∂ka}
and special adapted basis B : {δ0a, δ1a, . . . , δka} of T (E) and the coefficients
MBb

0a of B∗ are connected by

∂0a = δ0a + M1b
0aδ1b + M2b

0aδ2b + · · ·+ Mkb
0aδkb,

∂1a = δ1a +
(
2
1

)
M1b

0aδ2b + · · ·+
(
k
1

)
M

(k−1)b
0a δkb,

∂2a = δ2a + · · ·+
(
k
2

)
M

(k−2)b
0a δkb,

...
∂ka = δka.

(10)

There are also the conditions when the special adapted bases B and B∗ are
dual to each other, further when the elements of B and B∗ are transforming as
tensors.
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The proof of Theorems 1.1 and 1.2 can be found in [2].

2. The J structure

Definition 2.1. The k-tangent structure J is an F(E)-linear mapping

J : χ(E) → χ(E)

defined by

J∂0i = ∂1i, J∂1i = 2∂2i, . . . , J∂αi = (α + 1)∂(α+1)i, · · · , J∂(k−1)i = k∂ki,(1)

J∂ki = 0.

Its representation in the basis B̄ = {∂0i, ∂1i, . . . , ∂ki} is

J =



0 0 0 . . . 0 0
1 0 0 . . . 0 0
0 2 0 . . . 0 0
0 0 3 . . . 0 0
...

...
...

...
...

0 0 0 . . . k 0


(2)

The k-structure J determined by Definition 2.1 is the same as J used in [5],
[6], but there it is represented in different basis of the tangent space.

For the k-tangent structure J the relation

Jk+1 = 0(3)

is valid. In the natural bases B̄ and B̄∗ of T (E) and T ∗(E) it can be written in
the form

J = [∂0a∂1a . . . ∂ka]


0 0 0 . . . 0 0
1 0 0 0 0
0 2 0 0 0
0 0 3 0 0
...

... k 0

⊗


dy0a

dy1a

dy2a

...
dyka

 =(4)

∂1a ⊗ dy0a + 2∂2a ⊗ dy1a + 3∂3a ⊗ dy2a + · · ·+ k∂ka ⊗ dy(k−1)a

Theorem 2.1. The k-tangent structure J defined by Definition (2.1) the ele-
ments of the basis B = {δ0a, δ1a, . . . , δka} determined by (1.7) transform in the
following way

Jδ0a = δ1a, Jδ1a = 2δ2a, JδAa = (A + 1)δ(A+1)a, . . .(5)

Jδ(k−1)a = k∂ka, Jδka = 0.
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Theorem 2.2. The k-tangent structure J given by (2.1) satisfies the relations

dy0bJ = 0, dy1bJ = dy0b, dy2bJ = 2dy1b, . . . , dykbJ = kdy(k−1)b.(6)

Theorem 2.3. For the k-tangent structure J given by (2.1) we have

δy0bJ = 0, δy1bJ = δy0b, δy2bJ = 2δy1b, . . . , δykbJ = kδy(k−1)b(7)

where {δy0b, δy1b, . . . , δykb} is the special adapted basis B∗ of T (E) determined
by (1.5).

Theorem 2.4. The structure J in the adapted basis B = {δ0a, δ1a, . . . , δka}
and
B∗ = {δy0a, δy1a, . . . , δyka} is given by

J = δ1a ⊗ δy0a + 2δ2a ⊗ δy1a + 3δ3a ⊗ δy2a + . . . kδka ⊗ δy(k−1)a.(8)

The proof of Theorems 2.1-2.4 can be found in [2].

3. f(2t+1,−1)-structure in OsckM and the structure on the
hypersurface

In the special adapted basis B = {δ0a, δ1a, . . . , δka} of T (E), the vectors
{δ0a} span the n-dimensional space TH(E), and the vectors {δ1a, δ2a, . . . , δka}
the k · n-dimensional TV (E) and,

T (E) = TH(E) + TV (E).

On the space T (E)⊗T (E), a metric tensor G is defined such that T (E) can be
decomposed into two orthogonal parts TH(E) and TV (E), where

G = g0a 0bδy
0a ⊗ δy0b + gAa Bbδy

Aa ⊗ δyBb, A = 1, 2, . . . , k.

Definition 3.1. Let E = OsckM be an m = (k+1)n-dimensional differentiable
manifold of class C∞, and let there be given a tensor field f 6= 0 of the type
(1,1) and of class C∞ such that

f2t+1 − f = 0, f2i+1 − f 6= 0 for 1 ≤ i < t,(1)

where t is a fixed integer greater than 1. Let rank f = r be constant. We call
such a structure an f(2t + 1,−1)-structure or an f-structure of the rank r and
of degree 2t + 1.

Theorem 3.1. For a tensor field f, f 6= 0 satisfying (2.1), the operators

m = I − f2t, l = f2t(2)

are the complementary projection operators where I denotes the identity operator
applied to the tangent space at a point of the manifold.
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Proof. We have

l + m = I, l2 = l, m2 = m, ml = lm = 0

by virtue of (3.1), which proves the theorem. 2

Let L and M be the complementary distributions corresponding to the op-
erators l and m, respectively. If rank f = r is constant and dim L = r, then
dim M = m− r.

Theorem 3.2. For f satisfying (3.1) and l,m, defined by (3.2), we have

(a) lf = f l = f,
(b) mf = fm = 0,
(c) f2tm = 0,
(d) (m + f t)2 = I.

(3)

Theorem 3.3. Suppose that there is a projection operator m on E and that
there exists a tensor field f such that (3.3b) and (3.3d) are satisfied, then f
satisfies (3.1).

Proposition 3.1. Let an f-structure of the rank r and degree 2t + 1 be given
on E, then f2tl = l and f2tm = 0, i.e. f t acts on L as an almost product
structure operator and on M as a null operator.

We shall assume that E is a OsckM space of dimension m = (k + 1)n, and
that rank f = r = k · n. Then dim L = k · n, dim M = n and M = TH(E), L =
TV (E).

If we denote by h the projection morphism of T (E) to TH(E), we can con-
struct the mapping α which is defined in [10] by

α(X, Y ) =
1
2
[h(lX, lY )] + h(mX,mY )], ∀X, Y ∈ T (E),

where h = Gh, is a pseudo-Riemannian structure on T (E), such that α(X, Y ) =
0,∀X ∈ M,
Y ∈ L.

If we put g(X, Y ) = 1
2t [α(X, Y ) + α(fX, fY ) + · · ·+ α(f2t−1X, f2t−1Y )], it

is easy to see that g(X, Y ) = 0,∀X ∈ M,Y ∈ L.
Also, using (3.2) and Theorem 3.2 we get g(fX, fY ) = 1

2t [α(fX, fY ) +
α(f2X, f2Y ) + · · · + α(X, Y )] = g(X, Y ). Thus f is an isometry with respect
to g.

In [9] and [10] an adapted frame form f(2t + 1,−1)-structure is chosen and
matrices of tensors gij and f j

i are given with respect to this adapted frame.
According to the results in [9] and [10] we have for the E = OsckM the following
theorem

Theorem 3.4. A necessary and sufficient condition for a space E of dimension
(k + 1)n to admit a tensor field f 6= 0 of type (1,1) and of rank k · n, such that
f2·2k+1 − f = 0, is that
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i) r = k · 2p = k · n, ii) 2p = s · 2k = s · t, s ∈ N , t = 2k,

iii) the group of the tangent bundle of the manifold be reduced to the group

S( 2p

2k ) × S( 2p

2k−1 ) × . . .× S( 2p
4 ) × Up ×O2p ×Om−r.

Theorem 3.5. Denote −fk by φ. The structure φ satisfies the condition φ3 −
φ = 0, i.e. φ is an φ(3,−1)-structure.

Theorem 3.6. The structure φ is an almost paracontact Riemannian structure
if rank f = m− 1.

Proof. Let

m = I − f2k =



0 0
0 0

. . .
0 0
0 0

1


, ξ =


0
0
...
0
1

 , µ = (0, 0, . . . , 0, 1)

M is an 1-dimensional distribution.
Multiplying the corresponding matrices, it is clear that m = ξ ⊗ µ,

φ2 = I −m = I − ξ ⊗ µ, φξ = 0, µφ = 0, µ(ξ) = 1, µ(X) = g(ξ, X)

and g(φX, φY ) = g(X, Y )− µ(X) · µ(Y ), which prove the Theorem. 2

Theorem 3.7. Let E be a OsckM manifold with φ(3,−1)-structure of rank
r = n ·k and let Nm−1 be a hypersurface in E. If the dimension of T (Nm−1)u∩
f(T (Nm−1))u is constant, say s, for all u ∈ Nm−1, then Nm−1 possesses a
natural F (3,−1)-structure of rank s.

Proof. Let C be a transversal defined on Nm−1, i.e. C ∈ T (E)u but C 6∈
T (Nm−1)u for all u ∈ Nm−1. Let B be a differential of the imbedding of Nm−1

in E. Then B is a map of T (Nm−1) into TR(E), where TR(E) denotes the
restriction of T (E), the tangent bundle of E to Nm−1. Then we can find a
locally 1-form C∗ defined on Nm−1 such that:

B−1B = I, BB−1 = I − C∗ ⊗ C, C∗B = B−1C = 0, C∗(C) = 1.

Let F be defined locally on T (Nm−1) by F = B−1φB. Then:

F 2X = B−1φBB−1φBX = B−1φ(I − C∗ ⊗ C)φ(BX)
= B−1φ2(BX)− C∗φ(BX)B−1φC.
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If C is in distribution E, then φC = 0; so we have that

(F 3 − F )X = B−1φBB−1φ2BX −B−1φBX

= B−1φ(I − C∗ ⊗ C)φ2BX −B−1φBX

= B−1((φ3 − φ)BX) = 0

for all X. On the other hand, suppose that C is in distribution L. Then:

(F 3 − F )X = (B−1φB)B−1φ2(BX)
− (B−1φb)C∗(φBX)B−1φC −B−1φBX

= B−1(φ3 − φ)BX − C∗(φ2BX)B−1φC

− C∗(φBX)B−1φ2C + C∗(φBX)C∗(φC)B−1φC = 0

since φ2C = C on L and C∗B = B−1C = 0, and since we can choose C∗ so that
C∗(φC) = 0. Also C∗(φ2BX) = C∗(BX + (φ2 − 1)BX) = 0. 2

Theorem 3.8. If (φ, ξ, µ) is an almost paracontact structure on E, then Nm−1

possesses a natural F (3,−1)-structure if ξ is tangent to Nm−1. The hypersur-
face Nm−1 possesses a natural almost product structure if ξ is not tangent to
Nm−1.

Proof. When ξ is not tangent to Nm−1, ξ can be chosen for a pseudonormal.
Then we have from Theorem 3.7 that T (Nm−1) ∩ f(T (Nm−1)) = T (Nm−1),
and rank F = dimNm−1 = m − 1. The almost paracontact structure F has a
maximal rank, i.e. F is an almost product structure. 2
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